NAIST-IS-DT9761027

Doctor’s Thesis

Optimality and Ruling-Out Conditions and
Their Evaluation Methods for Soft-Decision
Iterative Decoding Algorithms for Binary
Linear Block Codes

Yuansheng Tang

February 8, 2000

Department of Information Processing
Graduate School of Information Science
Nara Institute of Science and Technology




Doctor’s Thesis
submitted to Graduate School of Information Science,
Nara Institute of Science and Technology
in partial fulfillment of the requirements for the degree of
DOCTOR of ENGINEERING

Yuansheng Tang

Thesis committee: Toru Fujiwara, Professor
Masaki Koyama, Professor
Hiroyuki Seki, Professor
Yuichi Kaji, Associate Professor




Optimality and Ruling-Out Conditions and
Their Evaluation Methods for Soft-Decision
Iterative Decoding Algorithms for Binary

| Linear Block Codes*

Yuansheng Tang

Abstract

For the decoding of binary block codes, many iterative soft-decision decoding
algorithms have been derived. Most of these algorithms are devised to find the
best (or the most likely) codeword in a series of candidates which are usually
generated by means of simple decoders, such as an algebraic decoder, in successive
iterative steps by use of information on the reliability measures of the received
sequence. To terminate the iterative process in time, a termination condition
is used to restrict the number of iterative steps or tested at the end of each
iterative step. For maximum-likelihood decoding, the termination condition is
usually chosen as an optimality condition. The decoder used internally may fail
to genefa,te new candidate codewords (decoding failure or repetition) at some
iterative steps. Hence, the execution of these iterative steps results unnecessary
decoding operations and prolongs the decoding delay. Usually, at the end of each
iterative step, some more conditions are tested to control the iterative process
without degrading the error performance of the algorithm. If one of the conditions
is satisfied, then, in a few successive iterative steps which are prearranged by the
algorithm, the internal decoder can not generate any candidate codeword which
may be better than the best candidate codeword obtained so far, and thus these
successive iterative steps can be skipped. Such a condition is called a ruling-out
condition.

This thesis mainly deals with the design and the evaluation of optimality con-
ditions and ruling-out conditions for iterative soft-decision decoding algorithms.

*Doctor’s Thesis, Department of Information Processing, Graduate School of Information
Science, Nara Institute of Science and Technology, NAIST-IS-DT9761027, February 8, 2000.




At first, a sufficient condition, denoted Condgpt s, for the optimality of a de-
coded codeword based on h reference words are derived for any iterative soft-
decision decoding algorithms for binary block codes which are based on the gen-
eration of a series of codeword candidates.

Next, for some concrete iterative soft-decision decoding algorithms, such as
Chase-type decoding algorithms, some generalizations of Chase algorithm, the
iterative minimum weight trellis search (MWTS) decoding algorithm, GMD-like
decoding and multistage GMD-like decoding, some more effective optimality con-
ditions and some ruling-out conditions are proposed. .

Then, a class of nonlinear integer programming problems (IPPs) which can be
used to evaluate the proposed testing conditions are shown. For some particular
cases, the IPPs are solved completely. Especially, the IPP related to the opti-
mality condition Condop, s, denoted P(Q}), is investigated. The IPP P(Q3) has
been solved for & < 3 in literature. For h < 5, it is shown that the IPP P(Q})
can be split uniformly into a few simpler sub-IPPs, the number of variables of
each sub-IPP is only half of that of the original IPP. By use of this splitting, an
effective algorithm for solving the IPP P(Qyj) is given. The number of operations
of additions and comparisons of real numbers, which is the dominant factor of the
computational complexity of the algorithm, is shown to be of order N2, where N
is the length of the code.

An improvement of the optimality condition Condgpt,n is proposed further by
use of partial information of the distance profile of the code. Some methods for
evaluating the improved optimality condition for some particular cases are shown.

The first five search centers of the multistage Chase-type decoding algorithm
that consists of a series of Chase-type decodings for which the next search center
is chosen as the best one among the words that have not been visited are also
determined. The number of operations of additions and comparisons of real
numbers for the determination of the search centers is shown to be of order 7,
where 7 is the number of errors that can be corrected in an iterative step of a
Chase-type decoding.

Keywords:
Binary block code, iterative soft-decision decoding, maximum-likelihood decod-

ing, optimality condition, ruling-out condition, integer programming problem.
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Chapter 1
Introduction

The decoding of binary block codes is a very important problem both in
coding theory and practical data transmission. So far, many iterative soft-
decision decoding algorithms have been developed [1-12], [17-27], etc. Most
of these algorithms are devised to find the best (or the most likely) codeword in
a series of candidates Which are usually generated with simple decoders, such as
an algebraic decoder, in successive iterative steps by use of information on the
reliability measures of the received sequence. The generalized minimum distance
(GMD) decoding algorithm introduced by Forney [2] uses a series of at most
(dmin+1)/2 algebraic errors-and-erasures decoding trials to generate the codeword
candidates, where dp;s is the minimum Hamming distance of the code. For the
Chase algorithm [1], a bounded distance decoding is implemented around some
search centers that are words obtained by adding the hard-decision tuple to the
error patterns whose nonzero components are confined to those bit positions with
less reliability. In recent years, these algorithms have been improved and applied

by many theorists in [3-12], [17-27], etc.

To terminate the iterative process in time, a termination condition is used
to restrict the number of iterative steps or tested at the end of each iterative
step. If the iterative soft-decision decoding algorithm is maximum-likelihood
decoding (MLD), which decodes a received sequence to the optimal (or the most
likely) codeword, the termination condition is usually chosen as an optimality
condition which may be renewed in the iterative process. At the end of an
iterative step, if an optimality condition is satisfied, then the best codeword




candidate obtained so far is the optimal codeword and the iterative process is
terminated. An effective optimality condition can provide fast termination to
the iterative process of an iterative soft-decision maximum-likelihood decoding
algorithm.

In general, for an iterative soft-decision decoding algorithm, the decoder used
internally may fail to generate new codeword candidates (decoding failure or rep-
etition) at some iterative steps. Hence, the execution of these iterative steps
prolongs the decoding delay. Therefore, it is desired to reduce the iterative steps
as many as possible and the decoding complexity without degrading the error per-
formance of the algorithm. Usually, at the end of each iterative step, some more
suitably devised conditions are tested to control the iterative process. Ruling-
out conditions and early termination conditions are two classes of such
kind of testing conditions which have been used widely.

If a ruling-out condition is satisfied, then, in a few successive iterative steps
which are prearranged by the algorithm, the internal decoder can not generate
. any codeword candidate which may be better than the best codeword candidate
obtained so far, and thus these successive iterative steps can be skipped. An
early termination condition can be viewed as the strongest version of a ruling-
out condition. If an early termination condition is satisfied, then there is no
improvement on error performance by any further iteration, and thus the iterative
process is terminated.

It is worthwhile and possible to devise effective testing conditions for many
well-known iterative soft-decision decoding algorithms. This thesis mainly deals
with the design and the computational complexity analysis of testing conditions
for iterative soft-decision decoding algorithms.

In Chapter 2, an optimality condition, denoted Condpt 4, based on h reference
words are derived for any iterative soft-decision decoding algorithms for binary
block codes which are based on the generation of a series of codeword candidates.
The simplified acceptance criterion introduced by Taipale and Pursley [25] for
GMD decoding is the simplest particular case of this optimality condition with
h = 1. In general, the larger the number h of the reference words, the more power-
ful the optimality condition. By use of the search region which has been searched
or will be searched in the next a few steps by the iterative decoding algorithm, a




general optimality condition and a general ruling-out condition are proposed. We
address a Chase-type decoding algorithm as an iterative soft-decision decoding
algorithm which consists of a series of bounded distance decodings implemented
around some words obtained by adding a given word, called search center, to the
error patterns in a test set that is pre-determined or chosen in the iterative pro-
cess. Some effective testing conditions are also devised for a Chase-type decoding
algorithm if the test set is the pre-determined set of the error patterns whose
nonzero components are confined to a few least reliable bit positions. The testing
conditions used in [11] and [12] are particular cases of those proposed in this chap-
ter. For some generalizations of Chase algorithm, the iterative minimum weight
trellis search (MWTS) decoding algorithm, GMD-like decoding and multistage
GMD-like decoding, some effective optimality conditions are also proposed.

In Chapter 3, the testing conditions proposed in Chapter 2 are formulated
uniformly into the optimal value of a class of nonlinear integer programming
problems (IPPs), which can also be applied in many other iterative soft-decision
decoding algorithms for binary block codes. For some particular cases, the IPPs
are solved completely.

For the optimality condition Condgpt, the related IPP, denoted P(Q1), is
considered in Chapter 4. For h < 3, the IPP P(Q}) has been solved in [17)-[19],
and applied effectively in [21]. Since the object function of P(Q3) is nonlinear
and has 2P variables, there is no known method which solves it effectively for
large h. For 1 < h < 5, we split the IPP P(Q}) into a few simple sub-IPPs, the
number of variables of each sub-IPP is only half of that of the original IPP. Then
some effective algorithms for solving the IPP P(Q},) for 1 < A < 4 are shown. For
the case h = 4, the sub-IPPs are split further into some simpler sub-IPPs which
can be solved simply by iteration. The number of operations of additions and
comparisons of real numbers, which is the dominant factor of the computational
complexity of the algorithm, is shown to be of order N for h < 3, and of order
N2 for h = 4, where N is the length of the code. It turns out that Condyps
can also reduce significantly the average decoding complexity and provide fast
termination of the decoding iteration without degrading the error performance
as Condept,p With b < 3 does. An improvement of the optimality condition
Cond,pt 1, is proposed further by use of partial information of the distance profile




of the code. Some evaluation methods for some particular cases of the improved
optimality condition are shown. .

A multistage Chase-type decoding algorithm, consisting of several stages of
Chase-type decodings, is investigated in Chapter 5. The first stage of Chase-type
decoding is the original Chase decoding. At the end of each stage of Chase-type
decoding, the search center of the next stage of Chase-type decoding is chosen
as the best one among the words that have not been searched by the Chase-type
decodings implemented already [13]. The first three search centers have already
been determined. In this chapter, two algorithms for determining the fourth
and fifth search centers are presented, respectively. For these two algorithms,
the numbers of operations of additions and comparisons of real numbers, which
are also the dominant factor of computational complexity of the algorithms, are
shown to be of order 7, where 7 is the number of errors that can be corrected in
an iterative step of a Chase-type decoding.




Chapter 2

Testing Conditions for
Soft-Decision Iterative Decoding

Algorithms

2.1 Definitions and Notations

Let V 2 GF(2). For convenience, the two elements 0 and 1in V' will be viewed
as integers when they are multiplied by integers or real numbers. For a positive
integer N, let V¥ denote the set of all binary sequences u = (u,uz,...,un) of
length N. Suppose a binary block code C C V¥ with minimum distance dmin is
ased for error control over the additive white Gaussian noise (AWGN) channel
with binary-phase-shift-keyed (BPSK) signaling. Assume that each codeword is
transmitted with the same probability. Before the transmission of a codeword ¢ =
(c1,¢a,---,¢n) € C, c is mapped into the bipolar sequence & = (Z1,%2,.--,ZN)
with z; £ 2¢; — 1€ {1, —1}. At the output of a matched filter in the receiver,
the received sequence related to the codeword ¢ is r = (r1,72,...,7N) With
r; = z; + w;, where for 1 <i < N, w;’s are statistically independent Gaussian
random variables with zero mean. Let z = (z1,2s,...,2n) be the binary hard-
decision sequence which is a binary sequence obtained from 7 by

1, ifr; >0
A{ » BT 25 5 _1,9,...,N.

%= 0, ifr; <0,




For 1 < j < N, the reliability of hard-decision symbol z; can be measured by the
magnitude |r;| since it is proportional to the log-likelihood ratio associated with
2.

For u = (uy,us,...,uy) € V¥, the correlation between u and the received
sequence 7 is given by

M(u) = ;(211,- - 1)r;. (2.1)

For a codeword c in C, the larger the correlation M(c) is, the larger the proba-
bility of ¢ to be the transmitted codeword.

For u = (uy,us,...,uy) € V¥, define
Di(u) & {i:u#2z 1<i<N}, (2.2)
Do(u) £ {1,2,...,N} \ Di(u), (2.3).
Lwe ¥ Inl. (24)
i€D1(U)

It follows from (2.1), (2.2) and (2.4) that M(u) can be expressed in terms of
M(z) and L(u) as

N
M(u) =Y (2u; — 1)r;

= ﬁ(Zz,- — 1)7‘,; —_ g:(Zz, el 2114,')7','
= M(z) - 2L(u).

L(u) is called the correlation discrepancy of u with respect to hard-decision
sequence 2. For any subset T of V¥, let L[T] 2 minyer L(u), and write L[] £
+00 for convenience.

The maximum likelihood decoding (MLD) may be stated in terms of the
correlation discrepancy as: The decoder decodes the received sequence 7 into the
optimal codeword cq; € C with L(cop:) = L[C). If z is a codeword, then z is
the optimal codeword since L(u) > 0 = L(z) for any u € V7.

Let IDA denote a soft-decision iterative decoding algorithm for C. If
the binary hard-decision sequence z is in C, then z is output as the decoded
codeword and the decoding process terminates. Otherwise, IDA starts from the
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first iterative step. At the j-th iterative step, IDA performs the following two
sub-procedures (G) and (T):

(G) Generation of a codeword candidate: A region R(j) is searched by an internal
decoder to find the best codeword ¢(j) with

L(c(4)) = LIR(F) N C]. (2-5)

The codeword ¢(j) is called the codeword candidate generated at the j-th
iterative step. If R(j) N C = ¢, no codeword candidate is generated at the j-th
iterative step. In this case, ¢(j) is undefined, and is denoted *. For convenience,
we define L(*) £ too. Let

Ry(j) = L_JIR(Z) (26)
For convenience, define
I AE Ul R(i). 2.7)

A codeword candidate c is said to be better than another codeword candidate
¢ if L(c) < L(¢)). Among a specified set of candidate codewords, a codeword
candidate c is said to be the best if L(c) achieves the minimum.

Let cpest(j) be the best codeword in Rp(j) N C with

L(evest()) = LIRy(7) N C]. . (2.8)

We denote Cpest(j) = * if Rp(j) NC = ¢.

(T) Test of termination condition: If a new candidate codeword is generated,
then a termination condition, abbreviated to Condr, is tested. If Condr is sat-
isfied, then Chest(7) is output as the decoded codeword and the decoding process
terminates (if ‘+’ is output, IDA fails in decoding). If a new codeword candidate
is not generated or Condr is not satisfied, IDA proceeds to the (j+1)-th iterative
step. O

In the end of this section, we introduce some notations which are used in the
remainder of the thesis.




For 1 <i < j < N, define [i,j] £ {i,i +1,...,5}. For u = (u,us,...,un),
v = (V1,vs,...,un) € VY and a nonempty set I C [1, N], define -

da,r(u,v) & {i € I:u; # v} (2.9)
For I = {iy, s, ...,0m} With 1 <4, < i3 < -+ <ip < N,
N
pl(u) = (uin Ujpyerny ui,,.)- (2.10)

We abbreviate du 1 n)(u, v), du i j(u, v) and pj j1(u) to dg(u,v), du; j(u,v) and
pi,j(u), respectively.

For simplicity, hereafter throughout the thesis, we assume that the bit posi-
tions 1,2,..., N are ordered according to the reliability order given as follows:

Il < o] < -+ < rwvl. (2.11)

For convenience, we define 7o, £ +o0o. For any subset X C {1,2,...,N,00}

and integer j, let X) denote the set of j smallest integers in X\{oo} if 1 < j <

| X\{co}|, the empty set ¢ if j < 0, the set X U{oo} if j > | X\{oo}|, respectively.
For u € V" and a positive integer d, define

Os(u) 2 {v e V¥ : dy(v,u) < d}, (2.12)
Ou(u) £ {v € V¥ : dg(v,u) > d}. (2.13)

2.2 General Optimality Condition

If the IDA is an MLD, the termination condition Condy is usually chosen
as an optimality condition, denoted Condyp:. If Condgy is satisfied at some
iterative step, then the best candidate codeword obtained so far is the optimal
codeword. An effective Cond,y: can provide fast termination to the iterative
process. Below we first give a general Cond,p, which can be incorporated in any
IDA that is based on the generation of a series of codeword candidates. Then a
Condpt for cpest(j) with use of R, (j) is shown.

Let w1, ug, ..., up, called reference words, be h words in V¥, and let
dy,d, . .., ds, called reference distances, be h positive integers. Now we give a




Cond,pt based on these reference words and reference distances. Let

h
ley,dz,...,d,, (u’la U2, -- - 'u'h) é VN \ (U Odj—l (’U.j))

Jj=1
h -
= () Og;(w;)
Jj=1
={ve V" :dg(uj,v) >djfor1<j < h}. (2.14)

We have the following simple lemma.

Lemma 2.1: If a codeword cpest in U;-’=10dj_1(u,—) sa.tisﬁesb

L(cvest) < LV gy, (W1, 025 - -, ), (2.15)

then the optimal codeword cop must belong to the set U;-‘=1Odj_1(u,-). Further-
more, we have Cpest = Copt if

L(cbm) =L |:C N (LhJ Odj_l(u,-))] . (2.16)

j=1

Lemma 2.1 not only defines a region which contains the optimal codeword
Copt but also provides a Cond,p for the candidates which have been generated.
" It can be incorporated in any IDA which is based on the generation of a series
of codeword candidates. However, the effectiveness of Lemma 2.1 is significantly
influenced by the selection of the reference words and the reference distances. In
general, we can select the reference words from the previously generated candidate
codewords, which are trusted to possess low correlation discrepancies, and take
“the covering distance around u;” assured by the IDA as the reference distance
related to the reference word u;. ’

The optimality condition (2.15) will also be referred as Condpt - In general,
the larger the h, the stronger the optimality condition Condp, ;- However, as the
number of the reference words grows significantly, the computational complexity
for evaluating the lower bound L[V, 4 (1,%s, ..., us)] grows significantly.
Thus, only the most recent candidate and those possessing larger covering dis-
tances or smaller correlation discrepancies are chosen as reference words. The
evaluation of the lower bound L[V} ,, 4 (u1,u2,...,us)] will be considered in
Chapter 4.

Next we consider to give a Condeps, for cpest(j) With use of Ry(j)-
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Lemma 2.2: Let U be a subset of R,(j) NC. If epest(j) # *, then

L(evest()) < LIV \ Rp(5)) N V()] . (2.17)
is a Condgp; for epest(j), where
V(U) £ {ue VY : dg(u,c) > duy forall c € U}. (2.18)

Proof: For any X C V¥, it follows from U C R,(j)NC and C\U C V(U) that

(X\Rp(4)) NC = (X \ Bp(5)) N (C\ (Bp(5) N C))
S (X \Ry(5))n(C\ D)
S (X \ Bp(7)) NV (D). (2.19)
If the condition (2.17) holds, then from (2.19) with X = V¥,

L[C] = min{L[{(V" \ Ey(5)) N C], L[R,(j) N C]}
> min{L[(V" \ By (7)) NV (U)], L(cvest (5)) }
= L(cvest(4)),

i.e. Cpest(7) is the optimal codeword. O

In Sections 2.4 to 2.7, the Condgps (2.15) and (2.17) will be considered further
for some concrete IDAs.

2.3 General Ruling-Out Condition

Sometimes, the IDA may fail to generate a new candidate codeword (decoding
failure or repetition) at an iterative step. Hence, the execution of this kind of
iterative steps results unnecessary decoding operations and prolongs the decoding
delay. Therefore, it is desired to reduce such iterative steps as many as possible.
At the end of the j-th iterative step, for some j' > j, a (j, j)-ruling-out (useless
iterative steps) condition, denoted Condgo, is tested. If Condgo is satisfied,
then between the (j + 1)-th iterative step and the j'-th one, the internal decoder
can not generate any codeword candidate which may be better than cpest(7), and
thus these iterative steps may be skipped. A (j, +-00)-ruling-out condition is also
called early termination condition, denoted Condgr.

The following lemma gives a Condgro by use of the set Ry(j') \ R, (j)-
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Lemma 2.3: For j' > jand U C Ry,(j)NC,

L(epest(5)) < Ll(Bp(3) \ Bp(1)) NV (V)] - (2:20)

is a (4, j')-ruling-out condition.

Proof: If the condition (2.20) holds, then for any codeword ¢ € R,(j'), from
(2.19) with X = Rp(j'), we have

L(e) > LIRy(j) N C]
= min{L{(R,(j") \ Rp(4)) N C], LIRx(j) N C1}
> min{L{(R, (i) \ Rp(#)) N V(U)}, L(enest (1))}
= L{cvest())-

Hence the condition (2.20) is a (3, j')-ruling-out condition. a

In Section 2.4, the Condgo (2.20) will be considered further for Chase-Type
Decoding Algorithm.

2.4 Testing Conditions for Chase-Type Decod-
ing Algorithm

For a word v € V¥ and positive integers £, and 7 which satisfy 0 <
to < |(dmm — 1)/2] and 1 £ 7 < N —t;, a Chase-type decoding algo-
rithm, denoted Chase(v,ty,7), is defined as an IDA which performs bounded
distance-t, decoding around the word v + e for every e whose nonzero com-
ponents are confined to the first 7 bit positions. e is called a test error pattern.
Chase(z, | (dmin — 1)/2]; | dmin/2]) is the original Chase decoding algorithm [1].

We consider to give some useful testing conditions for Chase(v, ty, 7). For
simplicity, we assume the test error patterns are generated in binary order and
let e(j) denote the j-th test error pattern with 1 < j < 27. That is, e(j) =
(e()1,e(f)z,---,e(d)r,0,.-.,0) is the N-tuple in V¥ which satisfies

T

Se(fi2 =41 (2.21)

=

[3
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In the j-th iterative step, the search region is
R(j) = {u € V¥ : du(u,v(j)) < o}, (2.22)

where v(j) £ v + e(j) is called the search center at the j-th iterative step.
We will use (2.17), (2.20) and the following lemma to give some concrete
testing conditions for Chase(v, o, 7).

Lemma 2.4: (1) For 1<I<T+ 1, we have that
R,(2™Y) = {u e V¥ : dg  n(u,v) <t} (2.23)
(2) For 2'! < j < 2! with 1 <[ < 7, we have that
R(5) \ Rpy(27") = {u € V7 : p1y(u) = p11(v(5)), dmgs1,n(u,v) = to}. (2.24)
(3) For 2! < j' < j < 2' with 1 <1 < 7, we have that
(RG)\ Bp(27)) N (R(I) \ Bp(2'7)) = ¢ (2.25) -
Proof: (1) From (2.21), we see that
{e(j):1<j <2} ={e e V¥ :p n(e) = 0}. (2.26)

Proof of C. For u € R(j) with 1 < j < 21, it follows from (2.22) and (2.26)
that

dun(u,v) = dan(u,v + e(jf)) < du(u,v(5)) < to,

and thus u belongs to the right-hand side of (2.23).
Proof of D. For any u € V¥ with d; n(u,v) < to, from (2.26), we see that there
is an integer j with 1 < j < 2! such that

p1i-1(e(j)) = pri-1(u + v) and pn(e(5)) = O,
and thus

du(u,v + e(j)) = duyn(u,v) < to.

12




This means that u € R(j), and thus u € R,(2"?) by R(j) C Rp(2'1).
(2) Since 2! < j < 2!, the test pattern e(j) satisfies

e(j); =1 and pry1 n(e(j)) = 0. (2.27)

Proof of D. For any u € V¥ with

p11(u) = p1y(v(y)) and duga,n(u,v) = to,
from (2.27), we see that
da(u,v(j)) = dugsan(u, v + e(f)) = dusa,n(u, v) = o,
dpy (6, v) = dugn(w,v) + du(v(d), v) =t + 1.

Hence u belongs to R(7) \ B,(2'~?) by (2.22) and (2.23).
Proof of C. For any u € R(j) \ Rp(2"1), from (2.22), (2.27) and (2.23), we see
that ' ‘

to > du(u,v(j)) = du1i(u, v(j)) + dagi1n(w,v)

> dpp(u, v(5)) + dman(w,0) — 1 2 drya(u, v(5)) +to-

Hence, dm;(u,v(j)) = 0 and dugya,n(u,v) = to, and then u belongs to the
right-hand side of (2.24). ’
(3) For 21 < j < j' < 2!, from (2.21) and (2.26), we have

l l

Se()2 =i -1#£7—1=3 e():2,

=1 i=1

and thus p; ;(e(5)) # p1u(e(s")), it is equivalent to

p11(v(5)) # pra(v(5))- (2.28)
Then (2.25) follows from (2.24) and (2.28). O

2.4.1 Optimality Conditions for Chase-Type Decoding
Algorithm

For 1 <1< 7+1, from (2.23),
VN \ RP(Z"I) = {‘U- € VN : dH,l,N('u,, ’U) > to+ 1} (229)
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If U is a subset of R,(2""1) N C, from (2.17) and (2.29),
Lcvest (21)) < Li{u € VN : dgyn(u,v) > to + 1} N V(U)] (2.30)

is a Cond,yp; for cpest(2171).
Now we consider to give some Condgps for epesi(j) for 2! < j < 2! with
1 <1 < 7. Since we have

Ry(d) = By(2) U ( U ,R(z‘)) _,

from (2.22) and (2.23), we see that

VY\Ry(j) = {u € V" : dyyn(u,v) 2 to +1,
da(u,v(i)) >ty +1for 271 <i<j}.  (2.31)

If U is a subset of R,(j) N C, then from (2.17) and (2.31),'

L(cvest(5)) < L{u € VY 1 dgyn(u,v) > tg + 1,
da(u,v())) > to+1for 2 <i < j}INV(U)] (2.32)
is a Condpt for epest(j)- If U contains some codeword candidates ¢(i) such that

2!-1 < i < j, then we can ignore these i’s in the right side of (2.32) without
effecting its value. Also, from (2.23) to (2.25), we see that

VI By() = (VY \ Bp(2Y) U (Bp(2) \ Bp())

= {‘u. eV¥N. dH,z_,_l,N(u, ‘U) > to+ 1} U
U {w e V¥ :p(u) = p1i(v(i)), dugra,n(u,v) = to}, (2.33)

j<ig2
and then we get another version of (2.32):

L(cpest(f)) < min{L{{u € V7 : dugy1 v(u,v) > to + 1} NV (U)],
min {L[{u € V" : p13(u) = p1(v(3)), dmpsa.n(w,v) = to} NV(U)]}}. (2.34)

j<i<2

We notice that the Condp given by (2.32) (or the Cond,p given by (2.34)) is
suitable only for the cases that (j—2"1) (or (2! — 7)) is a small integer, otherwise,
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the computational complexity of the evaluation of the right-hand side of (2.32)
(or (2.34)) may be very large.

