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Abstract

An important character of on-line learning is its potential to adapt to changing environments by properly
adjusting meta-parameters that control the balance between plasticity and stability of the learning model. In
our previous study, we proposed a learning scheme that address changing environments in the framework of
an on-line variational Bayes (VB), which is an effective on-line learning scheme based on Bayesian inference.
The motivation of that work was, however, its implications for animal learning, and the formulation of the
learning model was heuristic and not theoretically justified. In this article, we propose a new approach that
balances the plasticity and stability of on-line VB learning in a more theoretically justifiable manner by
employing the principle of hierarchical Bayesian inference. We present a new interpretation of on-line VB as
a special case of incremental Bayes that allows the hierarchical Bayesian setting to balance the plasticity and
stability as well as yielding a simple learning rule compared to standard on-line VB. This dynamic on-line
VB scheme is applied to probabilistic PCA as an example of probabilistic models involving latent variables.
In computer simulations using artificial datasets, the new on-line VB learning shows robust performance to

regulate the balance between plasticity and stability, thus adapting to changing environments.

1 Introduction

For a short time, external environments surrounding animals can be regarded as static, but they are dynamic
over long periods. To adapt to such environments, animals must quickly learn about novel stimuli when the
environment changes. In our previous study [12], we proposed a theoretical model of such a dynamic learning
scheme possibly realized in animal brains, within the framework of on-line learning. That work, motivated by
recent physiological findings that indicate the highly adaptive nature of cortical representation [8, 9, 5, 4], was
intended to illustrate the key role of a neuromodulator acetylcholine (ACh) [11, 7] to control representational
plasticity. That proposed on-line learning scheme worked well even when the environment dynamically changed,
and we discussed the functional role of ACh in relation to the results. However, the formulation of the learning
model was heuristic and not theoretically justified. In this article, apart from the implications to cortical
learning but still motivated by it, we propose a new approach to dynamic on-line learning in a more theoretically
justifiable manner that stands on an engineering viewpoint.

Sato [21] proposed an on-line variational Bayes (VB) method that is an effective on-line learning scheme
based on Bayesian inference. A Bayesian framework naturally incorporates a principled way of model selection
and potentially avoids overlearning phenomena that may degrade the learning performance. Although an exact
implementation of Bayesian inference is usually intractable, VB methods [3, 18], which were originally developed
as a batch-type learning scheme, provide an effective approximation. An on-line VB method is an alternative
to standard VB in on-line learning scenarios in which the learning model attempts to adapt to new inputs

incrementally without retaining the series of past inputs, while batch learning is executed after all the inputs



are given and retaining the past inputs in the memory. On-line learning thus requires less memory than batch
schemes, and learning can be started even when only part of the data has been observed, both of which are
important properties in practice. Beyond such basic advantages, an important character of on-line learning is its
potential to adapt to changing environments by properly adjusting a meta-parameter that controls the balance
of plasticity and stability’ of the learning model. In an early stage after an environmental change, the learning
model should exhibit high plasticity (and low stability) to accelerate the learning to quickly assimilate the new
inputs; in contrast, it should shift to lower plasticity (and higher stability) in the subsequent stage to gradually
decrease the learning speed to stabilize it and realize a proper stochastic approximation. Although a number
of studies have concentrated on such adaptive control mechanisms of on-line learning [1, 6, 23, 17, 22, 16], no
study has paid special attention to on-line VB learning except for our previous study [12].

Dynamic control between plasticity and stability in our previous study was realized by two aspects: novelty
detection that assumed an explicit model of novel inputs (or outliers), and novelty-based scheduling of a for-
getting factor, a meta-parameter that modulates the weights of past inference. In the standard formulation of
the on-line VB method, the expected sufficient statistics are explicitly maintained and incrementally updated
according to a new datum; then the forgetting factor implicitly regulates the updating speed, determining the
balance between the plasticity and stability. Novelty-based scheduling of the forgetting factor thus allowed an
adaptive plasticity-stability control in the previous model by adjusting the size of forgetting factor from rela-
tively small for novel input and large for familiar input. Since this balancing scheme was a heuristic, however,
there was no theoretical justification for it.

