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Abstract

In this dissertation, we discuss algorithms for independent set in some
kinds of graphs and its applications.
~ This dissertation consists of 5 Chapters, and a representation diagram for
maximal independent sets of a co-comparability graph is taken up in Chap-
ter 1, and algorithms for generating maximum weight independent sets in
intersection graphs are described in Chapter 2, and Chapter 3 and Chaper 4
describe online edge-coloring algorithms for degree bounded bipartite graphs,
and application of transitive graph for education support system in Chapter
5. '

We are discussing the relation of each chapter from a common problem of
independent set respectively. The outline of each chapter is described here.
Chapter 1 : Let H = (V(H), E(H)) be a directed graph with distinguished
vertices s and t. An st-path in H is a simple directed path starting from s and
ending at t. Let P(H) be defined as {S | S is the set of vertices on an st-path
in H (s and t are excluded)}. For an undirected graph G = (V(G), E(G))
with V(GQ) C V(H) — {s,t}, if the family of maximal independent sets of
G coincides with P(H), we call H an MIS-diagram for G. In this chapter,
we provide a necessary and sufficient condition for a directed graph to be
an MIS-diagram for an undirected graph. we also show that an undirected
graph G has an MIS-diagram iff G is a cocomparability graph. Based on the
proof of the latter result, we can construct an efficient algorithm for gener-
ating all maximal independent sets of a cocomparability graph.

Chapter 2 : In this chapter we propose an algorithm for generating maxi-
mum weight independent sets in a circle graph, that is, for putting out all
maximum weight independent sets one by one without duplication. The time
- complexity is O(n? + (), where n is the number of vertices, 3 output size,
i.e., the sum of the cardinalities of the output sets. It is shown that the
same approach can be applied for spider graphs and for circular-arc overlap
graphs.
Chapter 3 : we consider an edge coloring game of a graph by two persons
who are an adversary and an edge-painter. The former strategy is to add
or to delete edges in the graph successively. The strategy is called input.
The latter colors the edge as soon as an edge is added in the graph. Then
it is never changed the color of edges colored. The latter is not given any
further information of the adversary’s. we call the coloring strategies of the
painter online edge-coloring algorithm. In this chapter the painter is allowed
arbitrary amount of colors and colors all of edges added in the graph. A



maximum ratio which is a ratio between the number of colors used of an
online edge-coloring algorithm A for adversary’s family of input and that of
offline edge-coloring algorithm is called a competitiveness coefficient of an
online edge-coloring algorithm A. we have proved that a competitiveness
coefficient of arbitrary randomized online edge-coloring algorithm is greater
than 2%?1 where & is maximum degree.

Chapter 4 : A kind of online edge-coloring problems on bipartite graphs is
considered. The input is a graph ( typically with no edges) and a sequence of
operations (edge addition and edge deletion) under the restriction that at any
time the graph is bipartite and degree-bounded by k, where k is a prescribed
integer. At the time of edge addition, the added edge can be irrevocably
assigned a color or be left uncolored. No other coloring or color alteration
is allowed. Coloring can be done only at the time of addition of the edge;
no color can be assigned afterward (unless the edge is once deleted). The

problem is to assign colors as many times as possible using k colors. Two al-
gorithms are presented: one with competitiveness coefficient %, and one with

competitiveness coefficient between i— and % with the cost of requiring more

random bits than the former algorithm, also against oblivious adversaries.
Chapter 5 : It is reported an education support system to take required

_ credits from entrance to graduation in a college. This system is applied by

a directed graph that subjects are vertices and relations among subjects are
edges. we present an st-digraph that entrance and graduation are vertex s
and vertex t respectively and subjects from the entrance to the graduation
are vertices. These relations among sub jects are transitive by adding some
edges. Then, if there are minimal st-separators of the st-digraph, those are
the required credits from entrance to graduation. we propose a method to
decide the required credits for graduation.

keywords:

independent set, comparability graph, intersection graph, competitiveness
coeflicient, education support system
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0 Introduction

An independent set of a graph is a set of vertices no two elements of which
are adjacent. An independent set is called maximal if it is contained in
no other independent set (abbreviated as MIS). An independent set with
maximum cardinality is called a maximum independent set . For a vertex-

weighted graph, a maximum weight independent set (abbr. MWIS) is an

independent set which has the maximum weight among all independent sets. '
A generation problem for a graph is a problem of finding all the subgraphs
of a given graph each of which has some prespecified property. Several kinds
of generation problems have been considered for various classes of graphs
1)~

Let H = (V(H), E(H)) be a directed graph with distinguished vertices s
and t. An st-path in H is a simple directed path starting from s and ending
at ¢t. Let P(H) be defined as {S | S is the set of vertices on an st-path
in H (s and t are excluded)}. For an undirected graph G = (V(G), E(G))
with V(G) C V(H) — {s,t}, if the family of maximal independent sets of G
coincides with P(H), we call H an MIS-diagram for G.