If 271 < j < 21 4 271 holds for some integer I’ with 1 < I' < I, then
(2.34) can be written in a new form which may be evaluated more easily. Since
an integer i satisfies 2/~ + 2' -1 <4 < 2' if and only if e(2) satisfies

pri-1(e()) # 0, e(i); =1 and prya,n(e(i)) =0,
from (2.33), we have that
vy \ Rp(J) = {'U, € VN . dH’1+1’N(u,’U) >ty + 1} U

fue VY :dupya(u,v) > 1, # v, duga,n(u,v) = to} U

U {ue V" :puu)=pu@()) demn(u,v) =t}
jeigai-142' -1

and thus, for any subset U of Ry(j) N C,
L(Coest(7)) < min{L[{u € V7 : dugpin(u,v) 2 to+ 1} NV(U)),
Li{u e VY : duppa(u,v) > 1,u # v, dugan(u,v) =t} NV (U)),
]<i<2,_1+2,,_1{L[{‘U e VN :p(u) =p l(‘”(i))
da i (u,v) =t} NV} (2.35)

is 2 Condoy for Cpest(f) With 271 < j < 271421 and 1<V <1

The Cond,p given by (2.35) is suitable for the cases that the positive integer
9i-1 4 oF'-1 _ j is very small. Especially, if j = 2""* + 2"‘1 then (2.35) gives the
following Condopt for Cpest (21 + 2¥'-1).

L{coest(21 + 271)) < min{L[{u € V¥ : dugqan(u,v) 2 6o +131NV(U)),
L[{u eV dH,zr,1_1(‘u, 'U) > 1,y # 'l)z,dH,H.l,N(u,‘U) = to} n V(U)]}._(2.36)

Clearly, for any i < j and subset U of Rp(§) N C,

L(epest()) < LI(VY \ Bp(8)) NV (U)] (2.37)

is also a Condept for Cpest(J)-
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According to (2.37), we can get some useful Cond,yps further. For example, if
271 4+ 271 < j < 21 4 2% for some I’ with 1 < I < I, then for any subset U of

Ry(5)NC,
L(evest (7)) < LI(VY \ Bp(27! + 2" ) NV ()]
= mln{-'l-’-[{u € VN : dH,H—l,N(ua ”) >t + 1} N V(U)]a
_I_/[{'u, € VN . dH,y,l_l(u, ‘U) 2 1,’u,1 # vy, dH,,+1,N(u,'v) = to} N V(U)]} (2.38)

is a Condgp; for Cpest(7)-
For any j with 2! < j < 2" and subset U of R,(j) N C,

L{cvest(4)) < LI(VY \ Ry(271)) NV (V)]
= L[{u € vy dH,z,N('u.,'v) >t + 1} n V(U)] (239)

is also a Condgps for cpest(s)-
2.4.2 Ruling-Out Conditions for Chase-Type Decoding
Algorithm

For integers l;,l; and I with 0 < |; < I, <1 < 7, we see that an integer i
satisfies 2!~1 + 21 < 4 < 2!7! + 2" if and only if py,11,,(e(4)) is not equal to the
all zero (I; — Il;)-tuple (0,0,...,0) and

Pi+1,n(€(i)) = pip11,n(e(27 + 1)) = pippa n(e(2! +21)).
Hence, from (2.24) and (2.25), we see that

R,(2"1+2)\ Ry(2 1 +21) = {w € V¥ s dyyyi1, (u,v) > 1,
P+11(w) = pip41(v(2'7! 4 22)), diggya v (u, v) = to}. (2.40)

If U is a subset of Ry(2"~ +2) N C, then from (2.20) and (2.40),

L(chSt(zl—l + 211)) < L—[{u evh: dH,l1+1,lz(u7 ”) >1,
Pro+14(w) = P (v(27 + 27)), drgpa v (u,0) = 6} NV(U)]. (2.41)

is a (2! + 21,251 4 212)_ruling-out condition.
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For I' with 0 < I' < I—1and ' with 271 < ' < 2"-¥, we see that an integer
i satisfies 52" < i < (§'+1)2" if and only if

prsan(e() = prain(e(i'2 +1)).
Hence, from (2.24) and (2.25) we see also that

Ry((f' +1)2") \ Ry(i'2") =
{ue V" : proag(u) = prisa(v(i'2 + 1)) dag1.n(u,v) =t} (2.42)
If U is a subset of Ry(j5'2") N C, from (2.20) and (2.42),
L(coest(7'2")) < Li{u € V7 : ppiag(w) = prana(v(52° + 1)),
dH,l.H,N(u, v) = to} n V(U)] (2.43)

is a (72", (5 +1)2")-ruling-out condition. I ' = 0, then 2'~* < j' < 2! and (2.43)
gives a (j',j' + 1)-ruling-out condition:

L(evest(3)) < Li{w € V¥ : pry(u) = pra(o(s' + 1)),
dH,z.,.l,N(u, ‘U) = to} N V(U)] (2.44)

Ifl' =1—1, then j' =1 and (2.43) gives a (2!~1,2')-ruling-out condition:
L(cbest(2’"1)) <L{uce V¥ i # v, dug,n(u,v) =t} N V(U)]. (2.45)

Since we have

Ry@)\Bp(@) = U (Bo(@)\ Bp(2™)

I<i<r

= U {ue VN 2w # v, da i v (u,v) = to},

I<ilr

if U is a subset of Ry(2'"1) N C, then from (2.20),

L(epest(2'71) < @isnf{ll[{u € VN 1 u; # v, duin,n(u, v) = to} NV(U)]}(2.46)

is a Condgr at the 2'~1-th iterative step.
Clearly, for any i < j < j' and subset U of R,(j) N C, the following

L(cpest (7)) < LI(Ro(7") \ Bp(8)) NV (U)] (2.47)
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is also a (3, j/)-ruling-out condition. According to (2.47), we can also get some
useful Condgg’s further.
For example, for 21 +28 < j < 21422 with 0 < |; < I, < [—1 and subset

U of Ry(j)NC,

L(evest(5)) < LI(Rp(2"™* +27) \ Rp(2'71 + 24)) nV(U)]
= Ll{{u € VN : du (1, 0) > 1, ppppa0(w) = pro1(w(21 +2%),
dH,l+1,N(u1 v) = to} N V(U)] (248)
is a (j,2""! + 2%)-ruling-out condition.
For 2" <j< (7 +1)2" with0<I'<l—1and 2771 < j' < 2 and
subset U of R,(j)NC,

L(cvest (7)) < LIB((7' +1)2°) \ Bp(52")) N V(U)]
= Li{u € V¥ : pria () = pryaa(v((5' +1)27)),
dH,,+1,N('u.,‘v) = to} N V(U)] (2.49)

is a (j, (' + 1)2")-ruling-out condition.
For 21 < j < 2! and subset U of R,() N C,

L(cvest(5)) < L(Bp(2') \ Bp(27)) N V(U)]
= _L[{u € VN U 7’—‘ u, dH,Hl,N(u, 'U) = to} n V(U)] (2.50)

is a (4,2')-ruling-out condition.

2.4.3 The Use of the Testing Conditions

In Subsections 2.4.1 and 2.4.2, we present a few testing conditions for the
Chase-type decoding algorithm. Below we give some suggestions about how to
use these conditions factually.

A. At the 2'~-th iterative step, (2.30) is tested. For 2! < j < 2!, a Condp,
is tested if and only if the best candidate codeword is renewed, i.e. Cpest(j) #
Chest(j — 1) A favorable order of the Cond,y’s is as follows: a) (2.39), b) (2.38),
c) (2.35), d) (2.34), e) (2.32).

B. Since the set U in (2.37) can be chosen as a subset of R,(i) NC, the strongest
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Cond,y that has been evaluated before the j-th step is also a sufficient condition
of the optimality of cpes;(j), and it is recommended to test this one before any
other one is tested.

C. At the 2"-1-th iterative step, it is suggested to find an integer /; with 0 < L <
[ —1 as large as possible such that (2.43) holds with I' =1; and j' = 2i-h-1 firstly.
If it is failure in finding such an integer [;, the bounded distance-ty decoding is
implemented around v(2"- + 1) and let I; = 0. Then it is suggested to find an
integer I, with [; < I <1 — 1 as large as possible such that (2.41) holds. If it is
failure in finding such an integer I, the successive iterative steps are implemented
till the best codeword candidate is renewed, otherwise, it is suggested to find an
integer I; with 0 < [; < I, as large as possible such that (2.43) holds with I' =,
and § = 2-1-14+25-" and so on. When the best codeword candidate is renewed,
its optimality is tested. If no optimality condition is satisfied, the condition (2.50)
is tested. If (2.50) is false, it is suggested to find an integer I, as large as possible
such that (2.48) holds or an integer !’ as large as possible such that (2.49) holds.
If it is failure in finding such integers, then the bounded distance-tg decoding is
implemented till the best codeword candidate is renewed, and so on.

D. Since in (2.47) the set U can be a subset of R,(i) NC, the maximum of all the
(3, 7)-ruling-out conditions with i < j that have been evaluated before the j-th
iterative step is also an (3, j')-ruling-out condition, and it is recommended to test
this one before any other (i, j')-ruling-out condition is tested.

E. About the choice of the subset U of Rp(j) N C. Since the computational
complexity for testing of the condition grows when |U| increases, U is  usually
chosen as a small subset of R,(j) N C, for example, let U consist of: a) the best '
candidate codeword cuest(j), b) the best two candidate codewords, c) the best
candidate codeword Cpest(j) and the newest candidate codeword, etc. Sometimes,
the testing conditions with U = ¢ also works well.

F. We also note that if dg(v(§), €) < to for some codeword c then the candidate
codeword generated at the j-th iterative step must be ¢, i.e. ¢(j) = c. Hence, at
the j-th iterative step the bounded distance-t, decoding is need to be implemented
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only if

dg(v(j),c) > to+1, forallc€ R,()NC. (2.51)

O

In [11] and [12], Kaneko et al. proposed two IDAs by considering the
A

Chase(z,t,7) combinating with some testing conditions, where ty = |(dmin —
1)/2] and 7 £ N —t,. Since o+ 7 = N, the Chase(z,7,to) is MLD in this
case. Below we give a review to these two IDAs. The testing conditions used
in [11] and [12] are some sub-cases of those proposed in the previous section.
Some suggestions for improving the testing conditions without big increase in the
computational complexity are also proposed.

For any two codewords ¢’ and ¢” of C, let

L(d, 2 3 Inl, (2.52)

iew;(C',C")

where |
w1(¢, ") & Dy(c) dmin=L1P2(EN+HD1(E")D)/2]) (2.53)

For any two codewords ¢’ and ¢” of C and an integer [ with 1 <! < 7, let

L(d,"\D& 3 In, (2.54)
iewz(C',C",1)
where
wa(c, ", 1) 2 Dyo(c')Fmin=L(IP1(E)+[D1(€")])/2]~t0-1)
U{l+1,142,...,l+t,+1}. (2.55)
By use of |

Dy (1) N Do(€)] > din - {lvl(d)l 42- Dy ()| J , foru e Vdﬁm a(€re),

[Di(u) NI+ 1,N]| > o+ 1, for u € By(27) \ Ryp(2'),

the following two inequalities are given in [12]:

L(u) > Ly(c,¢"), foru e Vd]ljn’dmin(d’ "),
L(u) 2 Ly(c, ¢",1), for u € (By(2) \ Rpy(2) N VY4 ().
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For the IDA proposed in [12], after the generation of a new candidate Cest ()5
i.e. Cpest(7) # Crest(j — 1), the condition

L(evest(5)) < Ln(coest (4), €(1)) (2.56)

is tested as an optimality condition of ¢(j), and an integer T is chosen as the
smallest one which satisfies

L(cbest(J)) < La(epest(d)s c(l)aT), (2'57)

and then it is concluded that the decoding process can be terminated after fin-
ishing the 27-th iterative step, or in other words,

L(epest (7)) < Lz(cvest(4), (1), 1), (2.58)

is chosen as a Condgr at the 2'-th iterative step. ,

We notice that the computational complexity of the IDA can be reduced
simply by replacing the determination of T' after the generation of each new
candidate cyest(j) With the test of the Condgr (2.58) for j = 2' at the end of the
2l-th iterative step. We also see easily that the testing conditions (2.56) and (2.58)
will be more powerful if the ¢(1) is replaced simply by a candidate c(%p) which
satisfies |Dy(c(io))| = minj<icj |D1(c(i))|, and the computational complexity is
almost the same.

Clearly, the following Condp given by Lemma 2.1:

L(cbest(j)) < L[lex\:rﬁnfdmin (Cbest(j), c(l))]: (2'59)

is stronger than the Condgy (2.56), and the following Condgr given by (2.46):

L(enest (7)) < LI(Rp(27) \ Bp(2)) N Vi i (Coest (), €(1))]; (2.60)

is stronger than the Condgy (2.58). The information of ¢(1) used in the testing
conditions (2.56) and (2.58) is the cardinality |D;(c(1))]| of the set D;(c(1)) only.
This is one of their advantages, and a reason for less powerful as well. According
to the result of Section 4.3, we have

LVE o (coest(d), (D)) = D Iril,

i€ws
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where

& [ (DU DY) i ~Pa(Coun DD, i ¢ > 0,
3 (Do U D2y dmin-IP2(€ON) | if ¢ < 0,

Doo £ Do(Chest (5)) N Do(e(1)),
Dor 2 Do(vest (5)) N D1(e(1)),
Dig £ D1 (Cvest (7)) N Do(e(2)),
¢ £ 1D1(e(1))] — [D1(evest (5)]-

We see that the evaluation of L_[Vd’lm,dmh (Coest(7), €(1))] is almost as easy as that
of L;(Cpest (), ¢(1)). In general, the computational complexity for evaluating the
L(Ry(2) \ Bp(2)) N VA, e (Cous(3), €(1))] 5 greater than La(pen(s), (1), ])
in some extent. However, for the point of view of saving the number of bounded
distance decodings, it is worthwhile to test the more powerful testing conditions if
only the computational complexity for evaluating testing conditions is not greater
significantly. We also see that the testing conditions (2.59) and (2.60) will be more
powerful if the ¢(1) is replaced simply by a suitably selected candidate, such as
the second best one among the candidates which have been obtained so far, and
the computational complexity also remains to be the same by and large.

Now we consider the testing conditions used in [11]. For 2-! < j < 2}, let I'
be the largest integer such that 2"|j and let j' = j27%, by taking U = ¢ in (2.43)
we get a (j,j + 2")-ruling-out condition as the following:

L(cvest (7)) < Li{u € V¥V : pri1g(u) = praaa(v(i + 1)), duger,n(u, 2) = to}]

-1 to
= > e(f+1ilri + D |rinl- (2.61)
i=l'+1 =0

If j = 21, then (2.61) becomes

to
L(cbest(zl-l)) < -I-’-[{u € vy w 56 21y, dH,l+1,N(u7 Z) = tO}] = Z Iri+l|7 (262)

=0

it is a (2!, 2")-ruling-out condition. If (2.62) holds for I = Iy, then Cpest (2071) =
Cpest(2'0) and thus from || < [ry44+1] We see that (2.62) holds for I = I + 1.
Hence, (2.62) is a Condgr at the end of the 2'~'-th iterative step. Because the
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IDA is MLD, (2.62) is also a Condeps for cnest(2'~). Indeed, this can also” be
concluded simply from (2.30) with U = ¢.

For the IDA proposed in [11], the ruling-out condition (2.61) is tested before
each iterative step. If the next test error pattern is e(2"! + 1) and (2.61) is
satisfied, then the cpest(2"1) is output as the decoded codeword (it is the optimal
codeword) and the decoding process is terminated.

2.5 Testing Conditions for Generalizations of
Chase Algorithm

In [27], an IDA is proposed to generalize the Chase algorithm by shifting the
way of generating the search centers around which the bounded distance-t, de-
coding is performed. More precisely, a series of words v(j) € V¥ are determined
as the search centers before the decoding, such as the original Chase algorithm, or
during the decoding process. In the j-th iterative step, the bounded distance-t,
decoding is performed around v(j). Let c(j) be the output of the j-th iterative
step and write

o ) oed), ife(s) #*

e { o), ife(i) =+ (269
. _A_ dmina if C(J) # *,

d(J)_{ fo+1, ifc(j) =% (2.64)

Then we have.

By(5) 2 U Ouaggn (w(2).

Thus from L(€pes;(§)) = L[Rp (7)) a.1=1d lemma 2.1,
L(coent(3)) < LIV aay....a0 (1), 2(2), - - - u(5)] (2.65)

is an optimality condition of €pest(J)-

About the determination of the search centers, the following method is pro-
posed in [17]: At the end of the j-th iterative step, the next search center v(j+1)
is chosen in V) 4, 4 (u1,%s,- .., us) such that

L(v(j + 1)) = L-[V:ﬁ,dg,...,d;, ('u'l’ uz,..., '"’h)]’ (2'66)
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where the pairs (u1,d;), (u2,ds), ..., (un,dp) are selected from the pairs (u(1),
d(1)), (u(2),d(2)),...,(u(s),d(5)) which are defined by (2.63) and (2.64).

2.6 Testing Conditions for Iterative MWTS
Decoding Algorithm

In the iterative minimum-weight sub-trellis search (MWTS) decoding algo-
rithm [19] for binary linear codes, the first codeword candidate ¢(1) is obtained
by a simple decoder, such as the ordered statistics decoding of the zero-th order
or the first order [3]. At the j-th iterative step with j > 1, the next candidate
codeword c(j) is the best codeword in {v € C : dg(v,c(j — 1)) = w;} which is
obtained by MWTS around c(j — 1), where w;(= dpiy) is the minimum weight.

There is no decoding failure at each iterative step.
Then for j > 1 the search region at the j-th iterative step is

R(j) = Ow,-1(e(i — 1)) \ {e(G — 1)},

where w is the second smallest weight of C. Since ¢(i) € R(3) for i > 1, we have
that

Ouw,-1(c(i)) C R(i), fori > 1,

and thus, for j > 1,

By(4) = By(s) U (L’J om_l(ca)))

i=]1

=2 =1

> ( U (Ourr(ei - )\ {eli- 1)})) U (fJ owl_l(c(i)))

- (’0 o,.,,-l(c(z'») U Ous-1(e(7)-

=1
Hence, from L(cpest(j)) = L[Rp(j)] and lemma 2.1,
L(cvest(7)) < LIV, sy (€(1)s .-, €(f = 1), ()] (2.67)
is an optimality condition of Cpegs (7).
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2.7 Testing Conditions for Generalizations of
- GMD Decoding

2.7.1 GMD-Like Decoding

For nonnegative integers s and ¢ such that s + 2t < dmin and v € VN, the
decoding which corrects ‘s erasures in the first s bit positions and t or less errors
in the remaining bit positions of input v is called (s, t)-decoding with respect
to v. Let

A { 0, if dpn is even, (2.68)

P= 1, otherwise.
For v € V¥, the GMD-like decoding GMD(v) is defined as an IDA for which
the (2§ —p—1, p— j)-decoding with respect to v is executed in the j-th iterative
stepfor 1< j<p £ (dum + p)/2. GMD(z) is the original GMD proposed by
Forney [2]. For GMD(v), we have

R(G) ={u e V¥ :dggjpn(u,v) < p—j}, for1<j<p. (2.69)

For simplicity, write

T(i,d,v) 2 {u € V¥ : dugi_pn(u,v) > d}. (2.70)
It follows from (2.69) that
i
L{coes(4)) < L [n T(i,p—i+ l,v)] (2.71)
i=1

is an optimality condition of Cpest(j) for 1 < j < p.
It is proved in [18] that the N-tuple ul) = (ug’), ug’), .. ,u,({,)) with

2z+1, ifi+pisevenandl<(i+p)/2<j,
uf) = or2j—p<i<p+j-p, (2.72)
z;, otherwise,

is the tuple in (V_,T(i,p— i+ 1,‘z) such that

Lu9)=L [ﬁ T(i,p—1i+ l,z)] . (2.73)

i=1
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In the remaining part of this section, let j be a fixed integer satisfying 1 <
j < p. Below for any N-tuple v € V¥, with a method similar to that used in
[18], we will determine a tuple u* in the set

Ti(v) £ ﬁ T@p—i+1,0) (2.74)
such that
L(uw’) = L[T;(v)]. (2.75)

For any N-tuple u € V¥ and integers ¢’ and i with 1 < i’ < i < N, define

Lipw)& > rl (2.76)
¥ <i<i" ju; #2;
According the result of Section 4.3, we have

Laj—pn[T (4, d,v)] = 3 I3l (2.77)
i€(Do(V)N[2j—p,N])d—7)

where
T £ |Dy(v) N[24 - p, N]|. (2.78)
Clearly,
0 ford<r
Lsi_» N|T(7,d, = ’ = 2.79
el pn[T(J:d, )] {+oo, ford>N-2j+p+1, (2.79)
and forr <d< N -—2j+p,
Laj—p,n[T(j,d + 1,)] — Laj_p n[T (5, d, v)] > |r2j—p|- (2.80)
We define integers f;, fj—1, ..., f1 by induction as the followings:
: fp—jt+1<T,
ey BPTIELST (2.81)
p—ij+1, ifp—j+1>r,

and for 1 <1 < j,

R firr +D1(v) N {2i — p,2i —p + 1}, if fiys > p—14,
fi = fi+1 + 2’ if fi+1 <p- 7 and V2i—p = V2i—p41 = 1, (282)
fir1 + 1, otherwise.
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We can see easily that
fi>p—i+1, fori=1,2,...,5. - (2.83)
Let u* denote the N-tuple in V¥ such that
Dy(u*) N [25 — p, N] = (Do(w) N [2j — p, N)) =747, (2.84)
and for 1 <i < 2j —p,

z+1, ifi4piseven, fiip)z+1 =P~ (i +p)/2,
u; = v; = z; and Viy1 = Zit1, (2.85)
Zi, otherwise.

From the definitions, we can see easily that

= daaan(ut, o), fori=1,2,..07 - (2.86)
and thus by (2.83) we see that u* belongs to T;(v). We have the following lemma.
Lemma 2.5: u* belongs to 7;(v) and satisfies (2.75).

Proof: See Appendix A. O

- Remark: If v = 2, then 7 = 0 and fi=p—i+1forl<i<jand thus u*is
just the tuple given by (2.72).

2.7.2 Multistage GMD-Like Decoding

For a positive integer h, a multistage GMD-like decoding [13] consists
of successive GMD(v®) for 1 < 1 < h, where v!) £ 2 and v® is the best word
in N5 7,(v®)) which satisfies

_ -1 '
LD =L [’ﬂ 7;('0("))] , for1<I<h. (2.87)

1—1

From (2.72), we see that v® = @, v, ... ,0'D) is given by

v§2)={ z+1, ifi+pisevenand 1< (i +p)/2 < p, (2.88)

2, otherwise.
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Let 'u.,mst (4) denote the best codeword candidate at the end of the j-th iterative
step of GMD(v(®). Then the following

B2 < £ [0 n 70®)]. (289)

1—1

is an optimality condition of ubest (7). Below we consider to evaluate right-hand
of (2.89) forl=2and1<j<p.
Let j be a fixed integer with 1 < j < p. Let U* be the set of tuples «* in
T;(v®) N T,(z) which satisfy

L(w") = L[T;(v*) N T,(2)]. (2.90)

Thus the right-hand side of (2.90) can be evaluated by any tuple in U*. To give
such a tuple, we give a lemma at first.

Lemma 2.6: There is a tuple u* in U* such that
1) duzppn(u',2) =1

2) Forie [11]V] \ [2 —p’zp_p+1]7 u: = Z.
3)For1<i<p,

{u';i—p + 22i—p, u;i—-p+1 + 22 pr1} = V. (2.91)

Proof: Let u* be an arbitrary tuple in U*. Clearly, we have dg2,—pn(u*, 2) > 1.
If dyp—p,n(u*,z) > 2, we will prove that there is a tuple »’ in U* such that

du2p—pN(W,2) = dugpp (U, z) — 1.

Let ¢’ denote the smallest integer with i’ > 2p—p and u} # z. Ifuj; ., # 22 pp1
for all 1 < i < p, then the tuple u’ can be chosen as the tuple such that

uy = zp and u, = u}, for i # .