In this article, we propose a more theoretically justifiable scheme to control the forgetting factor in on-line
VB learning within the framework of hierarchical Bayesian inference. We illustrate that the procedure of on-line
VB can be interpreted as a special case of incremental Bayes. Based on this interpretation, we then present
a new hierarchical Bayesian way to adaptively schedule the forgetting factor. In addition, the learning rule in
this article is formulated as a direct updating of hyperparameters in approximate posterior distribution without
explicitly maintaining the expected sufficient statistics as in the standard setting. We apply this scheme to a
probabilistic principal component analysis (PPCA) model [24] as an example of probabilistic models involving
latent variables, which we also used in the previous study. This new hierarchical Bayesian approach is validated

through computer simulations using artificial datasets.

2 Model

2.1 Probabilistic PCA

PPCA is a probabilistic generative model with latent variables, such that its maximum likelihood (ML) esti-

mation is equivalent to standard PCA [24]. PPCA for an n-dimensional observed variable x; € R" is given

by
mt:eyt+£ta EtNNn (Et |0>UiIn)a (1)

where t denotes the discrete time or the sample index. y, = (y¢1,- - ,yt7m)l € R™ (m < n) is a latent variable
corresponding to the principal component score, which is generated independently at each time step from a
standard Gaussian distribution. Prime (') denotes the transpose. &, € R" is white noise, and N, (- | -,-) denotes
a p-dimensional Gaussian density function?. I, is an n X n identity matrix, and ¢2 (02 > 0) is an observation
noise variance that is assumed to be a known constant for simplicity. ® = (04, -- ,0,,) € R**™ is the principal
component loading matrix, where 8; € R"(j = 1,--- ,m) is the principal component vector. For simplicity, the

observations are assumed to be normalized to have a zero mean.

1These terms follow Grossberg’s “plasticity/stability dilemma” [10].
2Np (x| m, =) = (27r)_p/2 \E\_l/z exp [—% (zx —m) =71 (z —m)], where x € R? is a random vector and m € RP and

¥ € RPXP are a mean vector and a covariance matrix, respectively.



2.2 On-line Variational Bayes learning

Model parameter ® can be inferred using the on-line VB method [21]. Let (X34, Y1) = {(zr,y,) | 7=1,...,t}
be a series of observations and corresponding latent variables. The objective of Bayesian inference is to obtain

a posterior distribution of unknown variables, p(Y7.t,® | X1.;), when given observation variables X;.;. For this

purpose, an on-line variational free energy with a time-dependent forgetting factor A(s) € [0,1] (s =1,...,t) is

defined by
FX[g) (t) = TA($)LA(t) — H(1) (2a)
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where ¢ (V14,0 | X1.4) = qo (O | X1.4) Hi:l q-(y, | ;) denotes a factorized trial distribution to approximate
the true posterior distribution p(Yi.;, ® | X1.;), and E[] denotes expectation over trial distribution q. T*(t) =
23:1 (HZ:T+1 A(s)) is an effective data number and 7n(t) = 1/T*(t) is the normalization term called the
learning rate [21]. Furthermore, po(@) is the prior distribution of ® defined below. The on-line VB method
for PPCA is derived as a sequential maximization process of the variational free energy (2). When a datum x;
is observed at time #, F* is maximized with respect to ¢; in the on-line VB-E step while ¢, (7 =1,...,t —1)
and ¢g are fixed. In the next step called the on-line VB-M step, F* is maximized with respect to gy while
gr (1 =1,...,t) is fixed. These two steps are executed every time a new datum is observed. The solutions of

the two steps at time ¢ can be obtained as closed forms:

_ exp(Be [logp(z,y, | ©)])
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20(® | Xi14) = (3b)

where Eg[-] and E, [] denote expectations over trial distributions ¢(®) and ¢(y,), respectively. For the
parameters, we use a conjugate prior:
Po(©) = Npsrn (© | Mo, I, G5 '), (4)

where N, (- | ,+,+) denotes a matrix normal distribution®.

