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Abstract

Self-Organizing Maps (SOM) is a method for unsupervised learning based
on a network of artificial neurons. It shows us intrinsic structural features of
the inaccessible high dimensional data space. Spherical SOM, where neurons
are arranged on spherical surface, is suitable for visualization based on the
correlation between data vectors and the angle between data vectors in mul-
tidimensional space for example expression profiles of genes. It is difficult
to arrange arbitrary number of neurons uniformly on spherical surface. To
overcome this difficulty, I propose spiral arrangement of neurons on spherical
surface, which allows arrangement of arbitrary number of neurons. I also
propose a measure to access the suitability of any SOM to any data set, and
confirm for a particular set of gene expression data and randomly generated
high dimensional data that the Spherical SOM is more suitable than the
original Plane SOM.
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1 Introduction

Self-organizing Maps (SOMs) are clustering methods that can map high-
dimensional data to low-dimensional representation space [3]. They are ap-
plied to broad range of fields, including pattern recognition, natural language
processing, signal processing, data mining, brain theory, analysis of genome
sequence and gene expression. SOM is a dimension reduction method sim-
ilar to principal component analysis (PCA). Though PCA makes a linear
mapping from high-dimensional data space to low-dimensional space, SOM
makes a non-linear mapping. Because of this difference SOM has an ability
to visualize high-dimensional adjacent relation. (see Fig. 1[11])

In the present study I consider two types of SOMs, one of them uses planar
representation space called ° Plane SOM ’and the other uses spherical space
called ‘ Spherical SOM. When I compare genes based on expression profiles, I
normalize profile vectors of gene expression to unity in length as a preprocess.
It has advantage that genes are compared by the trends of expression profiles
and are classified based on similarity of expression regulation in cells [18].
This ‘nomalization metric’ is almost same to popular ‘cosine metric’ using
dot product.

dc(ll,V)El—Flﬂ;':l=l—6080 (1)
dn(u,v) = I—‘;—,~T:—:—I,:2sing o (2)

Here, 0 is an angle between vector u and v.

d,(u,v)? = <2 sin g) | o _ (3)
= 4sinzg (4)
1—cosé
e ) )
= 2(1—cosh) : (6)
= 2d.(u,v) | o (7)
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Figure 1: Visualization of codon usage by (a) PCA and (b) SOM

A. aeolicus (abbreviated as Aaeo), A. fulgidus (Aful), A. pernix (Aper), B. subtilis (Bsub), B. halodurans (Bhal), B.
burgdorferi (Bbur), Buchnera sp. (Buch), C. jejuni (Cjej), C. trachomatis and C. pneumonia (Chla), D, radiodurans
(Drad), B. coli (Ecol), H. influenzae (Hinf), Halobactgerium sp. (Halo), H. pylori (Hpyl), M. jannaschii (Mjan), M.
thermoautotrophicum (Mthe), M. tuberculosis (Mtub), N. meningitidis (Nmen), P. aeruginosa (Paer), P. abyssi (Paby),
P. horikoshii (Phor), R. prowazekii (Rpro), Synechocystis sp. (Syne), T. maritima (Tmar), T. pallidum (Tpal), U.
urealyticum (Uure), V. cholerae (Vcho), and X. fastidiosa (Xfas). Archaea, eubacteria and two thermophilic bacteria are
denoted by yellow, green, and blue letters.




Thus, 2d(u,v) = dn(u,v)2. Pearson product-moment correlation coeffi-
cient C(x,y) is same to 1 — d.(u, v) if we denote {z; — Z} by u and {y; — 7}
by v.

> ia (i — Z) (v — 7)

e > e s ey X
_ nZz’:l “@'v‘in 9)
Ve U Y V7
_ ﬁﬁ ‘ (10)
= 1—d.(u,v) ()

This ‘normalization metric’ has advantage that I can use many speed-
up methods supposing Euclidean metric. Spherical SOM is adequate for
clustering the normalized data.