If uj;_,.; = Z2i-p+1 for some integer ¢ with 1 <4 < p, let 5" be the largest one of
such kind of integers. Then the tuple u’' can be chosen as the tuple such that

wp = 2z, 'u"2i”—p+1 # Zoin—p+1
u; =u}, fori € [1,N)\ {i,2¢" —p+1}.
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By induction, we can assume that dgz,pn(u*,2) =1,1e. u* satisfies 1).
If u} # 2y for some ¢’ with i’ > 2p 42 — p, then the tuple u' with

’U«;: = Zj, ul2p—p+1 # 22p—p+1»
up =}, fori e 1, N]\{,2p—p+1},

is also in T;(v?) N T,(2) and L(u') < L(u*).
If p = 0 and u} # 21, then the tuple u' with

uj =2, and u; =u;, fori>1,

is also in T;(v®) N T,(2) and L(u') < L(u*).

Thus, we can also assume that u} = z; for i € [L,N]\ [2—p,20— p+1], ie.
2) holds.

Clearly, (2.91) holds for ¢ = p.

If there is an integer i with 1 < i < p such that

* —_— 3 * — -
Uy, = 22ip and uy;_,i7 = 22i-p+1,

let 7' be the largest one of such kind of integers. Then there must exist an integer
i" with i’ < i"-< p such that

u;i"—-p 9& Zoin—p and u;,-u_ﬁ_l -'76 293" —p41-
We can see easily that the tuple w’ with

u,2i’ —p+1 ?é 22! —p+1, ulzin_p' = Zgir—p,
= u, for i € [1,N]\ {2 —p+1,2 - p},

is also in T;(v®) N 7,(2) and L(w') < L(u*).

Hence, we can assume further that 1 € {u3;_, + 22i—p, U3;_p41 + Z2i—p+1} holds
foralll1 <i<p.

If usy_p # 220—p and u3y_piy F Z2i'—p+1 for some integer i’ with 1 < 7' < p,
then the tuple w' with and

Ugit_p = Zai—p, a0d u; = uj, for i # 2i' — p,
is in T;(v®) N 7,(z) and L(u') < L(u*).
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Thus, we have proved that there is a tuple w* in U* such that 1), 2) and 3)
are valid. O

Let 7 be a permutation of [1, p] such that
|T2i-p+1] = |r2i-p| < |r2ir—pta| — |rai—pl (2.92)

holds for all integers i and ¢’ in [1, p] with (i) < w(i'). Let 7~ denote the reverse
permutation of 7, i.e. 77! is the permutation of [1, ] such that

7Y (w(i)) =4, fori=1,2,...,p. (2.93)

For any subset I of [1,p], write =[I] = {m(3) : ¢ € I} and let u*(I) £
(ui(I),us(1),...,ul(I)) denote the N-tuple in V'V which satisfies

'u';i—p(I ) # z2i_p and U;,’..p.,.l (I) = z2i—p41, fori € I, (2.94)
up; p(I) = z2ip and ug;_, 1 () # 22ipi1, fori € 1,p]\ I, (2.95)
u;(I) =z, fori € [, N]\[2-p,2p—p+1]. (2.96)

Define subsets I;, I;_i, ..., I; of [1, p] by induction as the following:
A . i
L; & 7= (n[lj, ) T=5+0/2D), (2.07)
and for1 <i<j,

T -1 ; DD, ifp—ii
Ii é IH.]_ um [(71'[[2, P] \L+1]) ]’ lf P Z. 1s even, (2.98)
I, otherwise.

. Then we have the following theorem.

Theorem 2.1: The N-tuple u*(I;) isin U*, i.e. w*(I;) belongs to T;(v@)NT,(z)
and satisfies

L(w*(h)) = LIT(»®) N T,(2)]. (2.99)
Remark: v® can be chosen as the tuple u*(I;) of the case j = p.

Proof of Theorem 2.1: We will prove that there is a subset I C [1, p] such that
u*(I) € U* and

I C () N i 4 (200
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holds for i = 1,2, ..., j, and thus (2.99) follows from L(w*(f)) < L(u*(I)).
It is obvious that, for any I C [1, p], the tuple u*(I) belongs to T;(v®)NT,(2)
if and only if

1N, p)| > [(p—i+1)/2], fori=1,2,...,]. (2.101)
Then, from (2.98), we have that
\L NG, pll 2 |E|=[(p—i+1)/2], fori=1,2,....], (2.102)

and thus u*(I;) € T;(v?) by (2.101).
Let u* be an arbitrary tuple in U* which satisfies 1), 2) and 3) of Lemma 2.6.
Let I(u*) denote the set of integers ¢ with 1 < i < p which satisfy

* _ *
Upip = Z2i—p aNd Uy;_pig # Z2ipi1-

Then we have u* = u*(I(u*)) and (2.101) holds for I = I(u*).

If there are two integers i1 and iy in [4, p] such that m(i1) < 7(iz), i1 & I(u")
and i, € I(u*), then (2.101) holds for I = (I(u*) \ {i2}) U {i1} and from (2.92)
we see that the tuple u*((Z(u*) \ {i2}) U {i1}) is also in U".

Hence, we can assume, without loss of generality, that (1) < (i) for all
iy € I(w*) N [j, p] and i3 € [4, p] \ I(u*). Then, (2.100) holds for i = j. Now we
assume that (2.100) holds for i = 4o+ 1 with 1 <4 < J.

If there are two integers 4; and i, in [io, p] such that m(i1) < m(32), 41 € [i0, 2] \
I(u*) and i, € (I(w*)\ip+1)Nio, o], then (2.101) holds for I = (I(uw*)\{i2})U{ir}
and from (2.92) we see that the tuple w*((I(u*) \ {i2}) U{i1}) is also in U™

Hence, we can assume, without loss of generality, that m(i1) < w(iz) for all
i € (I(u*) \ Tips1) N [i0, p] and i3 € [ig, p] \ I(w*). Then (2.100) holds for ¢ = do.

By induction, we see that there is a tuple u* in U* such that (2.100) holds
fori=1,2,...,7. O
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Chapter 3

Integer Programming Problem
Related to the Testing
Conditions for Chase-Type
Decoding Algorithm

3.1 The Integer Programming Problem

For most testing conditions given in Chapter 2, it is needed only to evaluate
the minimum with the form of

Li{u € V¥ : du 410, (0, v) > t1, P10 (0) = prpqr (v'),

dHJ',-i—l,N(u" ‘U) = t2} n V:ilf,dz,...,dh (ulv U2y .-y uh)]’ (3'1)

where 0 < I; <12 <I; < N. Since the partial tuple p;,,1, (u) is fixed for all u in
the set over which the minimum (3.1) is taken, from the sight of evaluating the
minimum, we only consider the case I}, = [;. Thus (3.1) becomes the following

L_[Y(’U, t1, ll, t2, lg) N ‘,dlf,dz,...,dh (U1, Uy ..., uh)], (32)
where

A A
Y(v,t1,l,t2,0) = {u € VY tdyy 1, (u,v) > t, dagr1 v (u,v) =t} (3.3)
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Below we present an integer programming problem (IPP) whose optimal
value of the object function is just equal to the minimum given by (3.2).
Define )

L 2L, (3.4)
L& [l +1,1) N Do(w), (3.5)
LE[L+1,L]NDi(v), | (3.6)
I, 2 [l +1, NN Dy(v), (3.7)
Is £ [l + 1, N] N Dy (v). (3.8)

Then {I;, I, Is, Is, Is} is 2 partition of [1, N]. For u € V¥ and a € [L,5], let
g(u)a £ [Dy(u) N Il. (3.9)
Then, we have that |
da gy 410 (4, ) = [Dr(u) N I + [Do(u) N Is| = g(u)2 + |Is| — q(u)s, (3-10)
dgips1.8 (0, v) = [D1(w) N L] + [Do(w) N Is| = g(u)s + Is| — g(w)s.  (3-11)
Hence, u € V¥ isin Y (v,%1,1, 2, 12) if and only if

q(u)2 — g(u)s = t1 — |13l
{ g(u)s — g(u)s =tz — |Is|. (3.12)

.....

[1, N] again by refining the partition {L,I5,I5,I4,I5}. Fora € [1,5] and o =
0104+ -0y € BP, define
Do 2 IaN ((h‘\ D, (u,-)) . (3.13)
i=1
Then, {Dg¢ : a € [1,5] and o € B"} is a refinement of {I1, I, I3, 14, Is} and
Dj(u;) = G U Da,e forie(l,h]andj=0,1. (3.14)

0=1geBh,0;=j

Foru € V¥, a € [1,5) and o € B*, let
A
q(w)a,o = [D1(u) N Dy, |- (3.15)
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Then

g(u)e = Z Q(u)a,a', (3'16)
ocBt
|Do(u) N Dy g| = |Da 0| — 9(w)a,0- (3.17)

Also, from (3.14), (3.15) and (3.17), we have that

du(u, u;) = |Dy(u) N Do(us)| + [Do(uw) N Dy (u;)]

= 25: ( Z q(%)a,o + Z (|1Da,o| — Q(“)a,a))

a=1 \gecBh,0;=0 o€Bh o;=1
5

= T qwap(-17 + D) (3.18)
a=1geB*:

Hence, u € V?" isin V4, 4 (u1,%,...,up) if and only if

5
> > q(w)e,e(—1)% = di — |Di(w;)|, for i € [1,A]. (3.19)
a=1 geBh
Let Q denote the set of all the 5 - 2"-tuples over nonnegative integers. For
g € Q, the 5-2" components of g are referred as Qa0 with1 < a < 5and o € B".
Let Q* denote the set of all the 5 - 2*-tuples g € Q which satisfy

0< g4, <|Dg,ol, fora€ 1,5 and o € B (3.20)
> (B0 — B3,0) 2 t1 — |1s], (3.21)
ocBh
Y (Uo — %Go) =t~ I, (3.22)
ocBh
5
> Y doo(-1)% > di— [Di(w)], fori € [1,h]. (3.23)
a=lgeB* :

-For any 5 - 2*-tuple g € Q, let

Y@y Y X Ik (3.24)

a=lgeB* Qg o)
1€Da,a!

For any nonempty subset @' C @, let L'[Q'] denote the optimal value of the
following IPP:
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P(Q'): Minimize {L'(q) |q € Q'}.
ie., L'[Q] = mingeqr L'(g). A5 - 2k tuple g € Q' is called a Q'-optimum if
L'(q) = L'|Q']. For convenience, we write L'[4] £ too.
Then the minimum given by (3.2) is equal to the optimal value L'[Q*] of the
IPP P(Q*) if the received sequence 7 satisfies (2.11).

Theorem 3.1: If the received sequence 7 satisfies (2.11), then we have the fol-
lowing formula:

_LI[Q*] = L[Y('U, tl: l11 t2’ l2) nyv:}:r,dz,_.,,dh (ul, U2,. .-, uh)]- (3.25)

Proof. One hand, for any u € Y (v,t1, 11,12, )NV 4, 4 (u1,u2, ..., up), from
(3.12), (3.15), (3.16) and (3.19), we see that the 5-2"-tuple g(u) = (g(u)s,0 : @ €
[1,5] and & € B") belongs to @*. From (3.15) and (3.24), we see L(u) > L/ (g(w))
and thus

L_I[Q*] < __L[Y('U, tla ll) ta, l2) N W]idz,,,,,dh (u‘h U2, .-, uh)]' (3'26)

On the other hand, for any 5 - 2%-tuple g € Q, let u(q) denote the sequence
in V¥ which satisfies

5
(a,0)
Di(u(@)=U U Dag” (3:27)
a=1geBh
Then, from (3.15) and (3.20), we see that
da,0) :
da,0 = |Da,g’a | = IDI("’(Q)) nDa,a| = Q(“(Q))a,m (3-28)

for ¢ € [1,5] and ¢ € BF. Thus from (3.10), (3.11), (3.15), (3.16) and
(3.18), we see that the sequence u(g) must belong to the set Y (v,t1,0,t2,l2) N
VE 4o.d (U1, U2, ..., up). From (3.24) and (3.27), we see that L'(q) = L(u(q))-
Hence we have

L-,[Q‘] 2 —L[Y n I/:ljf,dz,...,dh ('"'17 U2, ..., uh)]v (3'29)

and thus (3.25) follows. O
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3.2 Solving the Integer Programming Problem

In this section, the IPP P(Q*) is solved for three simplest cases: i) h = 0,
iiyh=1and l, = N,iii)h=1and [; = l,. For the general case, we only give
Lemma 3.1 which may be useful in simplifying the IPP. The IPP of the particular
case Y (v,ty,11,ts,13) = VV will be investigated in Chapter 4.

At first, we define &}, = t; — |I3, &, £ t, — |I5| and &; = d; — |Dy(us)]-

i) Solving the IPP P(Q*) for the case h = 0:

For this case, the set Q* consists of the 5-tuples ¢ = (g1,¢2,-.-,95) which
satisfy

| 0 < g, < |Ia|, for a € [1,5),

g2 — g3 2> 1y, (3.30)
g4 — g5 =13, '
and thus
rel= Y Ink (3.31)
iefyll) uIitI’)uIé"'z)
O

For h > 1, it is not such an easy work to solve the IPP because the number
of -variables increases rapidly when A grows. There is no known algorithm which
solves this kind of nonlinear IPP effectively. However, the difficulty for solving the
IPP may be reduced by splitting it into some simpler ones with less variables. The
simple properties shown in the following lemma may be useful for the splitting of
the IPP.

Lemma 3.1: If g* € Q* is a Q*-optimum such that there is no other q in Q*
such that

o0 S o fora=12,...,5andallo € B", (3.32)
then for any two tuples o' and o” with |
o;+o0]>1, fori=1,2,...,h, (3.33)
we have
G Grn =0, for (1,4) € {(1,1),(3,9), (2,3),4,5)}.  (3:34)
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Proof: We prove (3.34) only for (i,i") = (4,5), the remaining cases can’ be
proved similarly.

If ¢} 5 - g3 g # O for two tuples o’ and o” mth (3.33), then the 5 - 2"-tuple
q with

Go =Gig — L Gor =Gor— L - (339)
o0 =g 0 forallo € B\ {o',0"} (3.36)

is also in the set Q*. From L'(q) < L'(g*), we see that g is a Q*-optimum too,
contradicts our assumption. (3.34) with (#/,4") = (4,5) has been proved. O

ii) Solving the IPP P(Q*) for the case h =1 and I, = N:
For this case, the set Q* consists of the 6-tuples g = (g1,0, 91,15 92,05 92,1, 93,0,
Q3,1) which satisfy

0 < ga0 < |Dapl and 0 < ga1 < |Dg1|, fora=1,2,3,
Qo0 + @21 — @30 — 031 > by, (3.37)
2 )

Z(QG,O — gan) = 01-
a=1

If ) < 0and §; <0, then we see that L'[Q*] = 0, since 0 is in Q" for this case.
Below we assume that either £, > 0 or §; > 0 holds. From Lemma 3.1, it is
sufficient only to consider the tuples g in Q* which satisfy g1, =0. Fort >0, let
Q(t) denote the tuples in Q* which satisfy ¢1,1 = 0 and gy 0 = t. Similar to the
equality (4.41), we can get that '

rewl= ¥ Inl, (3.38)

ieT(t)uD{)

where 7T (t) is defined as

T2 PaaV DB yE0, it < 6 - 8, (3.39)
(Dz s 'D(W b/ 2‘l))(*' ) otherwise. '
Case 1. 6; > t].
Since |r;| < |r;| for any i € D1 and j € D2 U D3, We have
min L'[Q(t)] = L'[Q(min{|D1,], 61,61 — t1 )l (3.40)

0<t<é1—t,
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Sine T(t) = T(6,+8) for £ > 6, +£, and T(6, — £, +2¢) = T(61 — £, + 2¢ +1)

for 0 < t' < ¢}, there is an integer ¢, with 0 < g < ¢} such that

tzrgiilfl L'[Q(1)] = L'[Q(6: — t; + 2t)). | (3.41)
Hence,
" « _ ) LQ(min{|Dyp],6,})], if min{|Dypl|,6:} <& — 1],
L= { L'[Q(6, — t +2t)],  otherwise. (3-42)

For the case of min{|D;|,d,} > d; — ¢}, it is needed to determine the integer

~ to. For this case, t; > 0. Since L'[Q(0; — t} + 2(¢' + 1))] — L'[Q(61 — | + 2t)] is

monotonously increasing for ¢’ > 0, the integer ¢y can be determined by at most
4t; operations of additions and comparisons of real numbers.

Case 2. 4, <.
Similar to Case 1, there is an integer £ with [(¢] — 8;)/2] < tp < t; such that

L'[Q"] = L'[Q(d: — 1} + 2to)]. (3.43)

The integer ¢, can also be determined by at most 4(¢; — [(t; — 61)/2]) = 4|(t, +
01)/2] operations of additions and comparisons of real numbers. 0O

iii) Solving the IPP P(Q*) for the case h =1 and [; = l,:
For this case, the set Q* consists of the 6-tuples g = (g1,0, 91,1, 94,0, 94,1, g5.0,
q,5,1) which satisfy

0 < dao < |Dgyp| and 0 < gg1 < |Dg,l, for a =1,4,5,
94,0 + Qa1 — @50 — gs5,1 = 13, (3.44)
Q1,0+ q40+ @50 — 11 — Ga1 — g1 = 01

From Lemma 3.1, it is sufficient only to consider the tuples g in Q* which satisfy
@0 = 0. For t > 0, let Q'(¢) denote the tuples in Q* which satisfy ¢,; = 0 and
g1,0 = t. Then, similar to the equality (4.120), we can show that

rQw= Y Il (3.45)

. t
ieT"(t)up{)
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where 77(t) is defined as

(Dso UD 224, if ) < 0and £ > 8 + 81,

T'(8) ={ (DapUDLHE2N®) if ¢ > 0 and t > 61 — i, (3.46)
73‘(1 l:(gtlz+61—t)/2-|) U Dg(()&—t’,—t)/ﬂ), otherwise.

Let

= 2 max{6; + 5,6, — th}, (3.47)
tm 2 min{d; + t}, 6 — th}, (3.48)
#* & min{6y,6, — &, [(61 — th + |D1ol)/21} (3.49)
£ £ min{| (61 — £)/2], Ds,ols [Paol — t2}- (3.50)

Then we have
LQ'®)] > L'Q'(t™)], for t 217, (3.51)

: 1"y L-,[Ql(al - t’2 - Zt*)]a if t* < {7

= 3.52
055, L1 E) {+oo, otherwise, )

Since T"(tm + 2') = T"(tm + 2t + 1) for 0 < ¢ < |t5], there is an integer-fo with
0 < tp < |t5| such that
min LQ®)]=L[Q (tn+2t) (3.53)

Thus, from (3.51) to (3.53),

min{L'[Q' (tm + 2t0)], L'[Q' (61 — t; — 2¢*)]}, ift* < t,

L@ (tm + 2t0)); otherwise. (3:54)

- |
Since L'[Q(tm + 2(' + 1))] — L'[Q(tx + 2t')] is monotonously increasing for

0 < ¢ < |t|, the integer t; can be determined by at most 4 - (t™ — tm)/2 = 4|ty
operations of additions and comparisons. O
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Chapter 4

Integer Programming Problem
Related to the Optimality
Condition

4.1 The Integer Programming Problem

As pointed out in Section 2.2, the minimum L[V , ; (u1,us,...,u)] can
give an optimality condition or determine a region where the optimal codeword
" must fall in and it can be incorporated in any IDA which are based on the gen-
eration of a series codeword candidates. In this chapter, we consider to evaluate
-L—[lelr,dg,...,dh (uh uz;.. -, uh)]'

Since LIV 4, 4. (U1, u2,...,us)] is a particular case of (3.1) with ¢; = 0 and
I, = N, it may be expressed as the optimal value of an IPP shown in Section 3.1.
Because of Y (v,%1,11,3,13) = V¥, the IPP can be simplified to one with only 2"
variables. We first consider to deduce the simplified IPP.

Let Q denote the set of all 2%-tuples over nonnegative integers. The 2"

components of g € Q;, are referred as g, with o € B". For o € B*, define

h
Dg £ () Do,(us), ng 2 [Dg|- (4.1)

i=1

Let Q}, denote the set of all 2"-tuples g € Q5 which satisfy

0 < gy < ng, for o € B*, (4.2)

40




3 4o (=1)% > 6, fori=1,2,...,h, (4.3)

ocBk
where
8 £ d; — |Dy(w))], fori=1,2,...,h. (4.4)
For q € @4, let
D(g)2 | DY, (4.5)
ocBk
A
g= Y Il (4.6)
i€D(q)

Then the minimum L[V}, ; (u1,%2,...,us)] is equal to the optimal value of
the following IPP:

P(Q}): Minimize {L'(g)lq € Q3}-
We have the following theorem.

Theorem 4.1: If the received sequence r satisfies (2.11), then we have

L’[QZ] = —Ii[_v:ilf,dg,...,d;. ('u'h U2, .-, uh)]' (4'7)

Proof: This theorem can be proved by simply following the proof of Theorem
3.1. The concrete proof for this theorem is omitted here. O

If 6; < 0 for j = 1,2,...,h, then L'[Q}] = 0 and the hard-decision tuple z is
in the set V§'y, 4 (1, Us,...,us). Below we assume that max;c;<nd; > 0. For
convenience, we assume further, without loss of generality, that

§,> 8> -+ > &, and 6 > 0. (4.8)

The IPP P(Q3) has been investigated for the cases h < 3 in [14]-[16]. Here we
mainly consider to solve the IPP P(Q;). In Section 4.2, we split the IPP P(Q})
into some simpler sub-IPPs for 1 < h < 5 by classifying the minimal tuples of
Q:. In Sections 4.3 and 4.4, the IPP P(Q}) is solved for the cases h < 3 with
new methods though the main results have almost been obtained in [14)-[16]. In
Section 4.5, an effective algorithm for solving the IPP P(Qj) is presented. The
number of additions and comparisons of real numbers is shown to be of order
N for h < 3, and of order N2 for h = 4. In Section 4.6, an improvement of
Lemma 2.1 is presented.
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4.2 Splitting the Integer Programming Prob-

lem

Since the object function of the IPP P(Q}) is nonlinear, there is no known
method which solves this kind of IPP effectively for large h. However, the object
function L'(q) possesses some special properties which can be used to design some
algorithms for solving the IPP P(Q}) with acceptable computational complexity.
For example, L'(q) is nondecreasing and convex on each variable (component of
q), and

L(g+4q)=L(q)+L(q) - (49)
for any two 2*-tuples g, ¢’ € @}, with
do - dy =0 for all o € B, - (4.10)

These properties may be used to split the IPP P(Q}) into some simpler sub-IPPs,
each sub-IPP has less variables and thus may be solved more easily as compared
with the IPP P(Q}). .

For tuples « and 4’ over integers with the same length, we write v > «' if
v; = «v; for all indices j. We also denote v > 4’ if ¥ > 4’ and v # 4. For ¢
and ¢’ in Q5 with g > q', we see that L'(g) > L'(q') from (2.11). Assume @’ is
a subset of Qx. A 2"-tuple ¢’ € @’ is called an Q'-optimum if L'(¢’) = L'[Q’]-
A 2h-tuple ¢’ € @’ is said to be minimal in Q' if ¢ ¥# q for all g € Q'. For any
q € Qn, let S(q) denote the support set of g, i.e.

S(q) £ {o € B" : ¢, # 0}. (4.11)

Clearly, the size of the support set of a minimal tuple in Q}, must be less than 2".
The union of the support sets S(g) with g € @' is called the support set of Q'.
Let Q™™ denote the set of minimal tuples of Q}. Then, we see easily that

L'lQ;] = L'[Q7™)- (4.12)

For h < 5, we will show that the set Q™™ can be classified into a few subsets, the
size of the support set of each subset is only 2#~1.. Thus, to solve the IPP P(Q}),
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it is sufficient only to solve some sub-IPPs, each sub-IPP has only 2h-1 variables.
Below we will determine the set Q@ for h < 5.

Let A% (or A®) denote the set of h-tuples « over even (or odd) integers with
~ > §. Clearly, for all g € Qj, we have

Y gp(-1)7 € AJUAL (4.13)
ocBh '
g2 T g (-1)7 -82>0, (4.14)
ocBk

where (1) 2 ((=1)71,(=1)",...,(=1)*) and § = (61,82,..-,04)- Let I
denote the set of h-tuples 4 over nonnegative integers for which v; = 0 holds for
at least one index j.

Lemma 4.1: Assume that g is a tuple in Qﬂ“m For any o’,0" € B,

o' ¢ 8(q), if (-1)7 < ¥(a); (4.15)
{o,0"} € 8(q), if (-1)7 +(-1)7" < (), (4.16)
{o',0"} L S(q), if &' +0" > 1. (4.17)

Proof. If o’ € S(q) satisfies (—1)® < ~(g), then the tuple ¢’ with
gy =g — 1,4, = go forall o € B*\ {0'},

is also in @, which contradicts the assumption q € Q.
If there are two tuples o, o in S(g) such that (—1)7 +(-1)7 " < ~(q) holds,
then the tuple ¢’ with

q’a" =dqog — 1, :7" =dg" — 1a
gy =4o, forallo € BY\{d',0"},

is also in @}, which contradicts the assumption q € QEin,
If o',0" € B" satisfy o’ + ¢” > 1, then we have

(-1)7 +(-1)°" < ()t <0< 7(9)
and from (4.16), we get {o’,0"} Z S(q). 0
From (4.15), we have the following simple corollary.
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Corollary 4.1: Assume that q is a tuple in Q™.

(1) The all-one h-tuple 12 11-.-1 is not in S(g), or in other words, wg(o) < h
for all & € S(q), where wg(o) denotes the Hamming weight of o.