2.3 Recursive learning rule

Instead of directly calculating the VB-M step equation (3b), here we present a recursive updating equation of

dg, which is obtained as (see Appendix A)

d0(© | Xy) = — <P Ey, llosp(@:, v, | @)J)qﬁt‘”(e | X5 A(4) (5)

[ d®© exp(Ey, llog p(xe, v, | Oy~ (© | Xra-1; A1)
where modified trial distribution gy is defined as
@y (O | Xiamr3 M(0) o< g~ (O | Xuem1) (€)1, (6)

where the normalization term is omitted. Superscript (7) denotes that trial distribution is maximized using
observations available at time 7, ®1,...,x,;. Eq. (5) suggests that the on-line VB method is equivalent to the

incremental Bayesian inference with a special setting of the prior. This is a new theoretical result of this study.

Npxm (A| M,V,K) = (2r)""™/2 |[K|="/?|V|=™/?exp (~Ltr [(A -~ M) V1 (A — M) K~']), where A € R**™, M ¢
RexXm K € RMX™ and V € R**". M denotes the mean of A; K and V are two covariance matrices of A [15].



(t—1)

After a new observation @, is given at time ¢, Eq. (5) incrementally updates the previous posterior belief g,
into the new posterior qét) using the Bayes rule, similarly to conventional incremental Bayesian updates; (jét_l)
is regarded as an improved prior belief based on currently available observations X;.; 1 at time ¢ — 1, starting
from the initial prior belief py. The differences between the incremental update of Eq. (5) and the conventional
one are: in Eq. (5), log-likelihood term logp(x,y, | ©) is replaced by its expectation with respect to latent
variable y,, and a forgetting factor is introduced to attenuate previous belief qét_l) and to partially restore
initial prior belief pg.

In the case of PPCA, the recursive update of the trial distribution, Eq. (5), is performed by updating only
two hyperparameters, since the trial distribution, Eq. (3b), is obtained as a Gaussian. Now let qét)(@ | X1.4) =

Nysm(© | Mt,In, é;l), and then the learning rule is derived as

Gi =0, (yyi) + AM()Gio1 + (1= A(1))Go, (7a)
M;=M; ; + (U;Z-’Bt ()" + (1= A(t)) MoGo — My, (072 (ypyt) + (1 - )‘(t))GO)) ét_l’ (7b)

where (-) denotes expectation with respect to trial distribution g. Note that this learning rule directly up-
dates the hyperparameters of the trial distribution, although they were indirectly updated through the on-line

maintenance of the expected sufficient statistics in our previous study [12].

2.4 Forgetting factor adaptation based on the hierarchical Bayes

Forgetting factor A(¢) controls the balance between plasticity and stability of on-line VB learning. In a dynamic
environment, A(¢) should be small (& 0), especially when the environment changes, while A(t) should be large
(~ 1) during stationary periods. One possible way to achieve such adaptive scheduling of A(%) is to explicitly
use an outlier component in a mixture model prepared for identifying dynamic environments. A(t) is then
determined based on the posterior probability of the outlier component [12].