2 Arrangement of arbitrary number of neu-
rons

2.1 Introduction

Self-organization maps (SOM) are a kind of neural network, and are applied
to many fields for understanding the distribution in high dimensional space.
In many applications, its neurons are arranged on plain surface and there
are borders surrounding the neuron arrangement. It causes a problem which

“is called "Border effect’ because the number of neighborhood neurons of a
neuron near a border is different from that of a neuron near the center[3).
A sphere has no border. Though this problem can be solved by arranging
neurons uniformly on the surface of a sphere[5], a disadvantage of the con-
ventional method is that it cannot arrange neurons of arbitrary number. To
solve this problem, I proposed a method to arrange arbitrary number of neu-
rons by dividing a helix which goes around a sphere of unity radius (Fig. 3)
into pieces of identical length [7]. While the arrangement has high unifor-
mity, this method need numerical integration to calculate the length of helix.
In the present paper I use the concept of generalized spiral points.




2.2 Method

2.2.1 Icosahedron recursive subdivision

In Spherical SOM proposed by Ritter, neurons are arranged by subdividing
an icosahedron recursively [5]. Example of a triangle of an icosahedron and its
three recursive divisions are shown in Figure 2.2.1. 1 refer to this arrangement
of neurons as ICOSA y, where NN is the number of recursive subdivision. The
ICOSAy has 2+ 10 - 4" neurons (12, 42, 162, 642, 2562, 10242,...) Since it
increases exponentially, I can’t always arrange arbitrary number of neurons.

Figure 2: Recursive division of a triangle of an icosahedron

2.2,2 Division of helix on sphere

First, I consider a helix which goes around a sphere of unity radius. (See
Figure 3.) The helix is determined by the equation below.

0 =2kp(0 < ¢ <)

In the above equation, k is the number of turns in the helix and spherical
coordinates ¢ and ¢ can be transformed to orthogonal coordinates using the
following equations. (See Figure 4.)

x = cosfsing,y = sinfsin ¢, z = cos ¢ (12)
There is no restriction for the value of k. In this paper I set k& as follow

k=+vVN




Figure 3: A helix on a sphere
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Figure 4: Relation between axis x,y, 2,6 and ¢




Figure 5: Helix pitch and neuron interval

where N is the number of neurons. The reason of this will be discussed
later. Second, I calculate the helix length L. Since it is difficult to calculate
it analytically, I calculate it by numerical integration. Finally, I arrange
neurons at equal intervals L/(N — 1) on this helix. It is easy to realize that
any number of neurons can be suitably arranged on the map by following
the proposed method. Let us now consider why I set k as Vv'N. Figure
2.2.2 shows the relation between the length and the number of turns of the
proposed helix. The helix length L is mostly proportional to k in practical
range of k. And it can be shown that the helix pitch (see Figure 5) is mostly
inversely proportional to k.

So when I set k as v/N, the ratio of neuron interval (NT) and helix pitch
(HP) is preserved for any value of N.

L k vIN 1
NE= X — = =i
N—-1 N-1 N-1 +/N
and, y !
HP x — = ==
kN




therefore, :
NI 1 N

CHPE NI

ie. 4% is almost constant. Figure 7(a) and 7(b) shows the arrangements

of neurons for k = +/N and figure 7(c) shows the same for k # +/N. The
advantage of setting k as v/N is that the shape of the dots representing the
neurons on the final map remains unchanged for different values of N. This
makes the visualization quality of the map better.

Using this method I can arrange neurons of arbitrary number on the
spherical surface. I use the term "HELIX, refer to refer an arrangement
which number of points is equal to the number of points in ICOSA,.