(2) There is at least one index j such that y(q); =0, i.e. v(gq) € I't.

The following lemma can be viewed as an generalization of (4.16).

Lemma 4.2: For q € Q}, g belongs to Q¥ if and only if

Y. dp(-1)7 £v(q), forany0< ¢ < q. (4.18)
oeB:
Proof: From the definition, we see that g belongs to Q%= if and only if
> 4o (-1)7 £6, forany0< q" < q. (4.19)

ocBh

Clearly, (4.19) is equivalent to

> (@o—95)(-1)7 £ 3 g5(-1)7 -6, forany0< g"<gq.
ocBh oeBh

This is equivalent to (4.18). O

For any v > 0, we call a subset = C B* an m(y)-set if

> go(—1)7 £, forany g € Q, with ) ¢, > 1. (4.20)
(s 43 OEes
For any o € B", let & denote the tuple in B* whose j-th component is 1 — o; for
all j € [1, h]. The following lemma can be obtained easily from the definitions.

Lemma 4.3: (1) Any m(v)-set E is also an m(0)-set.
(2) If Z is an m(vy)-set, then 1¢ £ and {o,7} Z E.

From (2) of Lemma 4.3, we see that |=| < 2*~? for all m(y)-set Z. If m(vy)-set
Z satisfies [E| = 2%71, then we call = an M(v)-set.

Lemma 4.4: 1. Any m(0)-set is a subset of an M (0)-set.
2. For 1 < h <5 and v € '}, if = is an m(+)-set, then = must be a subset of
some M (y)-set.
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Proof: See Appendix B. O
For 1 < h < 5, let ®;, denote the set of M (0)-sets.

Lemma 4.5: For 1 < h < 5 and E € N;, there is just one tuple, denoted o (E),
in Z such that

p(E) £ 6+ a(E) e ALUAL (4.21)
Proof: Let S denote the set of the tuples o € B* which satisfy
6+0o e APUAL

Tt is clear that & € Sif o € S. Let o' and " be two tuples in S. Clearly, o' +0o”
is a tuple over even integers or a tuple over odd integers, and o} + o7 € {0,1,2}
for all i € [1,R]. If o} + o} € {0,2} for some index j, then for all i € [1, k] we
have o} + o7 € {0,2} and thus o} = o7, i.e. ' = o". The remaining case is that
o} + o =1 holds for all i € [1,h]. This means that o” = o’. Hence we have
proved that S is a set of form {o’, o'} with o’ € B*. From (2) of Lemma 4.3, E
contains just one of the two tuples in S. | O

For I C [1,h] and E C B, let
/(=] £ {p1(0) : & € E}. (4.22)
For £ € Ry, let I(E) denote the smallest subset I C [1, h] which satisfies
Z = {o € B": pi(0) € Bi[E]}- (4.23)
Now we can prove the following theorem. |

Theorem 4.2: For 1 < h <5,
Q= U @u(®), (4.24)
ZER,
where Q5,(E) is the set of tuples g € Q» with S(g) C E which satisfy (4.2) and
> 4p(-1)% = p(E)i, for i€ I(E),
ges _ _ ) _ (4.25)
Y 4o (-1)% > p(E)i, for i€ [1,h]\I(E).

O€EE
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Proof: See Appendix C. a

To solve the IPP P(Q}), from (4.12) and (4.24), it is sufficient to solve the
sub-IPPs P(Qx(E)) for all M(0)-sets E € N;.
-For positive integer h, let

e = {o € B* : wp(e) < 1}. (4.26)
The following theorem gives all of the M (0)-sets for the cases of h < 5.

Theorem 4.3: If h = 1, {0} is the unique M(0)-set.
If h = 2, there are two M(0)-sets: {00,01} and {00, 10}.
If h = 3, there are four M(0)-sets: ©3 and

AL{oceB:0;=0}, fori=1,2,3. (4.27)
If h = 4, there are 12 M(0)-sets:
C;2{oeBt:0; =0}, fori=1,2,3,4, (4.28)
D;20,U{oc e B wg(c) =2, 0; =1}, fori=1,2,3,4, (4.29)
Ei20,u{ocecB':ug(o)=2, 0; =0}, fori=1,2,3,4. (4.30)
If h =5, let |
©* £ {o € B®: wy(o) =2}, (4.31)
K& {(o',0") € ©* x ©* : 0] = 0! =1 for at least one i}, (4.32)

there are 81 M(0)-sets:

F2esue, (4.33)
GiL{oc€B*:0;,=0}, for 1<i<5, (4.34)
H,-é@5u{a'€Bs:2§wH(_a') <3,0;,=0},for1<i<5, (4.35)
3
Liiis 2 {0 € B*: 3 0y, <1}, for1<i; <ip <iz <5, (4.36)
=1 ,
4 4 3
Jitniy={0€B®:) 0, <1}U{o0 € B®*:> 0y, =2, 0;, = 0},
i=1 . j=1

for1<i; < g <ig<band iy € [1, 5] \ {il,ig,i;-;}, (4.37)
Ko o £ ;U (6" \ {o',e"}) U {o’,0"}, for (¢’,0") € K. (4.38)
Proof: See Appendix D. O
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4.3 Solving the Integer Programming Problem
for the Cases h <2

At first, we assume that h = 2. Q3 consists of the tuples g € Q; which satisfy
(4.2) and

doo + go1 — G0 — 1 = 01,
doo — o1 + q10 — g11 > 02.

From (4.12), (4.24) and Theorem 4.3, -
L[Q3] = min{Z'[@({00, 01})], L'[Q2({00, 10})]}. (4.39)
For q € Q,({00,01}), we have
oo + o1 = 01 and goo — go1 = 02,
and then
doo + gor = 6 and gn < [(d1 —62)/2].

Thus we have

L[Q({00,01})] = > |7 (4.40)

ie(gooup‘()&(ﬁ—‘z)/ﬁ))(s,)
If Q,({00,10}) # ¢, let g be an arbitrary tuple in Q2({00, 10}), then
goo + @10 = 0 and goo — q10 > 01,

and thus by (4.8), we see that gio = 0 and J; = 6;. Hence, g € Q»({00,01}) and
then Q2({00,10}) C Q@2({00,01}). Thus we have the following theorem.

Theorem 4.4: For the case h = 2,

LQs] = ) Irl. (4.41)

ie(pooup(()li(sl-'JZ)/z.]))(51)
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O
According to (4.41), we see that the testing condition of the case of h = 2 can
be computed with ; — 1 < N additions of real numbers.
If we put u; = u; and d; = d;, then Doy = Dy(u,) in (4.41). Then we get
the following corollary.

Corollary 4.2: For the case h =1,
Lieil= X Inl (4.42)

i€Do(uU1)(1)
O

If the reference word wu; is a codeword, the special case of (4.42) with d; = dpin

(the minimum distance of the code) is the same formula given by Taipale and
Pursley [25].

4.4 Solving the Integer Programming Problem
for the Case h =3

Assume h = 3. Q3 consists of the tuples g € Q3 which satisfy (4.2) and

gooo — G100 + o10 + Goo1 + Go11 — G101 — G110 — Q11 > b1,
Gooo + G100 — 9o10 + Goo1 — Go11 + G101 — G110 — G111 = O2,
gooo + 100 + do1o — doo1 — Go11 — G101 + G110 — G111 = Os.

From (4.12), (4.24) and Theorem 4.3,

L[Q3] = min{L'[Q3(05)], L'[Q3(41)], L'[Q3(A2)], L'[Qs(A4s)]}. (4.43)

Since we have (4.8), the last two terms in the minimum of the right hand of (4.43)
can be ignored. Indeed, for any tuple g € Qs(A4;3), we have

do10 = 110 = go11 = Q11 = 0,
dooo — 100 + oor — G101 > 01,
dooo + G100 + Goo1 + G01 = 02,
dooo + G100 — oo1 — G101 > 03,

(4.44)

and thus from (4.8) we see that gio0 = g101 = 0 and §; = 6,. Hence, g belongs
to Qs(A;) and thus we have Q3(A4;) C Q3(A4;). Similarly, we can prove that
Qs3(A3) C Q3(A;). Then we have the following theorem.
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‘Theorem 4.5: For the case h = 3,

L[Q}) = min{L'[Qs(O5)], L'[Qs(4:)]}- (4.45)

O

We will present a sub-algorithm-Q3(03) for solving the IPP P(Q3(©3)) in Sec-

tion 4.4.1 and a Sub-algorithm-Qs(4;) for solving the IPP P(Q3(41)) in Section

4.4.2. The number of operations of additions and comparisons of real numbers

 for either of the two sub-algorithms is not more than 56, — 1. Hence the number

of additions and comparisons of real numbers for solving the IPP P(Q3) is not
more than 104; — 1, and thus is of order N.

4.4.1 Sub-algorithm for Solving the IPP P(Q3(©3))

In this subsection, we show a method for solving the IPP P(Q3(©3)). Firstly,
we consider to give the optimal solution for a sub-IPP of IPP P(Q3(©3)), which
is over a set of tuples g € Q3(©3) with fixed go1;. Then we show that L'[Q3(63)]
can be computed iteratively from the optimal solution of such a sub-IPP.

Clearly, a tuple g € @} belongs to Q3(O;) if and only if g satisfies (4.2) and

G100 = Q110 = Quo1 = g1 = 0,
gooo + o10 + oo1 + Go11 = 01,
goro + gou1 < [(01 — 02)/2],
goor + dor1 < (61 — 63)/2].

(4.46)

Since go11 < mon and g, > 0 for all o € B3, the goy; in (4.46) must satisfy
0 < gour < ko = min{noy, &1, (& —8)/2], (61~ ds)/2]}- (447)
For any k with 0 < k < ko, write R(k) 2 {q € Q3(Os) : gonr = k} and
X (k) & (Dooo D /M7 U DA, (4.48)

Then we see that R(k) is not empty if and only if co is not in X (k). From the
definition of X (k), we can determine whether co belongs X (k) or not, and find
X(k +1) from X (k) easily. If R(k) # ¢, let g* denote the tuple in R(k) which
satisfies D(g*) = X (k) UD&'{)P Then g* must be an R(k)-optimum. Furthermore,
we have the following lemma.
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Lemma 4.6: 1. If Q3(©3) # ¢, then there are two integers k} and kf with
0 < k! <k < ko such that oo is not in X (k) if and only if & satisfies &} < k < kI,
this implies

L'[Qs(8s)] = in L'(g"). (4.49)
L <k<kE

. A X
2. For k with k& < k < k], let p(k) = Ticxq Iril — Sjex+1) I75], then p(k) is
non-increasing, and thus there is an integer k; with k! < k; < kI such that L'(g¥)
is non-increasing for k} < k < k; and is non-decreasing for k; < k < k.

Proof: See Appendix E. o

According to Lemma 4.6, we can evaluate L'[Q3(©3)] by the following sub-
algorithm.

Sub-algorithm-Q;(0;)

Input. N-tuple r with (2.11). 3-tuple 6 = (d;, ds, 03) satisfying (4.8). Dg and
ng defined by (4.1) for all & € {000,010, 001,011}.

Output. L'[Q3(0s)).

Step 1. Compute ko by (4.47) and set k£ = 0.

Step 2. If k > ko, then output +oo (i.e. Q3(©3) = ¢) and END, otherwise,
determine X (k) by (4.48). If co € X(k), then set kK = k + 1 and goto Step 2,
otherwise, goto Step 3. '

Step 3. If k = ko, then goto Step 4, otherwise, determine X (k + 1) by (4.48). If
oo € X (k+1)or L'(g*+*) — L'(g*) > 0, then goto Step 4, otherwise, set k = k+1
~and then goto Step 3.

Step 4. Output L'(g*) and END. O

Consider the computational complexity of this sub-algorithm. To determine
X (k) and whether co belongs X (k) or not, no operation of real numbers is needed.
To determine whether L'(g**!) — L'(g*) > 0 is valid or not, it needs at most 4
additions and comparisons of real numbers. Since k; < 6; and the number of
additions and comparisons of real numbers for computing L'(g*) is §; — 1, we see
the number of additions and comparisons of real numbers for the evaluating of
L'[Q3(©3)] by the Sub-algorithm-Q3(©;3) is not more than 54; — 1.
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4.4.2 Sub-algorithm for Solving the IPP P(Q3(A1))

A method for solving the IPP P(Q3(A1)) is shown in this subsection.
Clearly, a tuple g € Q} belongs to Q3(A;) if and only if g satisfies (4.2) and

gooo + G100 = 03 = (p(A1)2 + p(A1)s)/2,

dooo + o0 = 03 = (p(A1)1 + p(A1)3)/2, (4.50)
Qooo + qoor = 03 = (p(A1)1 + p(A1)2)/2,

o1 = Gro1 = Q10 = i1 = 0.

Write

JAN
k; = ma.x{5'1 — N100,% 6; — No10, 6’3 - 17,001}, (451)

k2 £ min{noon, 63, 63, 63} (4.52)

We see easily that Qs(A;) # ¢ if and only if kb < k5. If Q3(41) 9é. ¢, i.e. ky < k3,
then the set Q3(A;) consists of the tuples g* with k) < k < k} and

q'foo =& —k, d(’fm =8, —k, dol)‘m =03 — k, 4.53
<k _ <k ko sk ok (')
dboo = k> G511 = dior = G110 = i1 = 0-
Since I'(¢**) — L'(g¥) is non-decreasing, the IPP P(Q3(A1)) can be solved by
the following Sub-algorithm-Q3(A1).

Sub-algorithm-Q3(A4;)

Input. N-tuple r with (2.11). 3-tuple é = (81,082, 83) satisfying (4.8). Do and
ng defined by (4.1) for all o € {000,100, 010,001}.

Output. L'[Q3(41)]-

Step 1. Determine the sequence p(A;) and compute the integers &, &, and 8} by
(4.50). Then, compute kj and &} by (4.51) and (4.52), respectively. If K > K,
output +o0o (i.e. Q3(A;) = ¢) and END, otherwise, set k = k.

Step 2. If k = k& or L'(¢***) — L'(¢F) > 0, goto Step 3, otherwise, set k=k+1
and goto Step 2.

Step 3. Output L'(¢*) and END. O

With 4 operations of additions and comparisoné of real numbers we can
determine whether L'(¢*t*) — L'(¢*) > 0 or not. Since kj < 6; and the
number of additions and comparisons of real numbers for computing L' is
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) + 64 + 64 — 2k — 1 < 38; — 2k — 1, we see the number of additions and compar-
isons of real numbers for the solving of the IPP P(Qs(A;)) by the Sub-algorithm-
Q3(A;) is not more than 54, — 1 too.

4.5 Solving the Integer Programming Problem
for the Case h =4

Assume h = 4. From Theorem 4.3, Ry = U, {C¢, Dy, E,}. Similar to the
cases h < 3, for some M(0)-sets E € R, the sets Q4(E) may be empty or covered
by the others and thus should be excluded from further consideration.

Lemma 4.7: 1. If Q4(C;) # ¢, then §; > max;-,{0;}.
2. If Q4(D;) # ¢, then max{p(Dy)s, maxjxe{[p(De);1}} < Tjpe P(De);-
3. If Q4(Ey) # ¢, then 3j_; p(Ey); > 0 and p(Ey), + minjxe{p(Er);} > 0.

Proof. 1. Assume q € Q4(Cy). For each j with j # £, we have 0y = Y gec, 4o =
Yoec, o (—1)7 2 6;. ,

2. Assume g € Qu(Dy). Since T;(—1)% > 1 for all & € Dy, we
see 32 P(D)j = Tire Xoen, lo(—1)% 2 Yoep, 9o = maXici<a{| Loep, 9o
(—1)i|} > max{p(D¢)e, maxjze{|p(Dr);|}}-

3. Assume g € Q4(E,). Since for all & € E, we have Z‘;__.l(—l)”f > 0 and
(—1)7 + minjz{(—1)%} > 0, we see Tj_; p(Er)j = Tjo1 Toer, do(—1)7 2 0
and p(By)e+ ming{p(Ep);} = Loer, 9o (—1)" +minjze{Xgcp, 95 (-1)%} 2 0.

O

Theorem 4.6: If the 4-tuple § satisfies (4.8), then we have

Q= U (B, (4.54)
Ze{C1}ung
where R} is a subset of ¥4 defined as follows:
(i): pif b2+ 85+1<0and T}, p(B1); <05
(ii). {E1} if 62+ 83+ 1 < 0 and ¥}, p(B1); > 0;
(iii). {Ds}if 02+ d3+12>0and 6, +d4+1 < 0;
(iv). {E1, D4} if 62 +03+1>0and 6, + 6, +1>0and o2 + 4+ 1 < 0;
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(V). {El,Ez,D3,'D4} ifdy+04+1>0and 63+64+1<0;
(Vi). {Ey, Es, Es, Ey, D, D3, Dy} if 83 + 64 +1 > 0 and p(D1)1 > Lj=s p(D1)j3
(v.ii). {E\, E,, E3, E4, D1, D5, D3, Dy} if p(D1)1 < Z;%:z p(D1);.

Proof: Assume E is an M(0)-set in Ry with Q4(E) # ¢. We have the following
six results. ' '

() f 2 = C, and g € Q4(Cy), then we see that &y = Ygezdo =2
Y oez Go(—1)7 > 8. Hence by &; > §; we see T gyez g (—1)" =61 and 03 =0
for all o € 5(q), ie. q € Qu(C1) and Qu(Cr) € Qu(C).
| (ii). If £ = D;, then by Lemma 4.7 we see p(D1)1 < Yi=2 P(D1);-

(iii). If £ = B3 or By, then by Lemma 4.7 we see p(E)s + p(E)s 2 0. If
E = D,, then by Lemma 4.7 we see p(Dz)1 < 3 ;22 p(D2);, and thus we also have
p(E)s + p(E)s > 0. Clearly, we have (p(E); — d5) + (p(E)s — 1) < 1 for E = E,
E4, D,. Hence we have 83 + 6, +1 > 0 if Z = E3 or Ey or D,.

(iv). If £ = B, or D3, similar to (iii) we can get 62 +d, +12>0.

(v). If E = Dy, similar to (iii) we can get 6, +d3+1 > 0.

(vi). If E = Ej, similar to (iii) we can get é; +d4 +1 > 0. From Lemma 4.7
we also see 35_; p(E1); > 0.

By these six results and (4.24), we can show easily that (4.54) holds. O

If both of (2.11) and (4.8) are valid, from (4.12) and Theorem 4.6, we see
easily that to solve the IPP P(Qy) it is sufficient only to solve the IPP P(Q4(E))
for the M(0)-sets E in {C;} U, i.e. we have the following simple corollary.

Corollary 4.3: If the received N-tuple 7 and the 4-tuple J satisfy (2.11) and
(4.8) respectively, then we have

—L—[V;l]f,dz,ds,a (w1, uz, U3, uy)] = Ee{%‘lliilun' L'[Q4(5)]- (4.55)

For each M(O)-set =€ {C1,D1,D2,D3,D4, El,Ez,E3,E4}, we give a Sub-
algorithm-Q(Z) to solve the IPP P(Q4(E)) in the subsections 4.5.1 t0 4.5.3. Using
these sub-algorithms we can solve the IPP P(Q,) by the following algorithm.

Algorithm for solving the IPP P(Q;) |
Input. The N-tuple » with (2.11). The 4-tuple & = (61,02,03,04) with (4.8).
Do and ng defined by (4.1) for all o € B
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Output. L'[Q4) = LIV 4, 45 4, (81, U2, U3, ug)].

Step 1. By the definitions, determine the 4-tuples p(D,) and p(E;). And
then generate the set ¥* by Theorem 4.6, and solve the IPP P(Q4(E)) for each
E € {C1} U R* by the Sub-algorithm-Q4(=).

Step 2. Output minge(c,jun- L'[Q4(E)] and END. |

Since the number of operations of additions and comparisons of real numbers
is of order 62 for any Sub-algorithm-Q4(E), we see that the number of operations
of additions and comparisons of real numbers of above algorithm is also of order
62, and thus is of order N2.

Now we give some notations which will be used in the derivation of the Sub-
algorithm-Q4(Z)’s. For any 2*-tuple ¢ € Q4 and two sequences o’,0" € B*, let
w(g,0’, ") denote the 2%-tuple which satisfies

] { <p(q,0", 0"")0-/ =(qy + 1, (P(q, a'la 0'")0'" =4g4g" — 1, (456)

v(q,0',0") g = 44, for all o € B*\{0’,0"}.
For any integer k with 0 < k < 15, let o(k) denote the sequence in B* which
satisfies j_; 0(k);2/~" = k. In this section, let £ be a fixed integer with 1 < £<
4. Let so = 0000 and sf = o(2¢°). Fori =1,2,3, let

i+4, ifi+£<4,

4.57
i+ £ —4, otherwise, (4.57)

I; é {1a21 3}\{1}1 a; é {

5; 2025, Lg% 1420, i 215 — 2% —2Y).  (4.58)

4.5.1 Sub-algorithm for Solving the Sub-IPP P(Q4(C1))
Let C! £ €;\{0000,0001} and
8¢ £ max{0, | (6, + & + 1)/2]}, for i = 2,3, 4. (4.59)

For integers d, k with 0 < d < §;, 0 < k < 65, let R¥* be the set of the 2 -tuples
g in Q4 which satisfy (4.2) and

o000 + dooor = @, Ygecy 4o = 01 — 4,

o010 + Qoo11 = 07 — d, goroo + goiox > 05 — d,
doooo + goo1o + o100 + o110 = K,

gy =0, for o ¢ C;.

(4.60)
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Then we have R¥* C R%-1 C ... C R¥® C @}. Let

& £ min{éy, nooso + Mooor }, (4.61)
d' £ max{0, 65 + 65 — 81,60 — 3. g,
oec,
85 — mooti — Moo10, 05 — Mow — nowo}-  (4.62)

Then R%? is not empty if and only if d satisfies d' < d < d. From the definition
of Q4(C;) we can show easily

uG)= U R, (4.63)

dl<d<dr

Clearly, Q4(C;)-optimum can be obtained from the R -optimums. Next, we
give an iterative method for generating the R3¢ optimums. For d with &' < d <
d, let

v(d) 2 8, — d — max{6¢ — d,0} — max{d5 — d,0} > 0, (4.64)
V(d) £ (Doo11 Y Doom)(&‘?_d) U (DPo1or U 'Domo)('s"? -9, (4.65)
V*(d) £ V(d) U (Doszo U Dooor)@ U (Usec; Do) \V (@)D, (4.66)
and let ¢*° denote the 2*-tuple which satisfies D(g%°) = V*(d). Then ¢*° is an

RH_optimum. If R # ¢, we can find an R%*-optimum from g*° by iteration.
Let A 2 {(0000,0001)} U ({0010,0100, 0110} x {0011, 0101,0111}).

Lemma 4.8: Assume g%* is an R%**-optimum which satisfies
dk dk dk dk
dodoo + 90010 + oioo + doize = k- (4.67)

Let g(qd,k) é {‘P(qd’k, alaa.”) : (0”, 0'”) € A} N Rd’k+1. Then Rd’k+1 = ¢ if
and only if £(g%*) = ¢, and the £(g%*)-optimum must be an R**+'-optimum if
E(g*) # ¢. ' '

Proof: See Appendix F. O

Assume g** is an R%*-optimum which satisfies (4.67) and £(g%*) # ¢. Since
between L'(p(q%*, o, 0")) and L'(p(g**,B,8')) with o = B or o’ = B’ we can
find the smaller one with no operations of real numbers, we see easily that to
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determine the £(g%*)-optimum it is enough to consider L'(g) — L'(g%*) for at
most 4 tuples g of £(g**) and thus with at most 7 operations of additions and
comparisons of real numbers we can find an R%**1-optimum from g%*. Hence, by
iteration from q%° with at most 745 operations of additions and comparisons of
real numbers we can find an R%9¢ -optimum, or determine R4S = ¢. With respect
to (4.63) and the definition of the R%% _optimums, we can give the following Sub-
algorithm-Q4(C;) to compute L'[Q4(C1)].

Sub-algorithm-Q,(C;)
Imput. The N-tuple r with (2.11). The 4-tuple § = (01, 82, 3, d4) with (4.8). Do
and ny defined by (4.1) for all o € C;.

Output. L'[Q4(C1)]-

Step 1. Compute 6 by (4.59) for j = 2,3,4, d' by (4.61) and d" by (4.62).
Step 2. If d! > d', then output +oo (i.e. Q(C;) = ¢) and END, otherwise, for
- each integer d with d < d < d~, generate the set V*(d) by (4.66), and determine
the 24-tuple g*° with D(g*°) = V*(d), and then, by using of Lemma 4.8, find an
R*%_optimum g%, or determine R4 = ¢.
Step 3. Output ming, g, L'(g%*%) and END. o

The number of d with & < d < d& is at most §; + 1. For each d with

d' < d < d~, it needs at most 765 < 76, operations of additions and comparisons
of real numbers to find an R%% -optimum % or to determine R%% = ¢. To
compute L'(g»*) it needs §; — 1 additions of real numbers. Hence the total

number of operations of additions and comparisons of real numbers for Sub-
algorithm-Q4(C}) is not more than 84;(6; + 1).