In Ref. [4], it is shown that any interval graph has an MIS-diagram that
is an acyclic digraph (abbr. a dag). The result is extended to the vertex-
weighted case in Ref. [6].

For an undirected graph G, if we can construct an acyclic MIS-diagram
for G, the problem of generating all MIS’s of G becomes that of generating
all the st-paths in a dag, which is a quite easy task. This fact motivates us
to study MIS-diagrams for undirected graphs. In chapter 1, we consider the
following two problems:

Problem 1: What kind of digraphs can be MIS-diagrams?
Problem 2: What kind of graphs have MIS-diagrams?

‘In chapter 1, we provide a necessary and sufficient condition for a directed
graph to be an MIS-diagram for an undirected graph. we also show that an
undirected graph G has an MIS-diagram iff G is a cocomparability graph.
Based on the proof of the latter result, we can construct an efficient algorithm
for generating all maximal independent sets of a cocomparability graph.

A circle graph is an intersection graph defined on a set of chords in a cir-
cle: there exists an edge between two vertices iff their corresponding chords
intersect. The circle graphs were introduced by Even and Itai in [13], and
since then, many problems have been studied on them. Problems of maxi-
mum independent set, maximum clique, Hamiltonian circuit, and recognition
can be solved in polynomial time for circle graphs [12, 14, 9, 10]. On the other .
hand, it is known that coloring and domination problems on circle graphs
are NP-complete [16, 18]. :



Generation algorithms have been investigated for many years; cycle gen-
eration, cutset generation, maximal independent set generation, clique gen-
eration, etc. For maximal-independent-set generation of arbitrary graphs,
the fastest algorithm to date takes O(nma) time, where n is the cardinality
of the vertex set, m the cardinality of the edge set, and a the number of
maximal independent sets generated [1]. For particular graphs, much more
~efficient algorithms are known. In chapter 2, we propose an algorithm for
- generating maximum weight independent sets in a circle graph, that is, for
putting out all maximum weight independent sets one by one without dupli-
cation. The time complexity is O(n®+ 3), where n is the number of vertices,
3 output size, i.e., the sum of the cardinalities of the output sets. It is shown
that the same approach can be applied for spider graphs and for circular-arc
overlap graphs.

Vertex- or edge- coloring of a graph is to assign colors to vertices or
edges in such a way that no two vertices or edges with the same color are
adjacent. There seem to exist two types of coloring problems: ”assignment
maximization type” in which the number of available colors is prespecified
and the objective is to maximize the number of vertices or edges that are
assigned colors, and ”color minimization type” in which the objective is to
minimize the number of colors used to color all vertices or edges.

In resent years, online versions of existing problems have been considered,
among them are the online versions of these coloring problems.

Competitive analysis of vertex coloring problems of both color minimiza-
tion type and of assignment maximization type are reported [20], [21]. But
in [20], for randomized online edge-coloring algorithm, the outcome was only
shown briefly, however the proof was imperfect. In chapter 3, we have
proved that the competitiveness coefficient of arbitrary randomized online
edge-coloring algorithin is greater than 3’-“,{—1 where k is maximum degree.
Competitive analysis on edge coloring problems of assignment maximization
type seems not to have been reported. In chapter 4, we concentrate on on-
line edge coloring problems of this type in which the graph is subjected to
operations of both edge addition and edge deletion such that at any time
the graph has some special properties: 1) the graph is bipartite with pre-
specified bipartition, and 2) maximum degree of vertices is not more than
a prespecified integer k. Such a property is related to assignment problems

on some switching network. We consider only the case in which the number

of available colors is equal to k. The problem is to assign colors as many
times as possible using k& colors. Two algorithms are presented: one with
competitiveness coefficient %, and one with large competitiveness coefficient
( which is between 1 and } ) but needs more random bits than the former
one random bit per one edge addition on the fly ).
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The research of the structure of the graph concerning the independent set
is described up to the above-mentioned Chapter 4. In Chapter 5, the applied
problem with the research of the above-mentioned is taken up. Here, the
above-mentioned graph structure is used for the education support system for
students to take required credits from entrance to graduation in the academic
education etc. This system is applied by a directed graph that sub jects are
vertices and relations among subjects are edges. There is an st-digraph that
entrance and graduation are vertex s and vertex ¢ respectively and subjects
from the entrance to the graduation are vertices. These relations among
subjects are transitive by adding some edges. Then, if there are minimal st-
separators of the st-digraph, those are the required credits from entrance to

- graduation. It is proposed the algorithm to which such minimal st-separators

were obtained the required credits for graduation.