=1
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Figure 6: Relation between number of loops k and the helix length L




and k= 10

(b) Arrangement when N = 400 (¢c) Arrangement when N = 400
and k = 20 but k=10

Figure 7: Relation between arrangement and parameters (N: number of
neurons, k: number of loops)




2.2.3 Generalized spiral points

The generalized spiral points are explicitly defined sets of points proposed |
by E. A. Rakhmanov et al. [6]; where the set of points {(8, ¢)[0 < k < N}
is determined by the Eq. 13. :

2k

hy = _NTl—l’ (0<k<N)
¢ = arccos(hy), (0<k<N)
b = On_1=0, (13)
0, = (ek_1+———q—). 1<k<N-1)
VNI —=R)

Here, C is a constant and was chosen as C' = 3.6 so that the distance between
successive point will be approximately the same. The value of h;, corresponds
to —z or cos(¢x), and the value of \/1 — h? correspons to sin(¢). Spherical
coordinates 6 and ¢ can be transformed to orthogonal coordinates by Eq.
12. (See Figure 4.)

Using the generalized spiral points I can arrange neurons of arbitrary
number on the spherical surface. I use the term ”SPIRAL, refer to refer
an arrangement which number of points is equal to the number of points in
ICOSA,. ' ' :




2.2.4 Uniformity of neuron arrangement

In this section I will compare ICOSA, with HELIX, in the context of uni-
formity of the arrangements of the neurons. I use HELIXy to mean the
arrangement by proposed method which has the same number of neurons as
ICOSA x has. Uniformity means the equality of the number of neighborhood
neurons in the context of all the neurons in the map. The map is completely
uniform in the case when the number of neighborhood neurons is the same
for each of the neurons of the map. Let f(n,r) is the numbers of neurons
which are within radius » from neuron 7. (See Figure 8.)

Figure 8: 28 neurons are within radius 0.5 from the indicated neuron 7 i.e.
f(n, 0.5)=28.

And let V(r) is the variance of f(n,r) for all neurons i.e. -

V(T) 0e Z (f(nv ’J") g f(??a?’))2

n

The variance V' (r) can only be a real positive number or zero. When the
number of neighborhood neurons f(n,r) is the same for all neuron 7, V (r) is
zero. The relations between the radius » and the variance V' (r) are shown in
Figure 10(a). It shows V(r) in the case of helix is mostly lower than that in
the case of icosahedron. I propose UNTIDINESS as a measure of uniformity
and define UNTIDINESS as follows:
0=mn/2
UNTIDINESS = V (2sin (6/2)) dé
=0
Here 2sin(6/2) is the length of chord for center angle 6.

10
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231n-2—

Figure 9: center angle ¢ and length of chord 2sin ¢

UNTIDINESS can only be a real positive number or zero. The more
uniform is the neuron arrangement the less is the value of untidiness. When
the arrangement is completely uniform UNTIDINESS is zero.

2.3 Result and discussion

I calculate the value of V(r) in range 0 < 6 < Zie. 0 < r < /2 for
(a) ICOSA; and HELIX;, (b) ICOSA, and HELIX, and (c) ICOSA;s and
- HELIX;. The relations between the radius r and the variance V(r) are
shown in Figure 10(a). It shows V(r) in the case of helix is mostly lower
than that in the case of icosahedron. '

11
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The following table 1 is the UNTIDINESS of ICOSAy and HELIX y for |
N1nrange0<N<5

Table 1: UNTIDINESS of ICOSAy and HELIXy for O < N < 5

N | UNTIDINESS of ICOSAy | UNTIDINESS of HELIX y
0 0.0000 0.3611 |
1 0.4253 0.4539
2 2.8707 1.3165
3 3.9360 2.3874
4 10.4419 ) - 4.4689
51 82.1324 9.5022

ICOSA, is completely uniform because it is icosahedron itself. And ICOSA;
has smaller UNTIDINESS than HELIX;. Since UNTIDINESS of ICOSAy
increases quickly, it is larger than that of HELIX y when N is two or more.
Figure 11 shows the relation between the number of neurons and UNTIDI-
NESS. By ICOSA method I can’t arrange arbitrary number of neurons. So
the UNTIDINESS for the permissible number of neurons are shown by crosses
on the dotted line. On the other hand, I can arrange any number of neurons -
by HELIX method and the solid line shows the relation between the num-
ber of neurons and untidiness. The UNTIDINESS in case of the proposed
method is much lower compared to the ICOSA method. The result shows
that the proposed method has two advantages, (i) ability to select an arbi-
trary number of neurons which is not possible in the conventional icosahedron
method, and (ii) improved uniformity of the arrangement of neurons. The
arrangement by the proposed approach is more uniform than the icosahedron
approach when the number of neurons are 43 or more. Thus the proposed
approach relaxes the usability and improves the usefulness of the Spherical
SOM. It is considered that the regularity of arrangement may be important
in view of visibility, and conventional method might be more regular. The
variance of ICOSA y is less than that of HELIX on some particular radii.
It means that both regularity and uniformity are satisfied when I use those
radii only. The SOM which use conventional method can av01d border effect
by using those radii for learning process.