Unlike the previous study, however, in this study we propose a hierarchical Bayesian method to schedule
A(t), utilizing the above illustration of the on-line VB learning. According to Eq. (5), A(t) can be regarded as a
hyperparameter of conditional prior (jétil) in the incremental updates of trial distribution gg. Although A(t) is
not a model parameter, one can still perform an inference on A(t) by seeing it as an unknown hyperparameter.
Let L(x, A(t)) be the denominator of Eq. (5), and then L(x;, A(t)) corresponds to the marginal likelihood of A(t)
given a new observation x;. If prior pg(®) is noninformative, Eq. (6) infers the following: when new observation
x; cannot be explained well under current belief qétil), the marginal likelihood L(a¢, A(t)) becomes large for a
case that A(t) = 0, and hence a noninformative prior is used; on the contrary, when x; can be explained well
under qét_l), L(x;, A(t)) becomes large for a case that A(¢) & 1, and hence the current belief is used. Then, if
the scheduling of A(t) is performed to enlarge the marginal likelihood, it is expected that A(t) becomes low when
the environment changes, while it stays high during stationary periods. According to the hierarchical Bayesian

inference, therefore, the posterior distribution of A(t) is obtained as

L(w, \(1))p(A(1))
JEAA(t) L(we, A(E))p(A(H))

where p(\(t)) is a prior distribution of A(¢t). With this posterior, the actual value of A(¢) is estimated as its

PA(D) | 1) = ; (8)

expectation:

A(t) = / AN() pO(E) | 2)A(H). (9)

Practically, however, it is not so easy to calculate the integrals that appeared in Egs. (8) and (9). In
addition, the evaluation of marginal likelihood L(z¢, A(t)) also involves intractable integral in calculating the
normalization constant of Eq. (6) except for special cases with A(¢) = 0 or 1. In this study, instead of addressing

the integrals over the entire range of A(t) € [0, 1], we evaluate them only at the endpoints, A(t) =0 and 1. The



estimator of A(¢) is thus obtained by

At) = Jo AL, \E)PAMIAE)  Laweqoy L@ AE)PAR)AR) (10)
C[LaA® L, O  Toaweqont L@ AD)PAD)

3 Simulations

3.1 Two-dimensional synthesised data

The basic features of our approach were examined by using synthesized data. A two-dimensional vector ax;
was generated according to Eq. (1) with m = 1 and o, = 1. The number of observations was T' = 600.
True parameter ® was fixed in a short time period but occasionally changed as follows: ® = (5,—1)" for
t=1,...,200, (1,5) for t = 201,...,400, and (—3,3)’ for t = 401,...,600. Prior hyperparameters M, and
Gy were set as My = 0 and Gy = 1 x 10721, so that the prior became nearly noninformative. The initial
hyperparameters of the trial distribution, M, and éo, were randomly set.

Figure 1 shows learning processes in the following three conditions: 1) our new approach; 2) forgetting
factor fixed at A(t) = 0.9 for any ¢; and 3) fixed at A(t) =1 for any ¢. The direction of the estimated principal
component vector is shown in this figure. Here, the estimator of ® was given as its expectation, M. Using
our hierarchical Bayesian scheduling of A(t), the inference exhibited high performance compared to the other
two conditions. Namely, the estimator could alter its value rapidly after environmental changes, while it was
improved in a stationary period as the number of observed data increased. In cases that the forgetting factor
A(s) was set at a constant 1 for all s = 1,...,T (Condition 3), the estimator gradually approached the target
value during stationary periods, but the approach speed was too slow. In contrast, in cases that A(s) was set
at a smaller constant of 0.9 for all s = 1,...,T (Condition 2), the estimator could alter its value in response
to environmental changes, but a high variance remained. Because of this variance, the estimator could not be
improved even when time elapsed in a stationary period.

Next, to see the stability of our new on-line VB learning, the simulation was repeated for 100 runs. The
observed dataset for each run was generated by Eq. (1) individually with a random seed number. Figure 2
shows the learning process (left column) and the estimation error (right column) averaged over 100 runs for
each condition. Although the variance of estimator by our approach was relatively large at the beginning of
each stationary period, compared to the case of \(t) = 0.9, it grew smaller as the stationary period continued.
Estimation error also decreased to zero in our approach, while a small bias remained in the case of A(¢) = 0.9.
In the case of A(t) = 1, the variance of initial values remained throughout the learning process. Figure 3 shows

the value of the forgetting factor averaged over 100 runs scheduled by our hierarchical Bayesian scheme.