1 A Representation Diagram for Maximal In-
dependent Sets of a Graph

1.1 Introduction

A generation problem for a graph is a problem of finding all the subgraphs
of a given graph each of which has some prespecified property. Several kinds
of generation problems have been considered for various classes of graphs
[1]~[7).

Let H be a directed graph (a digraph, for short) with distinguished ver-
tices s and t. An st-path in H is a simple directed path starting from s and
ending at t. Let P(H) be defined as {S | S is the set of vertices on an st-path
in H (s and t are excluded)} . For an undirected graph G = (V(G), E(G))
with V(G) C V(H) — {s,t}, if the family of maximal independent sets (ab-
breviated as MIS’s ) of G coincides with

P(H), we call H a representation diagram for MIS’s of G, or an MIS-
diagram for G.

In Ref. [4], it is shown that any interval graph has an MIS-diagram that
is an acyclic digraph (abbr. a dag ). An example is given in Figure 1. The
result is extended to the vertex-weighted case in Ref. [6].

- For an undirected graph G, if we can construct an acyclic MIS-diagram for
G, the problem of generating all MIS’s of G becomes that of generating all
the st-paths in a dag, which is a quite easy task. This fact motivates us to
study MIS-diagrams for undirected graphs. In this section, we consider the
following two problems:

Problem 1: What kind of digraphs can be MIS-diagrams?

Problem 2: What kind of graphs have MIS-diagrams?

This section is organized as follows: Sect. 1.2 defines several terms and
notations. Sect. 1.3 provides necessary and sufficient conditions for both of
the above problems. Sect. 1.4 introduces a diagram to represent all the max-
imum weight independent sets of a vertex-weighted graph. Finally, Sect. 1.5
concludes this section.

1.2 Preliminaries

In this section, a directed graph is called a digraph, whereas an undirected
graph is simply called a graph. An undirected edge between vertices u and
v is denoted by (u,v). A directed edge from u to v is denoted by (u — v).
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Figure 1: (a)A familyn of intervals, (b)the coresponding interval graph G
(vertex v; corresponds to interval I; for i =1,2,...,6), and (c)an MIS-diagram

for G.
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For a graph or digraph G, V(G) and E(G) denote the set of vertices and
that of edges, respectively, of G. For graphs or digraphs G = (V(G), E(G))
and H = (V(H),E(H)), GN H denotes the intersection of G' and H, i.e.,
the graph or digraph (V(G) NV (H), E(G) N E(H)). Similarly, G U H is the
union of G and H.

For a digraph G, the underlying graph of G is the graph obtained from
G by replacing each directed edge (u — v) with an undirected edge (u,v).
Note that parallel edges may result. A digraph is said to be connected if
its underlying graph is connected. A connected component of a digraph is
similarly defined.

In a digraph G, if the number of edges coming into vertex v is 0, then v
is called a source of G. On the other hand, the number of edges going out of
v is 0, v is called a sink of G.

A digraph is said to be transitive if the existence of two edges (u — v)
and (v — w) implies the existence of edge (v — w). A graph is a compa-
rability graph if the edges can be oriented so that the resultant digraph is
transitive. Furthermore, such an orientation is called a transitive orientation.
A comparability graph may be called a transitively orientable graph.

The complement G€ of a graph G is the graph with vertex set V(G)
~ and complementary edge set: for two distinct vertices u and v in V(G),
GC has edge (u,v) iff G has not. A graph is a cocomparability graph if its
complement is a comparability graph. _

A set of vertices in a graph is called an independent set if no two vertices
in it are mutually adjacent. An independent set which is not contained in
any other independent set is called a maximal independent set, which is
abbreviated as MIS in this section.

A set S of vertices is called a clique if any two vertices in it are mutually
adjacent. Note that S is a clique of G iff it is an independent set of G°.