13
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Figure 11: Relation between UNTIDINESS and the number of neurons
(ICOSA and HELIX)

Figure 12 shows the UNTIDINESS of HELIX and SPIRAL. The UN-
TIDINESS in case of the SPIRAL method is much lower compared to the
HELIX method in most case. The result means the arrangement by the
SPIRAL approach is more uniform than the HELIX approach.

14
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Figure 12: Relation between UNTIDINESS and the number of neurons (HE-
LIX and SPIRAL)

2.4 Conclusion

" In this paper I propose a new approach for the arrangement of neurons con- -
cerning spherical SOM. This approach enables us to suitably arrange an ar-
bitrary number of neurons which is not possible in conventional icosahedron
method. Another advantage of the proposed approach is the uniformity of
the arrangement. The arrangement by the proposed approach is more uni-
form than the icosahedron approach when the number of neuron are 43 or
more. Thus the proposed approach relaxes the usability and improves the
usefulness of the spherical SOM.

15




3 Spherical SOM

3.1 Introduction

SOM is a dimension reduction method and a clustering method. This re-
marking feature comes from that a neuron has two vectors; position and
weight. In this section I talk about how to initialize weight vectors and how
a SOM learns input data.

3.2 Method
3.2.1 Initialization of weight vectors with PCA

Initialization of weight vectors with random values is not preferred because
of the reproducibility for maps. In this work, the weight vectors of Spherical
SOM are initialized on the basis of principal component analysis (PCA) for
original data. Imitially, principal axes e;, ex and ez with the three largest
variance are estimated using the original data. Then, the weight vector wj
is initialized as ‘

w; = R(ze1 + yiez2 + zi€3). (14)

Here R is the radius of hypersphere. For the value R I use the average length
of input vectors projected to 3-dimensional space using PCA.

R=3 Y Vet (el + (v oa)? (15)

Here vj is the i-th input data vector.
The result of SOM when R = 1 is not much different. It seems that the
value of R doesn’t exert a strong influence on the result of the SOM.

3.2.2 Learning process and neighborhood function

Each neuron in SOM has two vector, an weight vector and a position vector.
Let S be the dimension of input data vectors. An weight vector is a S-
dimensional vector and a position vector is more low-dimensional, usually
one, two or three dimensional vector. The learning process of SOM for a
teacher vector is realized by the following algorithm.

16




1. Select BMU (Best Match Unit), or "winner neuron”, the neuron 7
which has the nearest weight vector w; to the teacher vector t.

Wwin, Such that dg(t, Wwin) = min(dy(t, w;)) (16)

Here dy is a distance function in data space. I use the normalization
metric d,, in order to take account to the correlation.

u A

do(u,v) = |— — — 17
WV E [ )
2. Update weight vectors according to following equation

Wi <— Wi + O{(t)h(t)(t — Wi) _ (18)

where h is the neighborhood function and « is the learning rate func-
tion. Both function depends on time.

The neighborhood function can be of type:
° ”CIjiSp”:

_J 1 (de(pi, Pwin) < 7(2)) ~ :
Alt) = { 0 (dr(Pi; Pwin) > (t)) (19)

o "fuzzy”:

h(t) = exp (—-——————_dréfz’t;wm) ) , (20)

Here d, is a distance function in representation space. In original Plane
SOM it is the box metric dj,
dy(u,v) = max(u; — vy, uy — Va) ' | (21)

but it is not suitable to Spherical SOM. I use Euclidean metric for the
distance function in representation space.

de(u,v) = /Z("’”' —v;)? (22)

I use a crisp type of neighborhood function because it saves the amount
of calculation.