4.5.2 Sub-algorithm for Solving the Sub-IPP P(Q4(Dy))

Clearly, Q4(D;) consists of the tuples g in Q4 which satisfy (4.2) and

?:o(‘bj + ‘13;.) — 2(gs; + gs) = p(D)a;, fori=1,2,3, (4 v68)
S3-0(ds; — 45,) > 8¢, and g, = 0 for o & D '
Let
23 p(Dy)o; /2 = (S 64,/2], fori=1,2,3, (4.69)

JElL; Jjel;
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P £ max{0, [(5+ 3 (De)ey)/21} = max{0, [(54-*'25”)/2]} (4.70)

j=1

For nonnegative integers d, k, let R%* denote the set of the 2"-tuples g in Qf
which satisfy (4.2) and

qu+Qa’ =d, Ea—oqa, >k,
@s; + gy, =060 —d, fori=1,2,3, (4.71)
o.=0, fOI'O'¢D¢.

Clearly, we have R%* C R%*-1C ... C R C Q}. Let

d £ max{0, max (5’? —ng, —ng)} (4.72)
&= mm{'n,0 + Mgy, 11:21133 6”} (4.73)

Then from (4.2) and (4.68) to (4.73) we can prove easily that

QD)= | B (474)

dl<d<dr
For d with d' < d < dF, write

W(d) 2 (Dy, UDy) DU | (D, UD,) 9, . (a75)

1<i<3

and let §*° denote the 2¢-tuple which satisfies D(¢%°) = W(d). Then ¢*° must
be an R¥-optimum. If R%"~4 £ ¢, the following lemma suggests an iterative
method for finding an R*”~9-optimum from ¢*° too.

Lemma 4.9: Assume ¢%* is an R%*-optimum which satisfies
0o+ @+ g+ g =k (4.76)

Let £(%) £ {p(g**, 3,3 $):0<j<3}n R%¥+1 Then R%**! = ¢ if and only
if £(g**) = ¢, and the £(qd ¥)-optimum is an R+ _optimum if £(g%*) # ¢.

Proof. This lemma is an analogue of Lemma 4.8. We omit the proof here. O

Similar to the Sub-algorithm-Q4(C1), we can found a Sub-algorithm-Q4(D;)
to compute L'[Q4(Dy)].
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Sub-algorithm-Q,(D,)

Input. The N-tuple » with (2.11). The 4-tuple é = (1, 02, 93, 1) with (4.8). D,
and n, defined by (4.1) for all @ € D,.

Output. L'[Q4(Dy)]-

Step 1. Determine the integers a; for ¢ = 1,2,3, the 4-tuples s; and s} for
i=0,1,2,3. Compute the integers 67 by (4.69) for i = 1,2, 3, é° by (4.70), d' by
(4.72) and d* and by (4.73).

Step 2. If d' > d*, then output 400 (i.e. Q4(D;) = 0) and END. If d' < d~, for
each integer d with d' < d < &, generate the set W (d) by (4.75) and determine
the 24-tuple ¢*° with D(¢*°) = W(d). And then, by using of Lemma 4.9, find
an R%°—d_optimum g% 9, or determine R%%"—9 = .

Step 3. Output ming_ ;4 L'(§**°~%) and END. O

The number of operations of additions and comparisons of real numbers for
Sub-algorithm-Q4(D,) is not more than 33t ,(7(26; — d) + 36, — 2d) = 256, (8, +
1)/2.

4.5.3 Sub-algorithm for Solving the Sub-IPP P(Q4(E,))
Clearly, Q4(E;) consists of the 2*-tuples g in Q4 which satisfy (4.2) and

{ Gso + 85y + Ljer,(€s; — 4s3) — o; + Qo3 = P(B)a,, fori=1,2,3, (@77)

oo — sy + L3=1(2s; + as;) = p(Be)e, and g =0 for & ¢ E.

Let

62 £ (p(Br)e + p(Br)a)/2 = [(6e+6,,)/2], fori=1,2,3, (4.78)
o= 2 iP(Et)j/ 2= { [S3=10;/2], if 5,65 is odd,

3 .
= =107 — 0z, otherwise.

(4.79)

Then from (4.2) and (4.77) to (4.79) we can show easily that the 2*-tuples g in
Q4(E,) can be given by

g, = 0% — W, gy =2w — T — T5 — T3,
Os; =07 — x5y Gy, = Tjer, T —w, fori =1,2,3, - (4.80)
gg =0, for o ¢ E,.
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where w, 1, T2, Z3 satisfy

mav;c{O,tSE —ng} < w< 6%, (4.81)

0<2w—1z; — T3 — T3 < Ny, (4.82)

max{0,0f —ng} <z <67, 0< Y z;—w<n,, fori=1,23  (4.83)
jeI; .

For any integer w with (4.81), let (w) denote the set of pairs 7 £ (1, T2, 3)
which satisfy (4.82) and (4.83). For 7 € Q(w), let g,,(7) be the 2*-tuple of Q(E)
defined by (4.80). We write L, () 2r (g, (7)) for m € Q(w) and Ly(m) £ +o0
for 7 & Q(w). For any subset ' of Q(w), let L[] £ mingeq Ly(r), and write
Lo[¢] £ +00. If a pair 7 € ' satisfies Ly, () = Ly[], we call it (Y-pair. We
will show a method to evaluate L'[Q(E,)] by finding an Q(w)-pair for each w with
Qw) # ¢. . .

For integers w, z, let Q(w,z) £ {r € Qw) : ® = (-,-,z)}. At first, we
consider to give an Q(w, z)-pair for nonempty set Q(w, z). Let T denote the set
of pairs n' = (z},z5,z}) with 7} € {1,0,—1}. For 7 € Q(w) and =’ € T, we say
that we can grow 7 in the 7'-direction to 7 + n' if Ly(w) > Ly(m + 7'). For
any nonempty set Q(w, z), we can find an Q(w,z)-pair by the following growth
procedure.

Growth Procedure of an Q(w, z)-pair 7(w, z)

Preparation. Select an arbitrary pair 7 of Q(w, z) as the seed.

Step 1. We consider to grow = in the (1,0, 0)-direction and (—1,0, 0)-direction
till we can not do anymore and then goto Step 2.

Step 2. If we can grow 7 in 7'-direction for some =’ of {(1,0,0), (-1,0,0), (0, 1,0),
(0,—-1,0)}, we grow it in 7’-direction step by step till we can not do anymore and
then goto Step 2, otherwise goto Step 3.

Step 3. We consider to grow 7 in (1, —1,0)-direction and (-1, 1, 0)-direction till
we can not do anymore and then output 7(w,z) = 7 and END. m]

We have the following lemma.

Lemma 4.10: The output 7(w, z) of the above growth procedure is an Q(w, z)-
pair and the growth route must be one of the four classes shown in Fig. 4.1.

Proof: See Appendix G. g
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Figure 4.1 The possible routes of the growth of 7(w, 2)

Since for each step of growth or change of direction it needs 4 additions and
comparisons of real numbers, according to Fig. 4.1 we can show easily that from
an arbitrary pair 7 of Q(w,z) with at most 16w operations of additions and
comparisons of real numbers we can find an Q(w,z)-pair by the above growth
procedure.

Sometimes it is not easy to select a seed for this growth procedure. Below
we give a lemma which suggests a concrete method for giving a pair m from any
nonempty set Q(w,z).

Lemma 4.11: (i) Q(w) # ¢ if and only if

0 S 6? S n,o + n,z + 774,3 + n‘;, (4.84)
0 < 65 < Mgy + Mgy + Mgy + g3, (4.85)
0 < 03 < gy + Ny + Ny + N, (4.86)

max{6} — Ngs, 03 — Mgz, o3 — n,;} < min{dF + N4y, 05 + Mgy, 05 + Ny (4.87)

and w!' < w < w', where

] OE+0E+0F+n
w’émm{dg,n,l+n,,+n,3+2n,o,|_ 12 5 o

207 + nyy, 205 + gy, 205 + 04y, 05 + 05,07 + 03, 67 + 03,
OF + Tgy + Mgy, O3 + Mgy + Mg, 03 + Ty + Mg}, (4:88)
5f+5g+5§—na; — Tg "nag-l
?

2
E B E B
07 — nc;:251 - 277'8; — Mgy — Mgy, 05 + O3 — i, — Tgy — N3,

w' £ max{0,8% — ny, [

E E B B
03 — Mgy, 205 — 2ny3 — Ny — Ny, 07 + 05 — M5, — Mgy — N3,

03 — Mgz, 205 — 2Mgs — Mgy — Mgy, OF + 05 — Mgy — Mgy — Mgz} (4.89)
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(i) Assume Q(w) # ¢. Q(w, z) # ¢ if and only if z'(w) < z < 2°(w), where

w—+ng +n
2 (w) = mm{w O35 [;?—ﬂj ,0F + Mgy, 05 + Ny,

Tigy + Mgy + Tiggy 2 — 07 — 05 + Mgz + T3,
w — 07 + Ny + Mgy, W — 85 + Mgy + Ny 1 (4.90)

w- nss E__ 5B
1, w — ngy — Mgg, 2w — 67 — 03 — Tigg,

zl('w) = ma.x{O [———=
0 — n,;,w 0%, w — 05,07 — Mgr — Mgy, 65 — Mgy — Ne}. (4.91)

(iii) If Q(w, z) # ¢, then Q(w, z) contains at least one of the following four pairs:

(win,z’ Ow,z — mip,z’ z), (z:n,z’ Ow,z — z:u,za z), (4.92)
(Ow,z — y}n,z" y]w,za 2), (Ow,z — y:n,z’ yfn,za z), (4.93)
where
Ty £ max{0, 51 Nas, W— 2}, Ty, £ min{6%, n,, +w — 2}, (4.94)
yf,,,z 2 max{0, 05 — Nz, W — 2}, Yy, = m1n{62, ng, +w — 2}, (4.95)
Ow,z £ max{w, 2w — z — N, Thy 5 + Yu o} (4.96)
O

However, it is not needed to find all the Q(w, z)-pairs by the growth procedure.
Indeed, the following lemma suggests a simple method for finding a Q(w)-pair
from a known Q(w, z)-pair.

Lemma 4.12: Let 7 be a Q(w, z)-pair and
2 {(0,0,0),(-1,0,0),(0,-1,0),(1,—1, 0),(-1,1,0), (-1, -1, 0)}. (4.97)

1. If Q(w,z + 1) # ¢, there exists a pair 7' in T* such that 7 + (0,0,1)+ ' is a
Q(w, z + 1)-pair.

2. If Q(w,z — 1) # ¢, there exists a pair 7" in T* such that 7 —(0,0,1) — 7" is
a Q(w,z — 1)-pair.

3. m is a Q(w)-pair if and only if

Ly(7) < min{Ly[Q(w, z — 1)], Ly [Q(w, z + 1)]}. (4.98)

61




Proof: See Appendix H. O
We can use the following Sub-algorithm-Q4(E;) to evaluate L'[Q4(E)].

Sub-algorithm-Q,(E,)

Input. The N-tuple r with (2.11). The 4-tuple § = (8;, d2, 03, d5) with (4.8). D,
and n, defined by (4.1) for all o € E,.

Output. L'[Q4(E,)].

Step 1. Determine the integers a;, a,, as, and the 4-tuples sq, 51, 83, 83, 8, 5},
83, 83. Compute the integers 67 by (4.78) for i = 1,2, 3, and 6* by (4.79). Then
use (4.88) and (4.89) to compute w* and w'.

Step 2. If one of (4.84)-(4.87) or w' < w” is not valid, then output +oco (i.e.
Q4(E;) = 0) and END, otherwise, for each integer w with w! < w < w*, by (4.90)
and (4.91) compute 2*(w) and z'(w). Let 2z, = | (*(w) + 2'(w))/2]. Select a pair
in Q(w, zy) by (4.92) and (4.93), and then generate an Q(w, 2, )-pair 7(w, z,) by
the growth procedure. Then according to Lemma 4.12 to find an Q(w)-pair 7(w).
Step 3. Output min <, Luw(7(w)) and END. O

We consider the computational complexity of this sub-algorithm. According
to Lemma 4.12, from an Q(w,z)-pair 7(w,z) we can get an Q(w,z + 1)-pair
7(w,z + 1) (or an Q(w,z — 1)-pair 7(w,z — 1)) with at most 20 operations of
additions and comparisons of real numbers, and determine whether L,, (r(w,z)) <
Ly(r(w,z + 1)) (or Ly(7(w,z)) < Ly(r(w,z — 1))) holds or not with 5 more
operations of additions and comparisons of real numbers. Since Q(w,z) = ¢ if
z > w, we can find an Q(w)-pair 7(w) with at most 25w/2 operations of additions
and comparisons of real numbers. Furthermore, since the number of additions and
comparisons of real numbers for computing L,,(7(w)) is 6% + 6F + 65 + 65 — 2w — 1
and Q(w) = ¢ for w > 6%, the number of additions and comparisons of real
numbers for evaluating L'[Q4(E,)] with Sub-algorithm-Q4(E,) is not more than
397 (53w/2 + &% + 6% + 6F + 6F) < 636,(26; + 1)/2.
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4.6 An Improvement of the Optimality Condi-
tion

We notice that the set VY, (w1, us,. .., us) in Lemma 2.1 can be replaced
with any superset of C \ (U?=10,1j_1(u,-)). If some of the reference words u; are

codewords, and the distance profile W¢ £ {0,w; = dmin, W2, ..., } or its partial
knowledge is known, then we can design some stronger Condgpts.
For any integer d and 2"-tuple v € V¥, let
¢a(v) £ {u € VY :dn(v,u) = d}. (4.99)
Assume the first hy reference words are codewords. For j with 1 < j < hy,

let i(5) £ min{i : w; > d,}. For any sequence a € B, define

Via)2 1 fup®) [ Ougu(w) [ Ouluj). (4.100)

1<j<ho,a;=0 1<j<hg,a;=1 ho<j<h
Then the set UqepnoV (R, @) is a superset of C\(U%_,04;-1(u;)), and thus the
result of Lemma 2.1 is still valid if we replace the set Vg, 4 (u1,u2,...,us) in

Lemma 2.1 with Ugepro V (R, @).

Lemma 4.13: Assume that u;, uo, ..., ’uh,, are codewords and cCpest is a code-
word in Ub_,Og;—1(u;) with h > ho. ¥

L(cbest) <L [ U V(ha a)] PR (4'101)
QeBho
then the optimal codeword ¢,y must belong to the set U?=1Od,-—1 (ug).
0O
It is needed to evaluate L{UqeproV(h, @)]. Clearly, we have
L = min L[V(h 4.102
L Lgho V(h, a)] i LV(h,a)] (4.102)
Let Q(h, &) denote the set of all 2*-tuples ¢ € Q» which satisfy (4.2) and
(3 gy (—1)% =8}, fori € [1,h) with a; =0,
ocBk
! Y ag(-1)7 28, fori € [1,ho] with o =1, (4.103)
oecBh
Z qa.(-—l)"‘ > d;, fori € [ho +1, h],
\ ocB:
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where
8 £ wyj) — |D1(ws)), (4.104)
8 £ wigjye — [ Da(ua). (4.105)
Then, similar to Theorem 4.1, we have the following theorem.

Theorem 4.7: If the received sequence r satisfies (2.11), then we have

L'[Q(h,a)] = L[V (h, @)], for all € B". ' (4.106)

4.6.1 Evaluation of the Improved Optimality Condition
for the Case h=1 '
In this subsection, we evaluate the improved optimality condition for the case

that there is only one reference word, which is also codeword. Then h = hy = 1.
Q(1,0) consists of the tuple g = (go,¢1) Which satisfies

Qo—01=0,0<g<m, 0<a<m. (4.107)
Clearly, we have
—ny = —n(u;) < 8 < N — n(u1) = no. (4.108)
Hence, we have |
o= ¥ Inl (4.109)
ievf'l)uvi'yl’

Q(1,1) consists of the tuple g = (go, 1) which satisfies
o—q>06,0<¢g<n, 0<q <ny. (4.110)

From 6} < N — n(u,) = ng, we see |

LReauy= 3 Il (4.111)
(&)
i€D,
Furthermore, we can get

min{z' ey [rils 2. @my |r:|}, ifé] <0< 67,
L'Q@,0ue@1)= { fep, e i "(4112)

Eie'pffi y |73l otherwise.
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4.6.2 Evaluation of the Improved Optimality Condition
for the Case h = 2

In this subsection, we evaluate the improved optimality condition for the case

that there are two reference words.

Case 1: One of the two reference words is codeword, i.e. ho = 1.
Assume g* is a minimal Q(2, 0)-optimum. We see easily that

411900 = 911901 = %5090 = 0. (4.113)

@0 + 951 = 01, g0 — 51 = 92,
0 < ggp < ngo, 0 < gpy < o1y ‘II1=9I0=0,
ie.

@o + 95 = 015 a5y < (67 — 62)/2],
0 < gly < 1ngo, 0< g3y < o1y 6 =50 =0.

Hence, we have

8 >0, & —8,>0, (4.114)
L'(g") = > sl (4.115)
ic (Dooup(()&(s’l—sn)/zj))(s'l)

If gty + gy = 0, then
—q}; — @iy = 01, —gi1 + dio 2 02,
0< g} <nu, 0< gl < Mo, B =401 =0,
l.e.
¢ + gl = =01, ah < (=61 — 62)/2],
0 S QI], S nii, 0 S q;O S M0, q(’;{) = qf;l = 0.
Hence, we have '
8 <0, 8, +6, <0, ~ (4.116)
r@)= % il @)

~81=82)/2]) (—
ie(DmUDﬁ( 1-62)/ J))( &)
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If g3y + g3, > 0 and ¢f; + g3y > 0, from (4.113) we see g3; =0, gf > 0, g5, =0
and g}y > 0. If A(g*)2 = qgp + alo — 51 — 911 = QG0 + qio = 02 + 2, then the tuple
g = (g00 = @3 — 1,q10 = i — 1,901 = 451, Q11 = qf;) belongs to Q(2,0), contracts
the definition of g*. Hence,

Qo — alo = 07, 02 < gfo +afp < 62+ 1,
0 < ggo < oo, 0 < g3 < Mo, ¢4 = g5 = 0.
Then, we have
[(6 + 82)/2] = 0, [(82—61)/2] >0, - (4118)
L'(g*") = > |7:). (4.119)

1 4.8 8!
ieDf,{,(‘ﬁ z)/ﬂ)uvigﬁz 1)/21)

Furthermore, we notice that if 6] and 4, satisfy (4.114) and (4.116), or (4.114)
and (4.118), or (4.116) and (4.118), then (4.115) and (4.117), or (4.115) and
(4.119), or (4.117) and (4.119) are the same, respectively. Hence, we have

% ooty ey Iril, £ 8 <0 and 8 + 8 <0,
L'[Q(2,0)] = Zie(voou‘D&("l-s’)/m)“i) |rs|, if 61 > 0 and 8] — 82 > 0, (4.120)

I 15 —s r;|, otherwise.
Ziep‘()‘r,(sﬁ /D) (16 sy |rils

Since V(2,1) is a set of kind of V7] ;, (1, u2), according to the result of section

4.3, we see
L,[Q(za 1)] = 7 z lril' (4.121)
e (Dopun 4~/ (1620120 x5 3 1)
O
Case 2: Both the two reference words are codeword, i.e. hg = 2.
From (4.120), we see
! if &' 1. SN
se@soupli-sprn i il 18 <0 and & + 8 <0,
1. if &' 1 __ s
L'[Q(2,01)] = < Zie(pmup&(s'l—sg)m))(5,1) |r;|, if 6 > 0 and &] — &5 > 0, (4.122)
\ Eievg“’i*"ﬂ"m’upﬂ,“ﬁ"‘i’/’“ |7;|, otherwise.
( . 1 ! / "
iG(DmUDﬁ(—J;—5,1')/2]))(";) |T,|, if 62 < 0 and 62 + 61 < 0,
. 3 1 (s v/
L'lQ(2,10)] = < Zie(pww&(a;-a;’)/zp)“;) |r;|, if 62 > 0 and &, — 67 >0, (4.123)
\ Ziepg(sgﬁg)m) wg(sg—a;)m) |r;], otherwise.
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From (4.121), we see

L(Q@,11)] = > . (4129)

sl 1"_gty o
ie(Dooup (L1 %)M yp {85 = EAD maxts £50)

About L' [Q(Z, 00)], we see Q(2,00) consists of the tuples g which satisfy

(goo — q11) + (go1 — qi0) = 67,
(Q(m - 911) - (QM - Q1o) = 55,
0< gy < ng, forall o € B2

Hence, we have

L[Q(2,00)] = > rl. (4125)

5! 48! ~ (& +8! & ~87)/2 ~(8! 8!
ieDg, 1+ z)muDil( 1+ ’)/2)07)‘(,(1 1-93)/ )Upio( 1792)/2)

4.6.3 Evaluation of the Improved Optimality Condition
for the Case h=3 and hg=1

In this subsection, we consider to evaluate the improved optimality condition
for the case that there are three reference words and one of them is codeword.
Then we need to solve the IPP P(Q(3,0)). We first split the IPP P(Q(3,0)) into
6 sub-IPPs, each of them has at most four variables. Some of these sub-IPPs can
be solved directly, the others can be solved by simple iteration.

Without loss of generality, we assume d, > d3. Let ¥; denote the set of the
2h_tuples ¢ € Q3 which satisfy (4.2) and

000 + o10 + Goo1 + Go11 = &7,
— ozo + Goo1 — o1z > 6
qooo — Go1o0 T doo1 — qo11 Z 92, ( 4.126)
gooo + do10 — Goo1 — Jo11 = 03,
q100 = G110 = G101 = qu11 = 0.

Let ¥, denote the set of the 2"-tuples g € Q3 which satisfy (4.2) and

=111 — G100 — G110 — G101 = 61
—q111 + qro0 — 110 + G101 2 02,
—gi11 + G100 + G110 — G101 = O3,
@oo0 = Jo10 = Goo1 = go11 = 0.

(4.127)
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Let ¥; denote the set of the 2"-tuples g € Q3 which satisfy (4.2) and

gooo — G100 + Goor — G101 = 0y,
02 < dooo + q100 + Goo1 + qro1 < 62 + 1,
ooo + G100 — Goor — G101 > 03,
do10 = G110 = go11 = i1 = 0.

Let ¥, denote the set of the 2*-tuples g € Qs which satisfy (4.2) and

000 — G100 — G110 — G101 = 07,
d2 < gooo + q100 — g110 + qro1 < 02 + 1,
03 < gooo + q100 + 110 — Q11 < 03 + 1,
do10 = goo1 = go11 = gu1 = 0.

Let ¥y denote the 2*-tuples g € Q3 which satisfy (4.2) and
dooo — G100 + Jo10 + Qoor = 07,
02 < qooo + g100 — doro0 + Qoor < 62 + 1,

63 < gooo + 9100 + go10 — o1 < O3 + 1,
q110 = G101 = go11 = quun = 0.

Let ¥¢ denote the set of the 2*-tuples g € Q3 which satisfy (4.2) and

dooo — G100 = 01, Gooo + G100 = O2,
do10 = Joo1 = G110 = Go11 = Gro1 = G111 = 0.

Lemma 4.14: If 6, > 43, then we have

L'Q@,0)| = mis, L¥;).

(4.128)

(4.129)

(4.130)

(4.131)

(4.132)

Proof: Suppose g* is a minimal ¢)(3, 0)-optimum. Below we prove g* € U;<;<¢¥;

and thus (4.132) holds.

If g3;; > O, then we can see easily that g}, = 0 for all ¢ € B® with oy =1,

and thus g* € ¥,.

If g};; > 0, then we can see easily that ¢}, = 0 for all & € B? with gy = 0,

and thus q¢* € s. _
Below we assume that gg;, = g¢f;; = 0. Clearly, we have

2109501 = 0, 95019710 = 0.
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Now we prove that

109010 = 0- (4.134)

Assume in the contrast that ¢};, > 0 and g8,o > 0. By (4.133), we see ggp; =
Gy = 0. If :

Q000 + Tioo + do10 + G110 = 03 + 2,
then the tuple g with

doio = Qo0 — 1, o =0 — 1,
g = ¢, for o € B*\ {010,110}

is also in Q(3,0), which contradicts the assumption that ¢* is minimal. Hence
we have

83 < Gooo + Floo + 010 + G120 < 93 + 1, (4.135)
and thus
Qg0 + Tioo — G010 — Ti10 < 03 — 3 < b2,

this contradicts that g* € Q(3,0). Hence (4.134) holds.
Case 1: gf;; > 0 and g5 > 0.
By (4.133), we see gg1o = qfo; = 0. Similar to (4.135) we can prove that

b2 < Gooo + G100 T+ G001 + Aoy < 02 + 1,

and thus g* € ¥3.
Case 2: g}, > 0 and qjp; > 0.

By (4.133), we see gfo; = @410 = 0. If gioo = 0, then g* € ¥,. Now we assume
that gfo, > 0. Similar to (4.135) we can prove that

02 < Qoo + oo — B10 + Aoy 2+ 1,
63 < @goo + Gro0 + P10 — Gior S +1,

and thus g¢* € ¥4.
Case 3: ggyo > 0 and g5y > 0.
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By (4.133), we see gjy; = giy0 = 0.
If g%y = 0, then g* € ¥;. Now we assume that g}y, > 0. Similar to (4.135)
we can prove that

02 < Qg0 + @Yoo — To10 + 001 < 02 + 1,
02 < qpoo + G0 + %010 — 001 < 02+ 1,

and thus q* € ‘1’5.
Case 4: qg; > 0 and ggp; = g130 = 0-
By (4.133), we see g}o; = 0. If g}, > 0, similar to (4.135) we can prove that

03 < ggoo + Gloo + To10 < 95 + 1,
and thus
d3 < gooo + G100 — G010 < 03 — 1 < &g,

this contradicts g* € Q(3,0). Hence gfp, = 0, and then g* € ¥;.
Case 5: gy > 0 and g5;9 = gi; = 0.