3.2 Artificially generated alphabetic characters

Our approach was further evaluated by using a dataset of artificially generated alphabetic characters, consisting
of 600 grayscale images of 5 X 5 pixels. Each image had a feature of 1) ‘A’, 2) ‘B’, or 3) ‘E’. We used the
three binary original images shown in Figure 4 as principal component vectors (n = 25), and generated 200
observations for each original image according to Eq. (1) with o, = 0.2. A learning process consisted of three
stages, each of which corresponded to one of the three features of data; 200 data points for each ‘A’, ‘B’, and ‘E’
were provided sequentially through the three stages. Example observations in the learning, those of time steps
1,51,101,...,551, are presented in Figure 5. In this simulation, prior hyperparameters were set as My = 0
and Gy =1 x 10781, and so the prior was almost noninformative. M, and G, were set randomly.

Figure 6 shows five typical learning processes out of 100 runs; in each the first principal components of time
steps 1,51,101,...,551 are presented. In this figure, time steps 201 and 401 correspond to the changepoints
from ‘A’ to ‘B’ and ‘B’ to ‘E’, respectively. The reversion of black and white occurred in some runs because
the signs of principal component vectors were irrelevant to feature extraction. This result shows that the model

learned appropriate basis in stationary periods, while it could quickly change the basis to assimilate a new



feature when novel inputs were provided. Figure 7 shows estimation error (top panel) and the forgetting factor

(bottom panel) averaged over 100 runs.

4 Discussion

We proposed a new balancing scheme between plasticity and stability of on-line VB learning to address feature
extraction in dynamic environments. A key to this scheme is the dynamic scheduling of the forgetting factor A(t),
as in our previous study [12], while our new scheduling scheme is theoretically justified as a hierarchical Bayesian
inference. This could be done by utilizing the new view of the on-line VB method as an incremental Bayes,
which is one of the contributions of this study. In this view, the learning model no longer explicitly needs the
on-line maintenance of expected sufficient statistics, as in standard on-line VB methods. In addition, the models
do not require explicit usage of an outlier component for novelty detection, as assumed in our previous study.
Our new hierarchical Bayesian scheme naturally combines novelty detection and the adaptive scheduling of A(¢)
according to the novelty information in a principled way. Although the integration required for the hierarchical
Bayesian estimation of \(¢) was intractable and thus approximated simply by summation, simulations showed
that the proposed scheme still works well. In simulations using artificial datasets, the new learning model was
able to quickly and robustly follow the abrupt changes of input statistics to be accommodated to the new inputs,
while the model parameters were improved in stationary periods.

The illustration of the on-line VB method as an incremental Bayesian inference, Eq. (5), is not limited to
the case of PPCA. The incremental Bayes update in Eq. (5) can be employed for many kinds of models with
latent variables, as long as a further factorization of trial distribution of model parameters is not necessary. The
simple learning rule we derived for learning PPCA, Eq. (7), can also be applied to other linear latent variable
models with isotropic Gaussian noise. Extension to allow a general covariance matrix in Gaussian noise is also
straightforward. Such models include generative models of independent component analysis (ICA) [13, 2, 14]
and sparse coding [19, 20]. In a future study, the learning rule, Eq. (7), should be refined to deal with unknown
noise variance (or covariance matrix). When further factorization on the model parameters is assumed, that
is, more than two trial distributions for distinct subsets of model parameters have to be updated in the on-line
VB-M step, however, Eq. (5) cannot be directly applied. In such a case, the mutual dependence of the parameter
trial distributions would be an obstacle to individual updates of consistent trial distributions. This problem can
be resolved by introducing some additional terms to eliminate mutual dependence from the learning rule; such

an investigation remains as our future study.