17




3.2.3 Batch learning

The original SOM has a problem that the result depends on the order of
input data. It is solved by using Batch Learning[10, 11].

1. Initialize ”weight correction vectors” u; with zero vector.
U < 0 (23)
2. Initialize ”number of correction” n; with zero.

ni —0 (24)

3. For each input data t do:

(a) Select the neuron 7; which has the nearest weight vector w; to the
teacher vector t.

(b) Update ”weight correction vectors” and ”number of correction”
according to following equation

w — u+alt)h)(t —w;) (25)
n; — n;+1 if h(t) >0 (26)

4. Update weight vectors according to the rule:

Wi «— Wj + U.i/nz' (27)

- Batch Learning SOM (BL-SOM) which proposed by Abe and others is
accompanied by initialization of weight vector using PCA. I adopt both batch
learning and PCA based initialization.

3.2.4 SphSOM package

I made ‘SphSOM package’, a toolkit for visualization of the high dimensional
data space using proposed method to arrange arbitrary number of neurons.
SphSOM package contains two components: (i) SphSOM is visualization
toolkits based on spherical SOM, customizable with Python script, that is,
without any development environments and (ii) SphSOMViz is pure Java ap-
plet which allows publishing your 3-dimensional visualization result on a web
site. This software are available on http://www.nishiohirokazu.org/sphsom,/.

18
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3.2.5 Biological Application

The method is applied to Bacillus subtilis microarray time series data. All
the data are measured by two-color fluorescence ¢cDNA microarray and in-
clude 3,100 genes of Bacillus subtilis. LB medium is developed in order to
maximize the cellular breeding. In the forepart of culture, the number of
the cells are increasing by binary division. This is called exponential growth
phase. LB data set are measured at 8 time points, from LB medium of 37
degrees centigrade, the culture time is 12 hours. HS (heat shock) data set are
measured at b time points, from a medium in a state heated to 52 degrees
centigrade keeping 5 hours after LB culture. SS (salt shock) data set are
measured at 6 time points, from a medium in a state that let the NaCl car-
dinality increase to 0.4M keeping 4 hours after LB culture. CS (cold shock)
data set are measured at 6 time points, from a medium in a state cool off to
16 degrees centigrade keeping 5 hours after LB culture. SOS (chromosome
damege by mitomycin C) data set are measured at 6 time points, from a
medium in a state that let the mitomycin C cardinality increase to 1 ug /ml
keeping 2 hours after LB culture. The mitomycin C is known as a antibiotics
that inflicts mutilation on chromosomes. AG (anaerobic growth) data set are
measured at 6 time points, from a medium with anaerobic condition for 2
hours by static culture after LB culture. MGM (minimum glucose medium)
; is a minimum bleeding condition. MGM data set are measured at 8 time
points, from minimum glucose medium of 37 degrees centigrade, the culture
time is 13 hours. GS (glucose starvation) is the condition that eliminate
glucose from MGM. GS data set are measured at 5 time poins in 10 hours.
PS (phosphate starvation) is the condition that eliminate phosphoric acid
from MGM. PS data set are measured at 6 time poins in 11 hours. CM
(competence medium) is developed in order to make higher the cell’s DNA
ingestion ability from external environment. CM data set are measured at 5
time points in 9 hours. The sporulation is a characteristic generation process
of Bacillus subtilis. The characterization of genes for sporulation process is
useful for understanding the morphosis of a single cell. CSM (competence-
| | sporulation medium) is a kind of medium which promotes sporulation. CSM
: data set are measured at 13 time points in 15 hours. DSM (Difco sporulation
! medium) is another kind of medium which promotes sporulation. DSM data
set are measured at 19 time points in 12 hours. DGG (Difco glucose glu-
tamine) is a medium that glucose and glutamine are added to DSM medium
in order to inhibit spoluration. another kind of medium which promotes
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sporulation. DGG data set are measured at 6 time points in 9 hours. These
data were offered from the Ogasawara laboratory, NAIST.