By (4.133), we see g, = 0. If ¢fyp = 0, and ¢* € ¥;. Now we assume that
@}oo > 0. Similar to (4.135) we can prove that

b2 < oo + G100 + G001 < 02 + 1,

and thus g* € ¥3.
Case 6: gj;; > 0 and g5, = ¢ip; = 0.

By (4.133), we see g1 = 0. If ggoo = 0, and ¢* € ¥». Now we assume that
@ioo > 0. Similar to (4.135) we can prove that

02 < ggoo + G100 + Tior < G2+ 1,

and thus g* € ¥s.
Case T7: gi;0 > 0 and g5 = gjp; = 0.
By (4.133), we see ggo; = 0. If gy > 0, similar to (4.135) we can prove that

05 < gpoo + Gioo + 9h10 < 03 + 1,
and thus
03 < oo + G100 — G0 < 03 — 1 < d2,
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this contradicts g* € Q(3,0). Hence g§,, = 0, and then g* € ¥.
Case 8: gj;0 = o1 = %10 = %in = 0-
We see simply that g* € We. O
Since ¥; and U, are sets of the type of Q3(03) and ¥, and ¥5 are sets of the
type of Q3(A;), respectively, the IPPs P(¥;) can be solved by the methods used
in Section 4.4 for i € {1,2,4,5}.
To solve the IPP P(¥3), for k > 0, let ¥3(k) denote the set of the 2*-tuples
q € Q3 which satisfy (4.2) and ' :

gooo + goor = [ (62 + 07)/2],
G100 + q1o1 = [ (62 — 67)/2],

(4.136)
gooo + Gi00 > k,
go10 = G110 = Jo11 = qin1 = 0.
Clearly, ¥3 = ¥3(§), where
€ 2 [(|(82 +67)/2) + (62 — 67)/2] + 85)/2]. (4.137)

It is very easy to give a tuple g, in ¥3(0) such that L'(g,) = L'[%3(0)]. And by
simple iteration, we can get a tuple g, in U5 = W3(¢) such that L'(qe) = L[]

if Uy # 4.
For the IPP P(¥¢), we see easily that

L'[¥¢) = > || (4.138)

I’ U ! 48 &
sep L) D) 1+ 2)/21-8})

The number of operations of additions and comparisons of real numbers for
solving the IPP P(Q(3,0)) by use of the above methods is of order N.

71




Chapter 5

Search Centers of the Multistage
Chase-Type Decoding

For a positive integer h, a multistage Chase-Type decoding [13] is defined
as an IDA consisting of successive stages Chase(v¥), tg, 79) with 1 < j < h, where
v, called the search center at the j-th stage, is chosen as the hard-decision tuple
z for j = 1, and the word in V¥ which satisfies

L(vD) = LINZ (VY \ Ropase(w® tom))] (5.1)
for 1 < j < h, where ‘ |
R hase(v® to,70) £z eV i dgpsn(z,vD) <t}
is the search region of Cha.ée(v(i), to,70). Then, (5.1) can be rewritten as
=L[{z € V¥ : dgprin(z,v?) > to+ 1, for 1 <i < 5}

We consider to determine the first a few search centers for this algorithm in this
chapter.

Clearly, pi(v¥) = p;(z) for any j. Let '
Prs1,n(2). Foru € V* with n EN -1, let

'we Y Il (5.2)

1<i<n,u;#2]

A A
= Pr+in(r) and 2’ =
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Then the problem for determining the search centers v is equivalent to the
problem for determining a series of n-tuples v; € V" such that v, = 2/, and for
j > 1, v; satisfies

v; € Vr’,lr,...,r(vh vz, .., 5-1), (5.3)
L*(vj) = min L*(u), (5.4)
where Té to+ 1.
It is known that

z' +v,=(0,...,0), (5.5)
. n

Z+v,=(1,...,10,...,0), (5.6)

2 4+wvs=(1...,10,...,0,1,...,1,0 , ... , 0). (5.7)

L7/2] [r/2] fr/21  n-1-[7/2]
The n-tuples v4 and vs are determined in Sections 5.1 and 5.2 respectively.
'The computational complexity of the determination is shown to be of order 7.

5.1 Determination of the Search Center of the
Fourth Stage

Assume n* 2 n — 7 — [1/2] > 0. From (2.11) and (5.3) to (5.7), the third
search center must be an n-tuple u € V7. . (v1, 2, v3) for which the n-tuple z'+u
has the form of

a,...,1,0,...,0,1,...,1,0,...,0,1,...,1,0,...,0,1,...,1,0,...,0), (5.8)
z4 /2] —z4 z3 [r/2]—zs T2 [r/2]—=22 z3 n*—z;

where z;, 72, z3 and x4 satisfy

' {nglgn*,0S$2SfT/2]’ (5.9)
0<z3s<[7/2], 0< 74 < |7/2],
and
wg(u+v1) =24+ T3+ T2+ 21 2T,
wp(u+v)=(T— 24— 23)+ T2 +21 2 7, (5.10)

wa(u +vs) = (|7/2] — 24) + 23+ ([7/2] —22) + 22 2 7,
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1.e.

1+ 22+ T3 +T4 27,
Ty +To— T3 —Tg4 > 0, (511)
Ty — T+ T3 — 24 2 0.

Let Q4 denote the set of pairs 7 = (z1, 2, 3, T4) which satisfy (5.9) and

(56.11). For 7 = (21, Z2, T3, Z4) € Sy, let u(r) denote the n-tuple of V™ for which
z'+u(r) is given by (5.8). Let 7* be a pair of 4 which satisfies v4 = u(n*). For
any two pairs m; and m, of Qy, we say m; < mp if L*(u(m;)) < L*(u(my)). Clearly,
there is no pair 7 such that # < 7*. Below we consider to determine the pair
* = (z}, 73, 3, Z3).

Lemma 5.1: About the pair n*, we have the following five simple results:
1) 25 = z5;

2)z; <z <z +];

3) Aéz;+z§+z§+x;—7'§ 1;

4) A* éA-i—(z{ —z3) <1

5) A* =[r/2] - [7/2].

Proof: 1) One hand, if z3 > zj}, then we have (z3, =3, 23, £3) < 7*, contradictory.
On the other hand, if z7 < z3, then from =z} +2z} —2z5 —z; > 0 wesee z7 —1 > z}
and then (z] — 1,23 + 1,23, z;) < m*, contradictory.

2) From 1) and (5.11), we see that = < z}. If ¥ > z3 + 2 and z} < [7/2],
then we have (z} — 2,z3 + 1,23 + 1,z}) < #n*, contradictory. If z} > z} + 2 and
z3 = [7/2], then we have (0,23, z3,0) < 7*, contradictory. Hence we must have
z; < zy+ 1.

3) If A > 2, then from 1) and 2) we see easily that zj - z; # 0 or =3 - 25 # 0,
and thus we bave (z} — 1,23,z3,z; — 1) < #* or (z},z3 — 1,25 — 1,z3) < m*,
contradictory.

4) If A* > 2, then by 2) and 3) we see A = z} — z; = 1 and thus (z] —
1,z3, =%, z3) < 7, contradictory.

5) A* = [1/2] — |7/2] follows from 0 < A* <1 and 7+ A* = 2(z} + z3) is
even. O
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Let T denote the set of pairs 7 with the form of ([7/2] — z,z,z,|7/2] — z),
where integer z satisfies

zo £ max{0, [7/2] —n*} < z< |7/2]. | (5.12)

Theorem 5.1: There is a pair 7* with

e { T, | if 7 is t?ven, (5.13)
Tu{(0,[r/2],[7/2],0)}, otherwise,
such that vy = u(7*).
Proof: If A = 0, from Lemma 5.1, we see easily that
zh =z, 7} — 7% = [7/2] — |7/2]), =3+ x4 = |7/2], (5.14)
and then from 0 < £} < n* we see easily 7* € T'. |
If A =1, from Lemma 5.1, we see that
[7/2] — |7/2] =A*> A =1, (5.15)
this means that A* =1 and 7 is odd. Thus by Lemma 5.1 we have
=13, o} -y =A* - A =0, z3 +z; = [7/2]. (5.16)

Furthermore, we conclude that zj must be zero, if in the contrast zj > 0, then
we have (z?, 3,23, z5 — 1) < 7*, contradictory. Hence we have 7* must be the
pair (0, [7/2],[7/2],0) if A =1. O

Assume vy = u([7/2] — 2*,2*,2*, |7/2] — z*). Write
A
77(-'5) = —lr"r+2]'r/2’|—a:| + l'rfr+=+1l + Irir/z_]+z+1| - lri_-r/z_[—a:l’ (517)
and 7o 2 ([7/2] — %o, To, Zo, | 7/2] — Zo), Where o is defined in (5.12). Then

L*(vs) - I(u(mo) = 3 (). (5.18)

zo<z<lz*

Since 7(z) is monotonically decreasing, we can find the integer z* easily. Indeed,
we can determine the integer z* with at most 4|7/2] < 27 operations of additions
and comparisons of real numbers. Hence, the number of operations of additions
and comparisons of real numbers for determining v, is of order 7.
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5.2 Determination of the Search Center of the
Fifth Stage

5.2.1 Main Algorithm for Determing vs

According to Theorem 5.1, the determination of the fifth research center vs
is divided into two cases:

Case A: 7 is odd and v4 = u(0, [7/2], [7/2],0).

Let T' denote the set of pairs m with the form of ([7/2] — z,z,z, |7/2| — ),
where integer z satisfies zg < z < |[7/2]/2]. T" is a subset of T'.

Theorem 5.2: Assume 7 is odd and v; = u(0, [7/2], [7/2],0).
1. If n* < [[7/2]/2], then V', . . (v1,v2,v3,v4) = ¢.
2. If n* > [[7/2]/2], then vs = u(#) for some pair % € T".

Proof: We only consider the n-tuples u € V. (v1,v3,vs,v4) for which the
n-tuples 2’ + u have the form of (5.8) with integers z;, z,, 23, z4 satisfying (5.9)
and (5.11) and w(u + vy) = 24 + ([7/2] — z3) + ([7/2] —z2) + 21 2> 7, e

Ty —Ty— T3+ 24 27— 2[7/2] = -1 (5.19)

Let Q* denote the set of pairs (z;, 2,23, 4) which satisfy (5.9) and (5.11)
and (5.19), it is a subset of Q4. If (21,22, Zs,z4) € Q*, then we see easily z; >
max{zT,,Z3, 4} and thus 4z, > 7, i.e. z; > [[7/2]/2]. Thus by z; < n* we see
Vo 2 (01,02,03,04) = ¢ if n* < [[7/2]/2]. Now we assume n* > [[7/2]/2].

Let # = (&1, %2, $3,%4) denote the pair of Q* which satisfies vs = u(#). For
any two pairs 7, and m, of Q*, we say m; <* mp if L*(u(m)) < L*(u(m,)). Clearly,
£y < #3, £; > max{£s,£4} and there is no pair = such that = <* .

At first, we consider the case of £; — #3 — £3 + £4 > 0. Clearly, £2 < 3 < Z4
and %, + 9 > &3+ £4. If £3 > £4, then £, > %4 and (.’fl —1,%, + 1,11':3,51':4) <* 7,
contradictory. Hence, £, = #3. If #; > £4 + 2, then (£; — 1,5, %3 + 1,£4) <* 7,
contradictory. Hence, £; — 1 < #4. If #; = £4, with respect to that 7 is odd
we have &1 + &2 + £3 + £4 > 7 and thus by £4 = £, > [[7/2]/2] > 1 we
see (&y,%2,%3,%4 — 1) <* 7, contradictory. Hence we have £; = £, + 1. If
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&1+ &9 +E3+F4 > T, then (£, — 1, %9, £3,%4) <* 7, contradictory. Hence we have
%+ %2+ £3+ %4 =7 and

Z’1—1=1‘74Z.’I'J2=.’2’73, j!2+:ﬁ4=[7/2]—1. (520)
By (5.20) and #, < n*, we see

L[7/21/2),  if [/2] is odd,

L[r/21/2) — 1, if [1/2] is even, (5.21)

zo < 2 < [([7/2]1 -1)/2] = {

and thus 7 € T". ‘

Now we consider the case of #; — &, —£3+£4 = —1,i.e. £a+E3=2;+ £4+1.
we see easily that #, + #3 > [7/2] and £4 < min{#,,7*}. If £; > £3, then
(£1 — 1,%5,%3,%4 + 1) <* *, contradictory. Hence #; = £3 and £, = £4 + 1.
If £, + %3 > [7/2], then #3 > 0 and with respect to 7 is odd we see (%1, %2 —
1,43 — 1,£4) <* #, contradictory. Hence £, + 3 = [7/2]. If #; > #2 + 2, then
(#; — 1,45 + 1,43 — 1,44 + 1) <* 7, contradictory. Hence £; < £; + 1 and thus
we have

fa+1==2y < =23<2Z3+1, $’2+$'3=I’T/2-|, (5.22)
and sequently,
= [[1/2]/2], 2= [[7/2]/2], %5 = [[7/21/2], 24 = |[7/2]/2] — 1. (5.23)

If [7/2] is odd, then [[7/2]/2] = |[7/2]/2]+1 and thus (£, -1, £2+1,£3—1, £4+
1) <* #, contradictory. Hence [7/2] must be even, i.e. [[7/2]/2] = [[/2]/2],
and thus

# = ([r/2] = L[7/21/2), L[7/21/2), L[7/21/2), \7/2) = L[7/21/2)),  (5.24)
it is a pair of T". O

Clearly, the number of operations of additions and comparisons of real num-
bers for determining s is of order 7 if 7 is odd and v = u(0, [7/2], [7/2],0).

Case B: There is an integer z* with zo < z* < |7/2] such that
vy = u([1/2] — z*, 2%, 2%, |7/2] — =*). (5.25)
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Clearly, we have n > 3[7/2]. We only consider the n-tuples u of
Vi rr(V1, 02,03, v4) for which 2’ + u have the form of

a,...,1,0, ..., 0,1,...,1,0,...,0,1,...,1,0,...,0,
N e N st e s e et e et
Y

8 \7/2]—2*—ys y7 z*—y7 Ye z*~ye

1,...,1,0,...,0,1,...,1,0,...,0,1,...,1,0, ... , O,

A e ¥ e e et
v [r/2l-zt-ys W& -w ¥ [1/2]-z"—ys

1,...,1,0,...,0,1,...,1,0, ... ,0), (526)
N st e i s et

y2 [1/2]—z*—y2 v n*+z*—[7/2]-y

where integers yi, ¥, - - . , Ys Satisfy

{ogylsn*-l-z*—[f/ﬂ, 0<ys <|7/2] — 2, (5.27)

0 S Y2, Y3, Ys S [-T/2-| - x*’ 0 S Y4, Yoy Yt ..<.. :L'*,

wu+v)=ys+yr+Y+ys+wutytpt+tn>T,
wu+v)=(T—Ys—Yr—Y6—Ys)+Ya+Ys+1+4 >,
w(u+vs) = (|7/2] —ys — y7) + y6 + ys+

(I7/2l —ys—p) +y2+th > 7,
w(u+vy) =(|7/2] —z* —ys) + yr + (* — ys) + Y5+
\ (*—ys) +us +([7/2] —2* —y2) + 31 2 7,

(5.28)

i.e.

Ntetys+ya+y+yet+yr+ys>T,
N+ tys+ysa—Ys—Ye—Yr—Ys > 0,
Wty —Ys—Ys+Ys+Y—yr—ys = 0,
Vi—Y+yYs—Yat+ys—Ye+yr—ys 2 0.

(5.29)

Let Q5 denote the set of pairs 2 (v1,¥2,---,ys) which satisfy (5.27) and
(5.29). For a € Qs, let u(a) denote the n-tuple of V™ for which 2’ + u(a) is
defined by (5.26). If two pairs & and o’ of Q5 satisfy L*(u(a)) < L*(u(a')), we
say o < o'. Let o* 2 (yt,v3,---,y3) denote the pair which satisfies v5 = u(a*).
Clearly, a* #4 a for all pair a of Q5. We have

Lemma 5.2: 1) 0<%,y —7<1.2) Y%, yf =7+1, then 7 is odd.
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Proof: 1) Assume in contrast 8,y —7 > 2. Clearly, 5 = 0 and for
each pair (i,7) of {(2,7),(3,6), (4,5),(4,6),(4,7),(6,7)} we have y - yj = O.
If y > 0, then we have 3} = y; = y; = 0 and thus (¥}, 95,95, Y1 —
1,42, 98, 95,%5) < a*, contradictory. Hence we have y; = 0. Similarly, we
can get yf = y¢ = 0. If max{y,95,55} > 0, say y5 is the biggest one, then
(vh,v5 — 1,93, Y5, Y3, ¥e, V5, ¥3) < o, contradictory. Thus 5 = y5 = y5 = 0 and
we also have (v} — 1,3, ¥3, ¥s, ¥, ¥e» U5, ¥s) < o, contradictory.
2) Assume in contrast 7 is even. Since 8 yr =7+ 1is odd, we see

i R T A T T Tl P
ity -y -ttty —Y%B 21
V-t ys it -ty 21

If ¥ > 0 for some i, say 4 = 1, we see (yi — 1,%3,93,¥i, %5, %6, ¥ 1) < @,
contradictory. O

Let S; denote the set of pairs @ = (y1,¥2,.-.,¥s) € s given by

y=yr =0, yp = [1/2] — k, s = l7/2] -k, (5.30)
B=ys=k—z" Yu=y=71,

where integer k satisfies max{z* + |(7 +1)/4] +1,[7/2] —n*} < k < |7/2].
Let S, denote the set of pairs & = (v1,¥2,.-.,¥s) € {25 given by

y1=y7=$_k) y4=y6=k7 (5.31)
ys=us =0, 3o = [7/2] — 2*, ys = |7/2] = =",
where integer k satisfies max{0, [7/2] — n*} < k <z* — [(T+1)/4].
Let S; denote the set of pairs & = (¥1,¥2, - - -, ¥s) € {25 Which satisfy

{yl-i—yz‘-: [T/21 =k, ys+ya=ys + s =k, (5.32)

yr+ys=|7/2) =k, ;i +ys +ys +yr = [7/2],

where & £ max{0, [r/2] —n*,z* — | (T +1)/4],[7/2] — [n*/2] —2*} <k < d; S
min{|7/2),2* + [(r + 1)/4},n* + |7/2] = 2", [7/2] + |7/4] = 2"}

Theorem 5.3: If 3°3_, y} = 7, then o* must belong to S; U S, U 5s.

79




Proof: Let d* £ [1/2] —y} — v3. By (5.29) and T2, y} = 7, we see

ys+ys =>d, ys+ys =>d,
vi+us +ys+yr > [7/2].

By (5.27), we see easily d* > [7/2] — n*. We conclude that d* > 0. Assume
in contrast d* < 0. Clearly, we have y} > 0 and y§ + y; < [7/2], i.e. either
y: < [1/2] — z* or ¥} < z*, and thus we have either (yf — 1,%3,¥3,%5, %5 +
Lys,v5,u8) < o or (¥ — 1,95, 43, Y1, U5» Y6 ¥7 + 1,%3) < o, contradictory.

If d&* > |7/2], then d* = [7/2] > |7/2] and ¥} + 3 = 0 and thus by
v +yi > [7/2] and 4 + y§ > [7/2] we see T;_; y, > 7, contradictory. Hence,
we have d* < |7/2]. :

If y2+y; > d*, we have y3 > Oory} > 0and by y3+y5 < T— (¥ +uys+us+yi) <
|7/2] we see yi < [7/2] — z* or y3 < z*, say y; > 0 and y7 < z*, then we
have (v},%3,9% — 1,¥%, 9%, %5, %7 + 1,45) < a*, contradictory. Hence, we have
ys +yi =d".

Furthermore, we can conclude that y§ +y¢ = d*. Assume in contrast y5+y; >
d*. By y; +yi < |7/2] — d* wesee yj < z* or y3 < |7/2] —z*. If y5 > 0, then
(v, 93,95, v, U5, v — L,y +1,95) < @*or (41,93, 43, 42, %5, ¥e — L, y7, s +1) < o,
contradictory. Hence y3 = 0 and y§ > d*. If y; < z*, we have (y],¥5,3,¥1, U5 —
1,435,953 + 1,3) < a*, contradictory. Hence y3 = z* and 33 < |7/2] — z*.
If yf +us + 95 + 9 > [7/2], then (47,93,95,%5,%5 — Lvs, o505 + 1) < o,
contradictory. Hence y} + 35 + y& + 3 = [7/2] and thus 95 < [7/2] —y7 =
[7/2] —z*. By d* < y§ < [7/2] — z*, we see yi +y3 = [7/2] —d* > 0,
ie yr > 0ory; > 0, and thus (¥} — 1,935,435 + 1,95, 45, %6, 47, %5) < o or
(v},v3 — 1,y + 1,95, 95,96, Y5, ¥s) < *, contradictory. Hence y5 + yg = d* and
thus

vi+ys=[7/2]-d", yi+y;=v +vys =d,
vi+uys=I7/2] - d* yi+us+us +yr > [7/2].

Consider the case of y} + y; + y5 + y3 > [7/2]. Clearly, we have

y} = max{0,z* — d*}, y; = min{[7/2] — z*, [7/2] — d*},
ys = ¥z = max{0,d* — z*}, y} = y; = min{z*,d*},
yy = max{0,z* — d*}, y; = min{|7/2] — z*, |7/2] — d*}.
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and d* > z* + | (T +1)/4] or d* < z* — | (T + 1)/4], i.e. a* € 51U S,.

Consider the case of y; + y; + ¥ + ¥5 = [T/2] Clearly, we have z* — | (7 +
1)/4] < d* <z*+ |(t+1)/4]. Let M*(k) = mm{n +z* —[1/2],[7/2] — k} +
2 min{[7/2]—z*, k}+min{|7/2| -k, z*}. We can show easily that M*(k) > [7/2]
if and only if k satisfies

[7/2] — |n*/2) < k +z* < min{n* + [7/2], [7/2] + |7/4]}. (5.33)
Then we see easily d} < d* < d}, i.e. a* € Ss. o
Let 9, denote the set of pairs & = (y1, 92, - --,¥ys) € Sl which satisfy

-y1+y2=['r/2'|—k Ys+y=ys+ys =k, (534)
=f7/2] k, y3=0, 11 +ys +ys +y7r = [7/2],

where integer k satisfies d; £ max{[r/2] — n*,[7/2] — z*,[z*/2]} < k < d} 2
min{[7/2],2z*,n* + [7/2] — z*, [7/2] + [[7‘/2]/2] - z*}.

Theorem 5.4: Assume 7 is odd and Y2,y = 7+ 1. Then we have either
a*e Syor0<z*<||r/2]/2] and '

o' =ap= (0 0, [r/2] — z*,z*, [7/2] — z*,2",0,0), (5.35)

or 0 < z* < [|7r/2]/2] and

*

o = ol 2 (0, [r/2] - 2%,0,2%, [7/2] — 2*,0,2",0).  (5.36)

Proof: Let d' £ [7/2] =yt —y3. By (5.29) and T, yf = T+1=2[7/2], we see

yi+us+us+uyr > [7/2]

Clearly, we have d' > [7/2] — n*, y§ = 0 and y < |7/2]. Furthermore, we
conclude ' > 1. Assume in contrast d' < 0, and thus y3 > 0. If y3 +y; > 0, then
by y& +vs < 2[7/2] - (yi +vs+y3+ui) < [7/2] we see y5 < [7/2] 2" oryg < z*
and thus (yi,95 — 1,95, 95,95 + 1,995, %) < o or (¥1,¥5 — L,U3, 45,95, % +
1,7%,73) < o*, contradictory. Hence, y; = y; = 0. Similarly, we can get y5 =

= 0. Thus, from y; = 0 and y; < z* < |7/2] we see d < 0 and then

(v, 95 — 1,95, u%, v, ¥e, U5, ¥s) < o, contradictory.

{y;+y22d', v+ >d,
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Assume 1< d' < [7/2] — z*. From y; = 0 we see easily
v+ =[r/2]-d, yi+yi=d, ¥ +yvs=[7/2] —z*, y; =2".

If y; > 0, then (1,93, 3, ¥4, ¥5, ¥6 — 1,45, ¥s) < «”, contradictory. Hence y5 =0
and yf = [7/2]—z* > 0. Iy} +y3 > 0, then (4,93, 3, ¥1, %5 — L, v6, v7, U8) < @,
contradictory. Hence y; =y =0and y3 = [7/2]—d' < [1/2]—z* and y; =d' <
z* and thus 1 < d' = z* < [7/2] —z*,ie. 0 < z* < |([7/2] —1)/2] = [[7/2]/2]
and (5.36) holds.

Now we assume [7/2] — z* < d’' < [7/2]. Clearly, we have

v+y=y=[1/21-d, +yu=vi+y =d.

Consider the case of ¥} + v + 45 + 4 > [7/2]. I d < [7/2], then
(vt 2, ¥, i 3, Ye, ¥ — 1,43) < @*, contradictory. Hence d’ = [7/2] and (5.35)
holds and y} + 3 + ¥& +¥3 = 2([7/2] —2*) > [r/2], ie. 0 < z* < [[7/2]/2].
Now we consider the case of y{ + y3 + y: + 3 = [7/2]. For any k with
[1/2] — z* <k < [7/2], write

M(k) £ min{[7/2] —knt 2" — [7/21} + 2([7/2] = =*) + ([7/2] — k),
m(k) £ max{0,z* — k} + 2max{0,k — z*} + ([7/2] — k).