A On-line VB as an incremental Bayes update

Let ¢, (z,,©) = E,_[logp(z,,y, | ©)] and ¥;(X1,,©) = TL_, (HZZTH )\(s)) ¥y (z,,©) . Eq. (3b) is then

written as

(t) _ exp(Ty(X14,©))po(©)
qG (@ | Xl:t) - fd@ exp(‘l/t(Xl;t,(')))pO(@). (11)

Also, the trial distribution at previous time step ¢ — 1 is given by

(t—1) ~exp(¥y 1 (X141, 0))po(©)
dy (O] Xi4-1) = fd@) eXp(‘I’t71(X1:t71,@))po(@). (12)

We here try to obtain a new estimate at time step ¢, Eq. (11), by only using the previous estimate given

by Eq. (12), prior distribution py, and forgetting factor A(t). Note that the on-line VB-E step performed
between the two maximization steps, Eq. (12) at time ¢ — 1 and Eq. (11) at time ¢, is temporally localized
so that it does not change the past inference of the latent variable and the forgetting factor; trial distribution
g-(y,)(r = 1,...,t — 1) and forgetting factor A(s) (s = 1,...,t — 1) are fixed at time ¢. Eq. (12) thus still
holds after the on-line VB-E step at time ¢, because term ¥y 1 (Xy.4—1,®), which includes the expectations
with respect to ¢, (y,) (t =1,...,t — 1), does not change through the new inference at time step ¢.



The logarithm of the numerator of Eq. (12) is given by

Ui (X1, ©) + logpo(©) = Z < H A(s ) (x7,©) + log po(O) (13a)
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= (24,0) + A(t) Vi1 (X1:4-1,O) + log po (O) (13c¢)
=1 (x4, ©) + A(t) (‘lthl (X1:4-1,©) + log po (@)) + (1= A(t))logpe (©).  (13d)

Then, Eq. (12) is written as

exp (djt (wt; G))) (eXP (\I’t—l (Xlzt—l, @))po (@)) A(t)po (@)1—)\(“

qét)(@ | X1.4) = G o (14)
J d® exp (11 (21, ©)) (exp (Vi1 (X10-1,0))p0 (©)) " po (€)'
The denominator of Eq. (12) does not depend on ®, and then
190 | Xuay = P4 (@,0) 6™ (O] Xia-)* o (€)' (159)
Jd® exp (P (x1,0)) g P (O | X1 1) pp (€)'
exp (Y (@1,©)) @ (O | X1—1:A(1)) (15b)

[ d®exp (vr (2:,0)) 3 T (O | Xuw—15 A1)

This is identical to the updating equation, Eq. (5), which is a special case of the incremental Bayes.
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FIGURE LEGENDS 12

Figure Legends

Figure 1 Direction of estimated principal component vector in a single trial. Horizontal axis denotes time step
t. Panels show the estimator in three cases: 1) A(t) is controlled by our new scheduling scheme; 2) A(¢) = 0.9;

and 3) A(t) = 1. Only the direction of the principal component vector, the angle from the z;-axis, is shown. ‘o

represents the real value in each time step.

Figure 2 Direction of estimated principal component vector (left column) and estimation error, i.e., the angle
between estimated vector and the true one (right column). We performed 100 runs by individually preparing
100 different datasets to learn. In the right column, the solid line denotes average over 100 runs, and the dark
shade represents errorbar (standard deviation).

Figure 3 Forgetting factor A(t) averaged over same 100 runs as in Figure 2.

Figure 4 Original binary images corresponding to alphabetic characters, ‘A’ ‘B’, and ‘E’, from left to right.
These images were used as principal component vectors in the generative model, Eq. (1), to generate artificial
datasets.

Figure 5 Example observations in learning from time steps 1,51,101,...,551 from right to left.

Figure 6 Five typical learning processes out of 100 runs, in each of which the first principal components of

time steps 1,51,101,...,551 are presented.

Figure 7 Estimation error (top panel) and forgetting factor (bottom panel) averaged over 100 runs.