I examined gene expression profiles from total 98 microarray experiments
above. I use only genes that changed more than the average. Given d;
(1 <i<'n) is a gene expression profile, the data whose magnitude; is less
than averageMagnitude is omitted.

1 n
= =) d 2
average - ; i (28)
magnitude, = |d; — average| (29).
, 1 <&
averageMagnitude = — Z magnitude; ~(30)
ni

3.3 Result and discussion

Figures 15-18 show the result of visualization. A black color means the
distance between neurons in data space is short. The neurons have a char-
acter to gather in data cluster. So the dark island shows the cluster in data
space. Two dark islands separated by broad white river is two distant clus-
ters. Those clusters contain genes which have similar expression profiles. I
illustrated it in Figure 19 and Table 2. For example cluster A contains a
lot of ribosomal protein. Ribosomes are organelles composed of rRNA and
ribosomal proteins and they translate mRNA into a polypeptide chain. The
infA gene is the translation initiation factor IF-1. Most of genes in cluster
A and B are related to translation, so it is strongly suggested that the other
genes also related to translation.

- Figures 20-23 is the same position of figure 19 where I colored by a ex-
pression value of a paticular experiment LB1, MGM1, SOS1 and CSMOL1.
Red color means high expression and blue means low expression. Most of ex-
pression of genes in cluster A and B are similar but in LB1 and CSMO01 I can
observe the difference of expression. This suggests that there is a difference
of some functions between those genes.
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Figure 15: Result of spherical SOM 1
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Figure 16: Result of spherical SOM 2




Figure 17: Result of spherical SOM 3
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Figure 18: Result of spherical SOM 4
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Figure 19: Result of spherical SOM: some clusters
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Figure 20: Result of spherical SOM: LB1
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Figure 21: Result of spherical SOM: MGM1
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Figure 22: Result of spherical SOM: SOS1




Axis: BSCSM1-
Axis: BSCSM1

Figure 23: Result of spherical SOM: CSM01

3.4 Conclusion

I develop software to visualize high dimensional data using spherical SOM
and publish it. I examined actual gene expression profiles from 98 microarray
experiments. The result shows that Spherical SOM can visualize 98 dimen-

sional expression profiles.
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Table 2: Gene names in clusters and their description

rplE 508 ribosomal protein L5

rpsH 30S ribosomal protein S8

rplF 508 ribosomal protein L6

rpsE, spcA 30S ribosomal protein S5

rplO 508 ribosomal protein L15

secY preprotein translocase SecY subunit
adk adenylate kinase

map methionine aminopeptidase

infA translation initiation factor IF-1
rplJ 508 ribosomal protein L10

rplP 508 ribosomal protein L16

rplW 508 ribosomal protein L23

rplB 508 ribosomal protein L2

rpsS 30S ribosomal protein S19

rplV 50S ribosomal protein L22

rplC 508 ribosomal protein L3

rplD 508 ribosomal protein L4

truA, ybal pseudouridylate synthase I

yrrM SAM-dependent methyltransferases
pyrF orotidine 5-phosphate decarboxylase

purH, purJ, purHJ

purL
purN

phosphoribosylaminoimidazole

carboxy formyl formyltransferase
inosine-monophosphate cyclohydrolase
phosphoribosylformylglycinamidine synthase II
phosphoribosylglycinamide formyltransferase
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4 Suitability assessment

4.1 Introduction

When there are some feature maps of a particular data set from different
type of SOM, it is not evident which map is the most suitable for a given
data set because I can’t observe high dimensional distribution directly. So I
propose a measure of suitability, N-measure.