We can see easily that M(k) > [7/2] if and only if
k < min{n* + [7/2] — z*,[7/2] + |[7/2]/2] — =*},
and m(k) < [7/2] if and only if
[z*/2] < k < 22",
and thus we see d; < d' < d,, i.e. a* € 5. O

For any non-empty subset S of 5, we say a pair @ € S is an S-pair if
L*(u(a)) = mingres L*(u(e’)). For convenience, we say ¢ is a ¢-pair and define
L*(u(yp)) £ 4o0. Clearly, similar to the determination of z*, the number of
operations of additions and comparisons of real numbers for determining the
S;-pair and Sp-pair is of order 7. In the next subsection we will give a sub-
algorithm _S; to determine the Ss-pair and a sub-algorithm_S4 to determine the
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S4-pair, the numbers of operations of additions and comparisons of real numbers
for determining the Ss-pair and Sy-pair are of order 7. Clearly, oy also belongs
to Qs if z* = 0. Thus by Lemma 5.2 and Theorems 5.3 and 5.4, we have the

following algorithm. '

Algorithm A
Remark: If the tuple vy is given by (5.25), this algorithm gives the tuple vs.
Input: The integers 7, n, %, and the rehablhty tuple 7'
Output: The tuple vs.
Step 1 Determine the S;-pairs o for i =1,2,3. Let Sp = {al, s, as}.
Step 2 If 7 is even, goto Step 4.
Else, goto Step 3.
Step 3 Determine the Sy-pairs a4, and then put a4 into So.
| If z* > ||7/2]/2], goto Step 4.
Else, put e and oy into Sy and goto Step 4.
Step 4 Determine the Sp-pair o* and output u(a*) and END. O

Clearly, the number of operations of additions and comparisons of real num-
bers for determing the n-tuple vs is of order 7. (More exactly, < 567)

5.2.2 Sub-algorithms

Consider to determine the Ss-pair. For any integer k with di < k < d3, let

S(k) denote the set of pairs a = (y1, %2, - - ,yg) which satisfy (5. 27) and (5.32).

Wnte Ky = 'r+2|"r/2] z*, K2 = 'r+ [1/2], ks = L bzt ke 2T, K5 = [7'/2] +z*,
£\r/2], k& L |r/2] —z*, kg = 2 0. For any k with df < k < d}, let

L max{() z* —k}, I £ 1F £ max{0,k — z*}, ' (5.37)
= 2 min{[r/2] — k,n* +:v - [r/21}, (5.38)

% 2 vk £ min{k, [T/z] —z'}, k& mm{l_'r/2 J —k,z*}, (5.39)
¢t & 1r/2] - koK, (2 |r/2) - (5.40)

By the definitions of d and d; we see easily

4
Y i< [r/2]1 < Z'r" r<rk i=1,2,34 (5.41)

i
i=1 =1
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For integers k, i and y with d; <k <djand 1 <i<4,let

—w, if y < lf,
k A ’ y 19
s;(y) = : (5.42)
' I"';;z,_1+y I nz‘+('k-y+1| if l,l‘ <y< Tzl‘ 3

+00, if y > rk.

Clearly, for any integers k and i, s¥(y) is monotonously increasing and sf(y)>0
for any y with y > I¥. Write af £ (IF, ¢k — 15,1k, ¢k — 15,15, ¢k — 15,15, ¢k — IF).
Then for any pair & = (y1,%2,---,¥s) € S(k) we have

Yai-

L (u(e)) - L*(u(a'))—z Z si(y)- (5.43)

i=1 y__zh
If @ = (1,92, .-,Ys) is an S(k)-pair, we see easily that

1<i <4{s (2i-1)} < 1131? {s¥ (yai-1 + 1)} (5.44)

Furthermore, the following lemma says that a pair & = (y1, ¥, . - - , ¥s) With (5.32)
and (5.44) must be an S(k)-pair.

Lemma 5.3: Assume integer k satisfies d} < k < d}. If pair a = (y1,%2,..-,¥s)
satisfies (5.32) and (5.44), then « is an S(k)-pair.

Proof: At first, we show that c belongs to S(k), i.e. I¥f <yp1 <7F,i=1,2,3,4.
Indeed, if yzj-1 < I§ for some j with 1 < j < 4, by (5.41) we see that there must
be a j' with 1 < j' < 4 such that ys;_; > I% and thus we see min1<,<4{s"(y2,_1 +
1)} < 0 < maxi<i<a{8¥(y2i-1)}, contradictory. Similarly, if y;_; > r for some j
with 1 < j < 4, we can get max;<;<s{s¥(y2i—1)} = +00 > mm1<,<4{s (y25-1+1)},
contradictory.

Since s¥(y) is monotonously increasing for any integers k and 4, by (5.44) and
(5.43) we see easily L*(u(a)) = mingres) L*(u(e')), i-e. ais a S(k)-pair. O

If pair @ = (1,2, - - -, ¥s) With (5.32) is not an S(k)-pair, then there are two
distinct integers j, 7' € {1,2,3,4} such that

H(v25-1) = max{ebum-)} > b (-1 + 1) = min{h s + D}, (5.45)
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we write
. _
pler) = (g + b, yo — by ys + Lo, Yo — b, ys + U3, ve — la, Y7 + La, s — L), (5.46)

where I; = =1, l;; = 1 and [; = 0 for i € {1,2,3,4}\{4,j'}. For convenience, we
write u©(c) £ @ and p®(a) £ p(ul-1(e)) for any positive integer I. For any i
with 1 < i < 8, we see easily that the i-th component of pu()(a) is monotonously
increasing or monotonously decreasing. Hence, there must be an integer o with
0 < lp < [/2] such that u®)(c) is an S(k)-pair, or in other words, we have the
following lemma.

Lemma 5.4: For any pair a@ = (¥1,¥2,.--,¥s) With (5.32), there must be an
integer lo with 0 < lp < [r/2] such that p(*)(cx) is an S(k)-pair.
O

The following lemma shows that we can determine an S(k — 1)-pair easily
from an S(k)-pair.

Lemma 5.5: Assume d! < k < d5. If & = (y1,¥2,-.-,¥s) € S(k) is an S(k)-
pair, then either 6(cx) = (41,2 + 1,43, % — 1,95, %6 — L, 97,98 + 1) or u(6(c)) or
p?(8(a)) is an S(k — 1)-pair.

Proof: Clearly, for any integer y we have

$7(y) S F@) < T+ 1), =14 (5.47)
$7y-1) <sfy) <557 w), T=2,3. - (548)

Without loss of generality, we assume a* is not an S(k — 1)-pair, i.e.

A k-1(, L k=1¢,.
X = lnsl?.sji{s,- (y2i-1)} > X2 = 112%14{3, (y2i-1+ 1)} (5.49)

1. ¥ X, = s*(y), then by (5.49), ¥ () < si™'(m + 1) and
s 1(y) < sb(y) < min{sk(ys + 1), s5(ys + 1),85(yr + 1)} < min{s§ " (ys +
1), &5 (ys+1), s572 (g7 +2)} we see X = 55 (y7+1) and min{s¥"(31), 55 (ys+
1), 52 (ys + 1), 85 (g7 + 2)} = s52(y1). Thus by sf (1) 2 max{ss~(y; —
1), s51(ys), 5 (ys), s51(y7 + 1)} and Lemma 5.3 we see p(a) = (1 — 1,12 +
2,Ys,Ys — 1,45, 96 — 1,¥7 + 1, ys) is a S(k — 1)-pair.
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2. If X, = s57Y(y;), similar to 1, we can show that u(a) = (1 + 1,2, Y3, Y4 —
Ly, 96— 1, yr— 1,y +2)isa S(k ~ 1)-pair.

3. If X, = s57}(ys + 1), then by (5.49), 55 (ys +1) > 55 (ys) and s~ (ys +
1) > sk(ys +1) > max{sk(v1), s5(vr), s5(¥5)} > max{s}™*(41), 5§ (vr), 55 (s —
1)} we see X; = 357" (ys) and max{s{~*(11), 85 (ys+1),85 (g5 —1), 85 (31)} =
857 (ys+1). Thus by s57*(ys+1) < min{s} ™ (y1+1), 5 (ys+2), 857 (35), 55 (v +
1)} and Lemma 5.3 we see p(a) = (y1,%2 + L, ys + 1,44 — 2, ¥5,% — L, ¥z, s + 1)
is a S(k — 1)-pair.

4. If X, = 857 }(ys + 1), similar to the result 3, we can show that u(a) =

(y1,92+ 1,93 — 1, 44,95 + 1,96 — 2,97, 98 + 1) is a S(k — 1)-pair.
5. Now we consider the case of

X; = max{st~(ys), s51(35)}, X2 = min{s (31 + 1), 85 (s +1)}. (5.50)

Without loss of generality, assume X; = s~ (y3) and X, = s¥ 7 (3 + 1), i.e.
p(e) = (1 + L, 92,55 — Ly, ¥s, %6 — 1,47,y + 1). Let

X? 2 max{s¥ (v + 1), sk 1(ys — 1), 5" (us), 85 (w1)}, (5.51)
X3 £ min{s¥ (11 + 2), 852 (s), 8572 (ws + 1), 85727 + 1)} (5.52)

If X; < X3, then by Lemma 5.3 we see y(a) is a S(k — 1)-pair. Now we assume
X: > X3. Clearly, we have s5~*(y;) > X7 and s '(y; + 1) < X;. By

55 M (ys + 1) 2 s3(ys + 1) > s5(ys) = 857 (ys — 1),
57 (ys +1) > sk(ys + 1) > sk(yr) > sk (),
557 ys +1) > sty + 1), 57 (ws) > S5 (),

st (1 +2) 2 sty + 1) > sf(vr) > 857 (wr),

we see 857 (ys +1) > X7 and s57(y7) < X3. Hence, by X} > X} we have
X; = max{s; " (ys — 1), 55 (35)}, X; = min{s}"(y1 +2), s{ " (7 + 1)}(5.53)

If X3 = 55 '(ys — 1), from min{s}"(y1 + 2), 55 (w7 + 2), 85 (35 + 1)} >
min{s¥(y1+1), s5(yr+1), sk (ys+1)} > sk(ys) > 857 (ys—1), we see X3 = s(yr+
1) and min{si™ (41 +2), 557 (ys — 1), 85 (s + 1), 5§ (r + 2)} = 857 (w3 — 1)
Thus by 55~ (ys — 1) > max{s¥ (31 +1), 5§ (ys — 2), 55" (vs), s5 (7 +1)} and
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Lemma 5.3 we see u®(a) = (1 + 1,%2,93 — 2,94 + L, 45,96 — L, yr + 1,95) is a
S(k — 1)-pair.

If X3 =¥ (3 +2), from s¥71(yy +2) > 857 (ys — 1) we see X7 = 5571 (ys)-
Furthermore, from max{s5™(v7), s *(ys — 1)} < max{sk(yr), s5(ys)} < si(v1 +
1) < 857} (y1 +2), we see max{s} (31 +2), 55 (ys — 1), iy —1), 55 ()} =
s¥~1(y;+2). Thus by 85~ (y1+2) < min{s¥ " (1+8), 85 (), 85 (3s), s§ " (wr+
1)} and Lemma 5.3 we see @ (a) = (31 +2,%2— 1,45 — 1,9, % — L, ¥, ¥, 3 +1)
is a S(k — 1)-pair.

If X; =s5(ys) and X3 = 8571 (y; + 1), from X; > X, and X > X7 we can
also easily prove that '

max{s§ ™ (y1 + 1), 85 (v — 1), 85 (s — 1), 51~ (v + 1)}
< min{s}~ (31 + 2), 557 (1), 85 (ys), 5§ (yr +2)}-

Thus by Lemma 5.3 we see p®(c) = (11 +1,%2,¥3 — 1, %4, ¥s — 1, Y6, ¥7+ 1, 2) is
a S(k — 1)-pair. ‘ O

By Lemmas 5.3, 5.4 and 5.5, we can determine the 53-pair a3 by using of the
following sub-algorithm. '

Sub-algorithm_S;
Input: The integers 7, n, z*, and the reliability tuple r'.
Output: The S3-pair a.
Step 1 Compute d; and d5.
If d} > d3, output ¢ and END.
Else, goto Step 2.
Step 2 Set k = d3 and select an arbitrary pair @ = (11,2, --- ,¥s) such that
(5.32) holds and goto Step 3.
Step 3 If (5.44) holds, goto Step 4.
Else, replace the pair a by u(a), and goto Step 3.
Step 4 Let o = a, £ = £" = L*(u(ca)) and goto Step 5.
Step 5 If k = d}, output a” and END.
Else, replace k and « by k — 1 and 6(ax) respectively.
Replace £ by L*(u(c)) and goto Step 6.
Step 6 If (5.44) holds, goto Step 7.
Else, replace a by p(e), and then replace £ by L*(u(e)).
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If (5.44) holds, goto Step 7.
Else, replace a by p(a), replace £ by L*(u(a)) and goto Step 7.
Step 7 If ¢’ < £, goto Step 5.
Else, replace a” and ¢ by a and £ respectively and goto Step 5. O

Remark: In the procedure of getting the S(k — 1)-pair from the S(k)-pair, "
expresses the best pair in U:LkS(k’), and ¢" = L*(u(a")).

Consider the computational complexity of this sub-algorithm. From a pair a
to determine the pair u(a), it needs 15 operations of additions and comparisons of
real numbers. Hence, to get the S(d})-pair, it needs at most 15[7/2] operations
of additions and comparisons of real numbers. From the S(k)-pair to get the
S(k—1)-pair and the best pair in U',f;:k_lS(k’), it needs at most 2x 154 (12+1) =
43 operations of additions and comparisons of real numbers. Hence, the total
number of operations of additions and comparisons of real numbers for this sub-
algorithm is not more than 15[7/2] + 7 + 43(d; — d}) < 307.

The above method can also be used to determine the S;-pair. For any integer
d' with d} < k < d;, let S'(k) denote the set of pairs a = (y1,¥s,.-.,ys) which
satisfy (5.27) and (5.34). The same method in the proof of Lemma 5.3 can deduce
the following analogue for S'(k).

Lemma 5.6: Assume integer k satisfies d; < k < d;. A pair a = (y1,%2,---,Ys)
satisfying (5.34) is an S’'(k)-pair if and only if

Pg%{sf (2i-1)} < 1%1%13{3? (y2i-1 + 1)} (5.54)
O

If pair a = (y1,%2,.-.,¥ys) With (5.34) is not S’(k)-pair, then there are two
distinct integers j,j' € {1,2, 3} such that

85 (y25-1) = max{si(¥zi-1)} > 85 (Yay—1 + 1) = min{sf (i + 1)}, (5.55)

we write
. N '
pla) = (i + 1,y — by ys + b2, ya — bay Ys + U3, Y6 — U3, Y7, Us), (5.56)

where I; = —1, Iy = 1 and §; = 0 for i € {1,2,3}\{j,'}. Write 2®(a) £  and
iD(a) £ p(a%V(a)) for any positive integer I. We see easily that there is an
integer I with 0 < lj < k such that 4(0)(c) is an S'(k)-pair, or in other words,
we have the following lemma.
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Lemma 5.7: For any pair a = (y3,%s,. .., ¥s) With (5.34), there is an integer
with 0 < I} < k such that 4(%)(a) is an S'(k)-pair.

Similar to Lemma 5.5, we have the following lemma.

Lemma 5.8: Assume d} < k < dy. f a = (y1,%,...,¥s) € S'(k) is an §'(k)-
pair and s£7!(y9i0—1) = maxi<i<s 851 (y2i-1), then either §'(cx) 2 (-l t+1+
Lvs— b s — 141, ys — 1y, y6 — 1 +15, y7+ 1, y) or fi(6'(ax)) is an S'(k — 1)-pair,
where [;, = 1 and ; = 0 for i € {1,2,3}\{é0}-
|
By Lemmas 5.6, 5.7 and 5.8, we can also determine the Sg-pair by the following
analogue of Sub-algorithm Ss.

Sub-algorithm_S,
Input: The integers 7, n, z*, and the reliability tuple »'.
Output: The S4-pair ay. '
Step 1 Compute d and dj.
If d} > d,, output ¢ and END.
Else, goto Step 2.
Step 2 Set k = d}, and select an arbitrary pair a = (31,2, --,¥s) such that
(5.34) holds and goto Step 3.
Step 3 If (5.54) holds, goto Step 4.
Else, replace the pair « by () and goto Step 3.
Step 4 Let a” = a, £ = ¢ = L*(u(ar)) and goto Step 5.
Step 5 If k£ = dj, output " and END.
Else, replace k and « by k — 1 and 6'(x) respectively.
Replace £ by L*(u(c)) and goto Step 6.
Step 6 If (5.54) holds, goto Step 7.
Else, replace a by ji(ax).
Replace # by L*(u(a)) and goto Step 7.
Step 7T If £ < /', goto Step 5.
Else, replace o and £ by o and £ respectively and goto Step 5. O

We see easily that the number of operations of additions and comparisons of
real numbers for this sub-algorithm is of order T too. Indeed, it is not difficult to
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show that the number of operations of additions and comparisons of real numbers
for this sub-algorithm is not more than 187.
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Chapter 6
Conclusions

In this thesis, optimality conditions and ruling-out conditions for iterative
soft-decision decoding algorithms are investigated.

At first, a sufficient condition, denoted Condgps 4, for the optimality of a de-
coded codeword based on h reference words are derived for any iterative soft-
decision decoding algorithms which are based on the generation of a series of
codeword candidates.

Next, for a class of Chase-type decoding algorithms which consist of a series
of bounded distance decodings that are implemented around some words ob-
tained by adding a given word to the error patterns whose nonzero components
are confined to those bit positions with less reliability, some effective optimal-
ity conditions and ruling-out conditions are devised. For some generalizations of
Chase-type algorithm and the minimum weight trellis search (MWTS) decoding
algorithm and some generalizations of GMD decoding, some optimality conditions
are investigated.

Then, these testing conditions are formulated uniformly into the optimal value
of a class of nonlinear integer programming problems (IPPs), which can be used
in many iterative soft-decision decoding algorithms. The IPPs are solved for
some particular cases. Especially, the IPP related to the optimality condition
Condpi,» With A < 5 is split into a few simpler sub-IPPs, the number of variables
of each sub-IPP is only half of that of the original IPP. Some effective algorithms
for solving the IPP related to the optimality condition Condep,» Wwith A < 4
are given. For the computational complexity of these algorithms, the number of
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operations of additions and comparisons of real number of the algorithms is shown
to be of order N for h < 3, and of order N2 for h = 4, where N is the length
of the code. Thus, the optimality condition Condgy s With A < 4 can reduce
significantly the average decoding complexity and provide fast termination of the
decoding iteration without degrading the error performance.

By use of partial information of the distance profile of the code, an improve-
ment of the optimality condition Condgp: , is presented further. Some methods
for evaluating the improved optimality condition for the simplest cases are shown."

Finally, for a multistage Chase-type decoding algorithm that consists of a se-
ries of Chase-type decodings Chase(v\), ¢, 79) for which the next search center
is chosen as the best one among the words that have not been visited, two algo-
rithms for determining the fourth and fifth search centers are presented, respec-
tively. The numbers of operations of additions and comparisons of real numbers
for these two algorithms are of order 7(= to + 1).
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Appendix

A Proof of Lemma 2.5

To prove Lemma 2.5, we first show the following lemma.
Lemma A.1: For any tuple v' € T;(v) and 1 <1 < j,
Lyi—p2i-pt1(') = Lai—pi—ps1(u”)
> (du,2i-p2i-p+1(w', V) — dn,2i-p2i—p+1(u", V) |r2ipl- - (AD)

Proof: If di 9i—p2i—p+1(%', V) = dugi—p2i—p+1(u”, v), from the definition of u* we
must have La;_pai—p+1(%') > L2i—p2i—p+1(u*) and thus (A.1) holds.
If dg 2i—p2i—p+1(U', V) < du2i—p2i-p+1(u*, v), then from

Laipi-pi1(u”) < |r2ipl|
we see that
Loip2i-pt1(¥') — Loi—p2i—ps1(¥") > —|r2ip|
> (da2i-p2i-p+1(W, V) = dui—p2i-p+1(u*, v))|r2ipl;
i.e. (A.1) holds.
Now we consider the case of dg 2i—p2i—p+1(%', V) > du2i—p2ipi1(¥”, V).
If dp2i—p2i-p+1(u®,v) = 0, from the definition of u* we can show easily that
V2i—p = Z22i—p and v2i_pt1 = 22i—p+1, and thus (A.].) holds.
The remaining case is that dg 9ip2i—p+1(w*,v) = 1 and dg 2i—p2i-p+1 (u',v) =
2. From the definition of u*, we can show easily that either vz;_p, = 22; p Or
Vi—p+1 = Z2i—p41 holds. Furthermore, if vgi—p = Z2i—p and Vai_py1 = 22i—p41, then
u;i—p # Z3i—p, u;i—p+1 = 22i—p+1, u’2i-—p F Z2i—p; 'U',zi-p+1 F Z2i—pt1,
and thus (A.1) holds. If vy;_p # 22—p and V2i_p41 = 22i—p41, then
U%i_p = 22i—ps Unipt1 = Z2i—p+l) Upi_p = Zip, Unipi1 F Z2i-p+1,
this also implies (A.1). If vg;_p = 22i—p and Vzi_ps1 7 Z2i—p+1, then

* — * — A ! 3 ' _ .
Ugi_p = 22i—p; Ui pi1 = 22i—p+1r U2ip # 22i—p;, Ugi_pt1 = 22i—p+1»
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and (A.1) holds too. O

Proof of Lemma 2.5: u* € T;(v) follows from (2.83) and (2.86).
Below we will prove by induction that

Laji—p,n(u*) = Loy —pn[T;(v)] (A.2)

holds for j' = 4,5 —1,...,1, and thus from u} = 2; for 1 < i < 2 — p we see that
u* satisfies (2.75).

From (2.77) and (2.84), we see that (A.2) holds for j' = j.

Now we assume that (A.2) holds for j' = j* +1 with 1 < j* < j. We want to
prove (A.2) holds for j' = j*.

If either fjo41 > p — j* OF Vaje_p F Zaje—p O Vgjs_pi1 F Z2j+—p41 holds, then
u;j._p = Zgj*—p and u;j._p+1 = Zgj*—p+1y and thus from

Laj—pn[T;(0)] < Loje—p,n(u*) = La(jes1)—p,n(u)

= Lag11)-p[Ti(v)] < Lajo—pn[Ti(v)],

we see that (A.2) holds for j' = j*.

The remaining case is that the following equalities

firan=p—17% (A-3)

Vaje—p = Zzjo—p A0A Vzjr—pi1 = Z2j0—pt1, (A.4)
hold. For this case, we have
* *
uzj._p # sz-_p and u2j—__p+1 == 22]'-_?_'..1. (A.5)

Next we will deduce a contradiction if (A.2) does not hold for j' = j*.
Assume that (A.2) does not hold for j' = j* and u' is a tuple in ﬂ;i=j.T(z', p—
i+ 1,v) for-which

sz._p’]v(u,) = ng-_p,N[nJi.:j.T(i, p— i+ 1, 'D)] < sz. _p,N(‘u.‘). ' (A..6)
If either u9j._, # Z2j*—p OT Upje_p41 7# Z2*—ps1 holds, then from (A.4) and (A.5)

Laje—pn(u*) = |raje—p| + Lag=11)—p.n (w")

< |raje—pl + La(j+1)-pn (%) < Laje_pn(u').
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contradicts (A.6). Hence
Upje_p = Zoje—p A0A Upju_pyy = Z2jo—pi1, (A7)

and thus from (A.4) and ' € T(j*,p — j* + 1,v) we get

du2(j+1)—p,v (W', V) = dEjep (W, v) 2> p—j* + 1. (A.8)
If there is an integer i with j* + 1 <4 < j such that

dp 2i—pn(¥',v) < dagipn(u*,v),
then thg tuple u” with
P12i—p-1(w") = Pr2i—p1 (u') and pri—p.N(u") = P2ipn(u*)

is also in T;(v) and satisfies

sz‘—p,N(u”) = sz'—p,%—p—l("l) + Lai_p,n(u%)

< Laje—pip-1(¥') + Loi_p n(w') = Laje_pn(w).

Hence, without loss of generality, we may assume that -
Case 1:

da 2 —p (W', ©) > dupjr—pn(u’, V) | (A.9)

holds for j*+1< j < j,or
Case 2: there is an integer jo with j* + 1 < jo < j such that (A.9) holds for
j*+1<j < joand

u; = u}, for i > 2(jo +1) — p. (A.10)
For the Case 1, from (2.80) and (A.9) we have

Lyj—pn(t) > Lyj_p n[T (4, dn2j-pn (0, v), v)]
Z sz—pJV[T(j’ dHrzj—va(u*’ v)’ v)]
+(dm,2i—p,n (', ©) — dE2j—pn(u”,v))|r25-p|

= Lyj—pn(u*) + (dm2j—p,n(u',v) — dmajpn(u®, v))|r2i—pl; (A.11)
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and thus from (A.1) and (A.9) we can see easily that
Loipn(u') = Lyipn(u*) 2 (dBi-pn (¥, v) — duzipn(u*,0))|r2ip| (A.12)

holds for all i with j* +1 < i < j. Hence, by (A.3), (A.4), (A.7), (A.8) and
(A.12), we see that

Lyje—p,n (') = La(je41)-p,n(u')
> Ly(je+1)-p,8(8") + [r2e41-p| 2 L2je—p,n(u"), (A.13)

contradicts (A.6).
For the Case 2, from (A.1), (A.9) and (A.10), we see also that (A.12) holds
for all i with j* + 1 < i < jp and thus (A.13) holds too, it contradicts (A.6). O

B Proof of Lemma 4.4

N =1 :
For v € Tk let {(v) = {i € [1,h] : v < 1}. If p¢(y[E] is an m(P¢(y)(7))-set,
then Z is an m(+)-set. To prove Lemma 4.4, we give a lemma at first.