4.2 Method
4.2.1 Linearity of distance-distance plot

A SOM is a non-linear mapping in essentials. When a mapping is generated
by a learning process without distortion, the distances between neurons in
spherical surface should be linearly related with those between them in the
original space. The linearity means the quality of distance preservation,
which is the main idea of dimension reduction methods, for example Multi-
Dimensional Scaling.[9] This linearity can be a basis to determine whether
spherical or planar arrangement of neurons is suitable for a specific data set.
For any mapping @, I can observe the linearity using the d-d plot [8]. The "
d-d plot is a scatter plot two distances between all pairs of the elements.

Luv [@(u) —@(v)]| (31)
Yoo = [lu—v| (32)

Here u and v are data in the domain of the mapping ®. In this paper, the
mapping ® is plane and sphrical SOM and its domain is the data space. For
example (Fig. 24(a)), neurons on opposing corner of 2-dimensional plane
arrangement are close in 3-dimensional space. So the linear relation is d-d
plot (Fig. 24(b)) is broken because of the distortion occurred from projecting
high dimensional data of original space to representation space.

32



distance on data space

o8

06 [

04t

02

25 3

(a) (b)

The linearity is measured by correlation coefficient in the regression anal-
ysis fashion. In regression analysis the sum of the squares of differences be-
tween actual value y and the value § estimated with a given model g; = f(x;)
is minimized (see Eq. 33.)

minimize Z (ys — 4:)? (33)
i
In this case we'd like to quantify the linearity of d-d plot, y; = kxz;. Here, k
for minimal square difference is represented in Eq. 34.

Zi il |
Sl w3 (34

The coefficient of determination R? in regression analysis is defined by
Eq. 35.

2 _Ei(yz—ﬁi)z ‘
=t > Wi —9)? (35)

Here ¢ is the avarage of y;;
g > (36)
YT N |

R? means how the given data fit to the given model. So the value shows how
d-d plot satisfy the linear model f(z) = kz.
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The N-measure N can be defined by combining these equations,

_ 1 _ > (Wi — 4i)*

N o= =S (37)
W -2y TG
= S ) (39)
- Do i) =230 (with) + > (%°) (39)

> W) =235 (i) + 22 ()
(40)

To elide annoying sigmas I use notations as S, = Zyz-, Spz = me,
- ,

Spy = Z z;y; and Sy = ny

_ 11— Syy — 252 W) + >, (47 (41)
Syy — 222 (Wiy) + 22 &)
- 1— Syy — 2k >, (ziys) + kY (@) (42)

Sy =293 (i) + Ny
Sy = 2kSuy + k2 Suy
Sy — 252/N + S2/N
Syy B Q(SW?J/SMJ>S-'ISZJ + (Sxy/Sxm)ZSxm
Sy, —252/N + S2/N
S yy 2Szy/s’ + SQy/Sm: <45)
Syy — 252/N + S2/N
—— _ Syy .’%jl,(/“gﬂ?fl'7
Sy — Sy/N
'  NSueSyy — NSZ
- 1= Yy Y (47>
NS,z Syy — SeaS2
NS2, — 8452

= Y 48
NSyzSyy — Smsg ( )

— 1-

(46)

(49)

N takes value less than 1. The larger the value of A, the higher the
linearity.

34



4.2.2 Data set

In order to demonstrate the validity of N-measure, I examine three data sets
as follows:

D1: Randomly distributed 1800 points on a plane surface consisting of
two axes. Variance of each axis is unity.

D2: Randomly distributed points on a spherical surface consisting of
three axes. Initially three dimensional 1800 vectors are randomly gen-
erated. Here, variance of each axis is unity. Then all the vectors are
normalized to unity in length.

D3: Actual 8-dimensional normalized gene expression profiles of Bacil-
lus subtilis from time series experiments in LB medium.

D4;: Randomly distributed 1000 data points on a i-dimensional space.
(3 <i<32)

D5;: Randomly distributed 40 clusters on a i-dimensional space. Each
cluster has 25 data points.

D6;: Randomly distributed 40 clusters on a i-dimensional space. Each
cluster has 25 data points and is 10? times denser than D5;.

D7;: Randomly distributed 40 clusters on a i-dimensional space. Each
cluster has 25 data points and is 10? times denser than D6;.

Those data were normalized to unity in length. D4 has high uniformity
but D5, D6 and D7 don’t.

4.3

Result and discussion

Figures 24-26 show the d-d plots for those data with Plane SOM (upper)
and Spherical SOM (lower). In case of plane surface data (Fig. 4.3), a
linear relationship is observed in the d-d plot of Plane SOM. The N-measure
of Plane SOM (0.8901: see underlines in Table 3) is greater than that of
Spherical SOM (0.3212). On the other hand, in case of spherical surface
data (Fig. 4.3), a linear relationship is observed in the d-d plot of Spherical
SOM. The N-measure of Plane SOM (0.3782) is less than that of Spherical
SOM (0.9764). The N-measure increases when a SOM can represent a set of
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high dimensional data without much distortion in the context of distances
between all pairs in the original space. Thus, suitability of SOM to a given
data set can be estimated by N-measure. In case of actual 8-dimensional
gene expression data (Fig. 4.3), the N-measure of Plane SOM (0.1682) is less
than that of Spherical SOM (0.6044). It shows Spherical SOM is suitable for
the analysis of the data. I suggest that Spherical SOM may be suitable for
the analysis of normalized gene expression data.
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Figure 24: d-d plot from D1(upper:Plane SOM, lower:Spherical SOM)
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Table 3: N-measure

Data set Plane SOM  Spherical SOM
D1: data on plane surface 0.8901 0.3212
D2: data on spherical surface 0.3782 0.9764
D3: data of normalized gene expression 0.1682 0.6044

Figure 27 shows the relation between the dimension 7 and the average
N-measure for the data D4; of Plane SOM and Spherical SOM from 100
trials, and Figure 28, 29 and 30 show the relation between the dimension
i and the average N-measure for the data D5;, D6; and D7; of Plane SOM
and Spherical SOM from 10 trials. Clusters in D6 or D7 are separated by
broad gaps. Borders of representation space of Plane SOM fit to some gaps.
It is the reason why the N-measure of Plane SOM rises. On the other hand,
the values of N-measure of Spherical SOMs for the data D4 and D5 are
apparently greater than those of Plane SOMs. It suggest Spherical SOM is
effective to visualize the intrinsic structure of a high dimensional data taking
account to the correlation. :

4.4 Conclusion

To determine whether Plane or Spherical SOM is suitable for gene expression
profile vectors, I proposed a linearity measure of mapping called N-measure
as a suitability measure of SOMs. And then I observed that Spherical SOM
is more suitable than Plane SOM to visualize the a particular 8 dimensional
gene expression data taking account to the correlation. It suggests that
Spherical SOM may be suitable for the analysis of high dimensional gene ex-
pression data. Generally Spherical SOM is effective to visualize the intrinsic
structure of a high dimensional data taking account to the correlation. In the
case of the data structure has many broad gaps, Plane SOM is more suitable
than Spherical SOM. In that case the data is easily separated to clusters by
some gaps, and Spherical SOM is suitable to visualize the intrinsic structure
of each cluster.
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5 Conclusion

The conventional Spherical SOM, which uses icosahedron subdivision
arrangement, can not arrange arbitrary number of neurons on spherical sur-
face. Therefore I propose a novel SOM which uses spiral arrangement of
qneurons on spherical surface. I show the novel SOM is better than the icosa-
hedron based SOM in terms of flexibility of number of neurons and uniformity
of neuron arrangements. Thus the proposed approach relaxes the usability
and improves the usefulness of the Spherical SOM. I developed a software
using proposed method to arrange arbitrary number of neurons. I applied
the software to actual biological data from microarray experiments and con-
firmed utility of spherical SOM. I proposed a linearity measure of mapping
called N-measure as a suitability measure of SOMs, observed that Spherical
SOM is more suitable than Plane SOM to visualize the high dimensional data
following a normal distribution taking account to the correlation. When data
are extremely concentrated in a limited part, superiority of spherical SOM
is lost.
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