Lemma B.1: For h <5 and v € I'?, a set = C B? is an m(+)-set if and only if

(-1)7 L4, foralle € E, (B.1)
(-1)% +(-1)% £ «, for all 7,0 € E. ' (B.2)

Proof: If = C B" is an m(«y)-set, then (B.1) and (B.2) follow from the definition.

Below we consider to prove that E is an m(«)-set if (B.1) and (B.2) are valid.
The proof of cases 1 < h < 2 is obvious. If y; = 0 holds for only one index j, say
j = jo, then from (B.1), we see that o;, = 0 for all & € E and thus (4.20) holds,
i.e. Zis an m(vy)-set. Now we assume that 3 < h < 5 and <; = 0 holds for at
least two indices j.

At first, we consider the case of 7; < 1 for all j. Assume in the contrast that
E is not an m(v)-set. Then there is a tuple ¢’ € Qf with X5czg, > 3 such
that A 2 Yoez 9y (—1)7 < 7. If some component of A is 1, then the remaining
components of A must be also odd integers and thus at least two of them are
not greater than —1. Hence 3, A; < 1 by 3 < h < 5, and thus there is a
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tuple o’ € = with g, > 0 such that 30 (—1)% < 0, i.e. wu(o') > [A/2]. Let
TEh- wy(e’). Clearly, 1 < 7 < 2 with respect to 3 < h < 5 and 1¢ =.

If 7 = 2, we assume, without loss of the generality, that o) = o5 = 0 and
oj = 1, for j > 2. Thus, from (=1)%" £ «, we know that 11 +72 < 1. For any
o € 5, from (-1)¢ + (=1)7" £ ~, we have (—1)°* 4+ (=1)°* > 0. Then, we have
2=(-1)%14(-1) < Tgez du (1) + (-1)*) =M+ X <m+7 <1 itis
a contradiction. If 7 = 1, a contradiction can also be deduced in a similar way.

Now we consider the case y; > 2 holds for some j’s. From (B.1) and (B.2),
we see that

(—1)Pen(@) £ pyyy(7), (B.3)
(~1)Pen(@ 4 (~1)PenT) £ peiy) (), (B4)

for any P¢(v) (), P¢(v)(0”) € P¢(+)[E]- By the above proof, we know P¢() [E] is an
m(P¢(y)(7))-set. Hence, Z is an m(7)-set. a

Proof of Lemma 4.4: 1. Assume in the contrast that there is an m(0)-set
such that

€07 + 3 &(-1)7 <0, (B.5)
£"(-1)7 + Y &(-1)7 <0, (B.6)

hold for some tuple o* € B"\E and some positive integers {',£" and some non-
negative integers £, £y, o € E. Clearly, we have

> & >0and Y &5 >0, (B.7)
O€EE OEE

and then
Y (€€n +£"€)(-1)7 <0, (B.8)
[e 3

contradicts that = is an m(0)-set.

2. Assume that h < 5, v € '} and E is an m(v)-set.

At first, we consider the case of 4; < 1 for all j. Since v € I'?, we have
-(—1)’7 £0. For any o € E, from (—1)7 —v £ 0 and (—1)7 > —, we see

(-1)7+ (=17 £o0. (B.9)
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Thus by Lemma B.1 we know ZU {v} is an m(0)-set. Then, there is an m(0)-set
=’ such that ZU {4} C E'. Since for any sequences o,0’' € Z',
(-1)7 £ -(-1)7, (B.10)
(-7 +(-1)7 £ —(-1)7, (B.11)
from —(-1)7 < 7 and Lemma B.1 we know Z’' is an m(<y)-set which contains =.

If v; > 2 holds for some j’s, by Lemma B.1 we know p¢(~)[E] is an m(P¢(~)(7))-
set. Let Z, be an M (P¢(v)(7))-set which contains p¢()[E]. Then

{o € B* : py(~)(o) € B} (B.12)
is an M(+y)-set which contains =. : O
Remark: According to the following lemma, we see that Lemma B.1 can not be
generalized to the cases h > 6 directly.
Lemma B.2: Assume o, 0@, ¢® and o® are 4 tuples in B" satisfying
(-1)°? + (-1)9? g 0, fori,j =1,2,3,4. (B.13)

Then there are nonnegative integers &;, &3, & and & with § + &+ &+ &6 > 0
such that

4 .
> &(-1)°7 <o, (B.14)
s
if and only if h > 6, & = & = &5 = &4,

4 @)
Y (-1)% <0, fori=1,2,...,h, (B.15)
j=1

and there are 6 indices iy, 12, ..., % such that
{(a,gjl),ag),aff),og)) :1<j<6}={o € B*:01+ 02+ 03 +0,=2}. (B.16)

Proof: Assume that there are nonnegative integers &;, &, s and & such that

(B.14) holds. From (-1)7" 4+ (=1)® £ 0, we know there is at least one index

112 such that 0&) = agg = 0. Hence from

S 6(-1% <o, (B.17)

=1
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we know & +&; < €3 +£,. Similarly, we can get £ +&3 < &+, L +€a < &2+ 63,

b+&E<E+EL, GGG +EGand & +E6 <&+ & Hence&i=6=86=4
and (B.15) hold for any 1 < ¢ < h. Furthermore, we know that o® =¥ = 1,

112 112
and consequently we can conclude that there are 6 indices #3,142,...,% such that

(B.16) holds; and h > 6.

On the other hand, assume that (B.15) and (B.16) hold for some indices
i1,12, .. .,9g. It is obvious that (B.13) is valid and (B.14) holds for & =& =& =
£4 = 1. O

C Proof of Theorem 4.2

At first, we prove the following two lemmas. The latter one is indeed equiv-
alent to Theorem 4.2.

Lemma C.1: Assume that 1 < h < 5, v € ¥ and E € R,. Then E is an
M (~y)-set if and only if

P1e)(7) € Prz)[E]- (C.1)

Proof: Only-if-part: Let = be an M(+)-set. Then p¢(~)[E] is an m(P¢y)(7))-set
by Lemma B.1. Since [E| = 2" and

E CE = {o € B" : pyy)(0) € Peey)El} - (C2)

we know De()[E] is an M (P¢(~)(7))-set, and E = Z', i.e. (4.23) holds for I = ¢ ()
and then

I(E) S ¢()- (C.3)

From (—1)P«n) < Pey)(7), we know Pe(+)(7) & P¢(+)[E], and then

De(v) () € Py [E]- (C4)

The equality (C.1) follows from (C.3) and (C.4).

If-part: Assume that (C.1) is valid. Since E is m(0)-set, we know Py(z)[Z] is
an m(0)-set, and thus by (C.1) and —(—1)Pr@ < pre)(7), we know Pr(z)[E]
is an m(Py(g)())-set. Then E is m(~y)-set, and thus E is an M (¥)-set because of
|=| = 2h-1. O
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Lemma C.2: Assume that 1 < h < 5 and g € Q5. Then g belongs to Q™= if
and only if S(q) is a subset of some M(0)-set E and

Prz) (v(q) = Prz) (@(E), (C.5)
P (Y(Q) 2 Ppuane)(o(E))- (C.6)

Proof: Only-if-part: Assume that g belongs to Q™. By Lemma 4.2, we know
(=1)9 £ v(q) and (~1) +(—1)%" £ v(q) for all &, 0’ € S(q). Thus, by Lemma
B.1, we know S(q) is an m(+y(q))-set. Hence, by Lemma 4.4, we know S(q) is a
subset of some M(+y(q))-set E. Then by Lemma C.1, we have

P1(z)(7(q)) € Prz)[E]- (C.7)

Since v(q) + 6 € Ak U A}, there is a tuple o € B" satisfying (4.22) and

Pr(z)(0) = Prz)(v(a)) - (C8)

Clearly, v(q) > o. From (C.7) and (C.8), we see that o belongs to E and thus
o = o(Z). Hence, (C.5) and (C.6) are valid.

If-part: Assume that S(g) is a subset of some M(0)-set =, (C.5) and (C.6)
are valid. By Lemma C.1, we know that = is an M(+(q))-set. Hence, S(g) is an
m(~(q))-set. Thus g belongs to Q™ by Lemma 4.2. ‘ O

Proof of Theorem 4.2:
It is obvious that Theorem 4.2 is equivalent to Lemma C.2. O

D Proof of Theorem 4.3

Proof of Theorem 4.3: The proof for the case 1 < h < 3 is very simple. Below
we only prove the cases of h =4 and h =5.

We first consider the case of h = 4.

If £ € {C;,D;, E;}t,, 0,0’ € E, then there is at least one ¢ such that o; =
o, = 0. Hence (—1)? £ 0 and (—1)? + (=1)?" £ 0 for any o, 0’ € =, and by
Lemma B.1, we know = is a M(0)-set.

Now we suppose = is a M(0)-set. If there is an iy such that o;, = 0 for all
o € Z, then we have E = Cj,. If there is a tuple o’ € = such that wg(o') = 3,
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then we also have = = C;, for some index i;. Now we assume a?') = 1 for
four sequences o® € E, i = 1,2,3,4, and wn(o) < 2 for all o € E. Let @
denote the set of the sequences o € E with wu(e) = 2. By |E| = 23, we know
|®| > 3. We assume, without loss of the generality, that 1100, 1010 € ®. Clearly,
&\ {1100,1010} C {0110,1001}. Then, from (—1)°1° 4+ (~1)'%* = 0, we know
Z€ {E4, Dl}.

Next we consider the case of h = 5.

Similar to the case h = 4, if £ is one of the sets given in (4.33) to (4.38), then
we can also show easily that = is a M (0)-set.

Now we suppose that = is a M(0)-sets. If there is a o € Z satisfies wa(o) = 4,
then E = Gj, holds for some index i9. Next we assume that wg(o) < 3 for all
o € Z. Let R denote the set of the sequences o € E with wg(e) = 3.

If R is a empty set, then = =

ER={o} thenT ¢ = and E = KgzF.

If R = {o’,0"}, then {o7,0"} NE = ¢, and o} = o = 0 for some i. Hence
we have = = K& G-

If |R| > 3, without loss of the generality, we assume that 11100, 11010 € R.
Then R \ {11100,11010} C {11001,01110,10110}. Hence, Z € {Is4s, Jisg, Jps} if
|R| = 3, and from (—1)!100! 4 (—1)%11° < 0 and (—1)11% + (-1)1"" < 0, we
know E = Hj if |R| > 4. O

E Proof of Lemma 4.6

Proof of Lemma 4.6: We only prove for the case min{ng10, 7001} > 0. The
proof for the case min{ngyo, 001 } = 0 is simpler and can be obtained in a similar

way. Let
now(k) £ [DIG 2P\ {oo} ], (E.1)
noo1 () 2 DU 2/2 7\ {00} . (E-2)
1. For k with 0 < k < ko, we see that oo is not in X (k) if and only if
(k) £ noso + no10(k) + nooa (k) — (62 — k) 2 0. (E.3)

Let k! and k denote the smallest and the largest k in [0, ko] for which (E.3) holds
respectively. Clearly, in the interval [0, ko — 1], ¥(k) — %(k + 1) is nondecreasing
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and satisfies |(k) — ¥(k+1)] < 1. If co & X (k) and ¢(k) — ¢(k+ 1) < 0, we
see 0o € X (k + 1) easily. If there is an integer k, with k] < k; < kI such that
oo & X(k2) and 9(k2) — (ks + 1) = 1, then, for any k with k; < k < ki, from
(ks) = W(E) + (5 — ka) = K — ky we see (k) = (k) — (k— k2) = K —k >0,
this implies co & X (k). Hence, co ¢ X (k) for all k with k] < k < k.

2. Clearly, for k with k; < k < k, we have

min{'n.om(k), Noo1 (k)} > 0. (E4)

We say q* is a-type, or b-type, or c-type, or d-type if ¢¥o < 812 — k and ¢f; <
813 — k, or gkp < 612 — k and gk, = 613 — k, or gfy, = 612 — k and gf; < 613 — &,
or gfp = 612 —k and gf,; = 613 —k, respectively. Write i(k) = max{i : i € X(k)},
’iom(k) = max{z 11 € X(k) N Dom}, iom(k) = ma.x{z 11 € X(k) n Doo]_} and
iooo(k) = mm{z 11 € Dooo\X(k)}

If g* is a-type, we see X (k + 1) = X (k)\{i(k)} and u(k) = |rig)-

If g* is b-type, we see X(k) N Dooy # &, X(k + 1) = X (k)\{ioo1(k)} and
p(k) = |Tieyk)- Furthermore, if k + 1 < k;, g**! must be b-type or d-type.

If ¢* is c-type, we see X (k) N Doyo # ¢, X(k + 1) = X (k)\{éo10(k)} and
p(k) = |Tigio(k)|- Furthermore, if k + 1 < k:, g**! must be c-type or d-type.

If g* is d-type, we see that X (k) N Doy, X (k) N Doo1 and Dygo\ X (k) are
non-empty sets, X(k + 1) = (X (k)\{i010(k),%001(k)}) U {iooo(k)} and u(k) =
Iriom(k)l + |Tioo1(k)| - I'riooo(k)l' Clearly, we have lriooo(k)l 2 max{lriom(k)I’ Iriom(k)l}
and thus

min{lriom(k)lv |rioo1(k)l} 2 ”(k)' (E5)

Furthermore, if k + 1 < k., g*** must be d-type. _
VClearly, we see iom(k) > iom(k + 1) and i001 (k) > iOOl(k + 1) Thus, with
respect to (E.5), we can deduce easily that p(k +1) < p(k) if k+1 < k;. O

F Proof of Lemma 4.8

Proof of Lemma 4.8: If R***! is empty, then £(g%F) is also empty by its
definition. We will prove that there exists an R%**+!-optimum in the set £(g%*)

106




if R%+1 is not empty. Assume R%*+1 £ ¢ and g**+! is an R%**!-optimum. Let

A; denote the set of pairs
(¢',0") € {‘(OOOO, 0001), (0100, 0101), (0010,0011), (0110, 0111)} (F.1)

which satisfy
g2+ > 2% and g2t < ggn, (F.2)
If A, # ¢, then any pair (¢,0") € A; must satisfy
o(g**, o', o") € R*** and o(g***1,a",0') € R*. (F.3)
Let [2F*! and 1% denote the largest integers in D ™) gl,;’") respectively.
Let s> and st denote the smallest 1ntegers in Do \D(q;') and Do \Dg i)
respectively. Clearly, we have ld k+l > s % and s‘f,’ﬁ“ < la,, and thus

D) = D((q™, ", ) + | — e
> L'(g*) + [P gax| — |rpas | = L'(p(g**, o', "), (F.4)
o-l a-ll .
this implies that p(g%*, o’, o) is a R%*+1-optimum.

If A; = ¢, then from the first equality in (4.60) and (0000,0001) & A, we see
that

d,k+1 d,k+1 '
Qoo < ‘10000 and gppo1 = q 001’ . (F5)

and thus from (4.67) and the second equality in (4.60) we see that there must be
at least one pair

(¢, ") € {0100,0010,0110} x {0101,0011,0111}. (F.6)

such that (F.2) holds. We conclude that this pair (¢”, o) must satisfy (F.3) too
and thus ¢(g**, o', o) is a R%+!-optimum. Indeed, for clarify, say (o',0") =
(0100, 0011) satisfies (F.2), i.e.

dk+1 dk dk+1
doioo > doico and goon1 < ¢10011a (F.7)

since both of (0100,0101) and (0010,0011) are not in A;, we see that

dk
gt > goio, and goet < ghaio- (F.8)

From (F.7) and (F.8), we see that (F.3) holds for (¢o’,0") = (0100, 0011). 0O

107




G Proof of Lemma 4.10

To prove Lemma 4.10, we first introduce some more definitions and another
lemma. For 7 € (w), let G(n) denote the set of pairs ' € T with Ly(7) <
Ly,(m + 7'). For any pair 7' = (z},z),z3) € T, let p(7’) denote 7-tuple

(71, 23, T3, 1 + T, Ty + 75, Ty + 35, Tp + T3 + Tg), (G.1)
and let ¥(n') denote the set of pairs 7" = (zf,z3,23) € T which satisfy
p(); - p(n"); > 0, for j=1,2,...,7. (G.2)
We say set T' C T coherent if T/ C ¥(n') for each 7’ € T". |

Lemma G.1: 1): If ©’ € G(n) N ¥(n"), we must have =’ € G(7 + n").

2). If {m,ms,...,mx} C G(m) is coherent and t;,%s,...,%; are nonnegative inte-
gers, we must have Ly, (1) < Ly(7 + XX, tim;).

3). A pair 7 € Q(w) is a Q(w)-pair if and only if T C G(rr).

4). A pair 7 € Q(w, z) is a Q(w, z)-pair if and only if

T, 2 {(1,0,0), (~1,0,0), (0, 1,0), (0, =1, 0), (1,—1,0), (~1,1,0)} C G(r).

Proof. We only prove the result 3) here. The results 1) and 2) can be proved
easily from the definitions, and the result 4) can be proved with a similar method
of proving the result 3).

If 7 € Q(w) is a Q(w)-pair, we see easily that T C G(w) holds. Now we
assume that 7 € Q(w) satisfies T C G(w). We will prove Ly, (7') > L, () for any
7' € Q(w) and thus 7 is a Q(w)-pair. Let 7' be an arbitrary pair in Q(w) and write

7 = (z}, 23, z3) for ' — 7. If all of z7, z3, =3 are nonnegative or nonpositive, from

{(1,0,0),(0,1,0),(0,0,1)} and {(-1,0,0), (0,~-1,0), (0,0,—1)} are coherent, we
know L, (n') > Ly(m) easily. For the other cases, without loss of generality, we
assume that z7 > z3 > 0,23 < 0. '

If —z% < z3, from 7 = (2% + 3)(1,0,0) + (2% +23)(0,1,0) + (—=z3)(1,1,-1)
and {(1,0,0),(0,1,0),(1,1,—1)} is coherent, we know Ly (7") > Ly(7).

If 23 < —z} < zi, from 7 = (2} + z3) (1,0,0) + (—z3 — 23)(1,0,—1) +
z3(1,1,-1) and {(1,0,0),(1,0,-1),(1,1,—1)} is coherent, we know Ly(7') >
Ly(m).
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Izt < -z} < 2} +2}, from 7* = (—z} —=3)(1,0,—1) + (-2} —23)(0,1, - 1) +
(z% +z% +23)(1,1,-1) and {(1,0,-1),(0,1,-1),(1,1, —1)} is coberent, we know
Lyy(m") > Ly(m).

If —z3 > z}+z5, from 7* = (—z}—z3—23)(0,0, —1)+21(1,0,~1)+23(0,1,-1)
and {(0,0,-1), (1,0,-1),(0,1,—1)} is coherent, we know Ly (') > Ly(r). O

Proof of Lemma 4.10: Let 7; denote the output pair of Step 1. Without loss of
generality, we assume that {(1,0,0),(—1,0,0),(0,—1,0)} C G(m1). We consider
to grow m in the (0, 1, 0)-direction till we can not do anymore, and let 7] denote
the result pair. Clearly, we have {(0,1,0),(0,—1,0)} C G(x}). From (1,0,0) €
¥(0,1,0) N G(m) and 7, = m; + k(0,1,0) for some nonnegative integer k, we see
(1,0,0) € G(m}). Next we consider to grow 7 in the (—1,0, 0)-direction till we can
not do anymore, then result pair ¥ must satisfy {(1,0,0), (—1,0,0), (0,1, 0)}C
G(n"). And so on, we see that {(1,0,0),(0,1,0), (-1,0,0),(0,-1,0)} € G(ma)
for the output pair 7, of Step 2. :
Clearly, we have either (1,~1,0) € G(m2) or (—1,1,0) € G(m2). Furthermore,
if 7, is grown from 7, — (0,1,0), from (1,0,0) € G(mz — (0,1,0)) we see Ly (mg +
(1,-1,0)) = Ly((m2 — (0,1,0)) + (1,0,0)) > Ly(me — (0,1,0)) = Lu(m2) and
thus (1,—1,0) € G(mz). Similarly, we can show that (1,—1,0) € G(m) if m
is grown from m — (—1,0,0), and (—1,1,0) € G(m3) if 7 is grown from 7r2—
(1,0,0) or m — (0, ~1 ,0). Without loss of generality, we assume that T £
{(1,0,0),(0,1,0),(-1,0,0), (0,-1,0), (1,-1,0)} € G(m2) and (-1,1,0) ¢ G(ms).
According to Ly(ms + (—1,1,0)) < Ly(me) < min{Ly(ms + (0,1,0)), Ly(m +
(-1,0,0))}, we know {(1,-1,0),(1,0,0),(0,~1,0)} C G(m + (-1,1,0)). From
{(=1,0,0),(0,1,0)} C G(m) N ¥(-1,1,0), we see also {(~1,0,0),(0,1,0)} C
G(my + (=1,1,0)). Thus, we have To C G(m2 + (—1,1,0)) and further Ty C
G(r(w, z)) for the output pair 7(w, z) of the procedure. Since (1,1, 0) is also in
G(r(w, ), from 3) of Lemma G.1 we see that 7(w, z) is a (w, z)-pair.
According to the above argument, we see easily that the growth route must
be one of the four classes shown in Fig. 4.1. O
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H Proof of Lemmma 4.12 |

Proof of Lemma 4.12: We only prove the result 1, the result 2 can be proved
by a similar method and the result 3 is a direct corollary of the results 3) and 4)
of Lemma G.1. Let 7y denote the pair in T* which satisfies

Ly(r(w,z) + (0,0,1) + m) = 11rr€1_irq Ly (7(w,z) + (0,0,1) + ). (H.1)

Below we prove that T; C G(7(w,z)+(0,0, 1)+m,), and thus 7(w, z)+(0, 0, 1)+
is a Q(w, z + 1)-pair by 4) of Lemma G.1.

If m = (0,0,0), by (H.1) we know {(~1,0,0), (0, ~1,0), (1,-1,0), (~1,1,0)}
C G(r(w,z) + (0,0,1)). Since {(1,0,0),(0,1,0)} € ¥(0,0,1) N G(r(w,z)), we
know {(1,0,0),(0,1,0)} € G(r(w,z) + (0,0,1)) also holds, and thus Y; C
G(r(w,z) + (0,0,1) + m).

If 7o = (—1,0,0), then by (H.1) we know {(1,0,0),(0,1,0), (0,-1,0),(1,-1,
0)} C G(7(w,z)+(~1,0,1)). Since {(-1,0,0),(-1,1,0)} C G(7(w,z))N¥(-1,0,
1), we see {(-1,0,0),(-1,1,0)} C G(r(w,z) + (-1,0,1)) also holds, and thus
T; C G(r(w,z) + (0,0,1) + m).

If my = (0,—1,0), similar to the above case, we can show T; C G(7(w,z) +
(0,0,1) + m). |

If mp = (—1,-1,0), then by (H.1) we know {(1,0,0),(0,1,0)} C G(r(w,z) +
(-1,-1,1)). Since {(-1,0,0),(0,-1,0)} C ¥(-1,-1,1) N G(7(w,z)), we know
{(~1,0,0),(0,-1,0)} C G(r(w,z) + (—1,—1,1)) also holds. On the other hand,
from (0, -1, 0) € ¥(0,—-1,1)NG(7(w, z)) and (-1,0,0) € ¥(-1,0,1)NG(r(w, z)),
we know (0,-1,0) € G(7(w,z) + (0,—1,1)) and (-1,0,0) € G(r(w,z) +
(-1,0,1)). Then we see Ly(7(w,z) + (0,—2,1)) > Ly(r(w,z) + (0,-1,1)) >
Ly(7(w,z)+(—1,-1,1)) and Ly(7(w,z)+(—2,0,1)) > Ly(r(w,z)+(-1,0,1)) >
Ly(7(w,z)+(-1,-1,1)), hence {(1,-1,0),(-1,1,0)} C G(r(w, z)+(-1,-1,1)).
Thus T; C G(7(w,z) + (0,0,1) + mp).

If mo = (1,—1,0), then by (H.1) we know {(-1,0,0), (-1,1,0)} C G(r(w,z)+
(1,-1,1)). Since {(1,0,0),(1,-1,0)} C ¥(1,-1,1)NG(7(w, z)), we know {(1,0,
0),(1,-1,0)} € G(r(w,z) + (1,—1,1)) also holds. On the other hand, from
(1,-1,0) € ¥(0,-1,1)NG(7(w, z)) and (1,0, 0) € ¥(0,0, 1)NG(7(w, z)), we know
(1,-1,0) € G(r(w,z) + (0,-1,1)) and (1,0,0) € G(7(w, z) + (0,0,1)). Then we
see L, (1(w,z) + (1,-2,1)) > Ly(7(w,z) + (0,-1,1)) > Ly(7(w,z) + (1,-1,1))
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and Ly (r(w,z) + (1,0,1)) > Ly(r(w,z) + (0,0,1)) > Ly(r(w,z) + (1,-1,1)),
hence {(0,-1,0),(0,1,0)} € G(r(w,z) + (1, —1,1)). And thus T; C G(r(w,z) +
(0,0,1) + m).

If m = (~1,1,0), similar to the above case, we can get Ty C G(r(w,z) +
(0,0,1) + m). O
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