In a digraph, a directed walk is a sequence of vertices and edges
(v1,e1,v9, €2, , €k, Vks1) such that e; is an edge from v; to vy for 2 =
1,2,-++,k. A directed walk is called a directed path if no vertex appears
more than once. A directed walk is called a directed cycle if no vertex
appears more than once except that the first and last vertices are the same.
A digraph which has no directed cycle is called an acyclic digraph (abbr. a
dag). '

We consider that directed paths and directed cycles are subgraphs of
the original graph: specifying the set of vertices and that of edges suffices
for determining a directed path or a directed cycle. Thus, for a directed
path P, we denote by V(P) and E(P) the set of vertices and that of edges,
respectively, on P. Similar notations are used for directed cycles.

For a directed path P passing through vertices u and v in this order,

6
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P(u — v) denotes the directed path from u to v that traverses vertices and
edges as in P. Similarly, for a directed cycle C, C(u — v) represents the
portion of C' from u to v. In particular, C(u — «) means a graph with only
one vertex u.

A graph G is said to cover another graph G’ if G’ is a subgraph of G.
Moreover, a set F' of graphs is said to cover G' if every vertex and edge of G’
belongs to some graph in F'. In this section, we are mainly concerned with
the case in which a graph is covered by a set of directed paths.

1.3 Conditions for MIS-diagrams

In this section, we answer Problems 1 and 2.

- We first consider Problem 1. Let H be a digraph with distinguished
vertices s and ¢. As defined in Sect. 1, P(H) = {V(P) — {s,t} | P is an
st-path in H} . H is an MIS-diagram for a graph G if the family of MIS’s of
G coincides with P(H). ‘

We say that H is st-full if each vertex is on some st-path and also each
edge is on some st-path. A maximal st-full subgraph of H is the subgraph
of H which is st-full and is maximal with respect to this property. Figure
2 shows an example, where the dotted lines indicate the edges not in the
maximal st-full subgraph.

Figure 2: An example of maximal st-full subgraph

Note that the maximal st-full subgraph of H is unique.
The following lemma is trivial.
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Lemma 1.1 H is an MIS-diagram for a graph G iff the mazimal st-full
subgraph of H 1is an MIS-diagram for G. O

Therefore, in what follows, we assume that H itself is st-full.
In order to show a condition for an st-full digraph to be an MIS-diagram,
I start with the following lemma.

Lemma 1.2 Suppose that H has a directed cycle. Then H has o directed
cycle that is covered by a set of two st-paths.

Proof Let C be one of the directed cycles of H which is covered by the
minimum number of st-paths Py, Py,-+- , Py in H. we assume on the con-
trary that k > 3. Clearly, for i = 1,2,---,k, the set of directed paths
{P, P, , P} — {F;} does not cover any cycle in H. Let i be an arbi-
trary integer such that 1 < i < k. In the following, I make use of the
expression “the first vertex of P, on C” to mean the vertex on C which is
met first when traversing P; from s. “The last vertex of P; on C” is similarly
defined. Let the connected components of digraph C N P; be C},CF, -+, C{™.
For j =1,2,-++ ,my, C} is a directed path and may be an isolated vertez in
C N P,. Without loss of generality, assume that C} contains the first vertex
of P; on C and that C},C2,- -+ ,C™ appear on C in this order when tracing
C in the direction of the edges.
Now we have the next “fact”.
Fact: C},C?,--- ,C™ appear in this order when traversing F; from s to t.
Proof of Fact: Suppose on the contrary that C},C?,--- ,Ci™ do not appear
in this order on P;. By the definition of C}, C} appears first. Thus, there
exist integers j and | such that C},C?,--- ,C! appear in this order and C!
(1 > j+2) appears next. Letu be the last vertez of C1 and let v be the first
vertez of C!. Because P; passes v before u and C contains a directed path
from u to v, P;UC(u — v) contains a directed cycle, say C'. Since any edge
on C(u — v) is not on P;, the union of Py, Py;+++ , Pi1, Pi1, Piya, - , P
contains a directed walk, say P', from s to t which covers C(u — v). P’
should be an st-path because {P1,Py,--- , P} — {P} does not have any di-
rected cycle as mentioned before. Therefore, the directed cycle C" is covered
by {P;, P'}, contradicting that k > 3. (end of proof of Fact)
From this "fact”, by changing the portion of P; between C? and CIt with the
portion of C' between C? and Cij +1 we obtain another st-path. By performing
such an operation as long as possible, we can assume that CNF; is connected
fori=1,2,--- k.

As {Py, Py, -+ , Py} covers C, we can assume that CN Py and CN Py
have a common vertex (change suffiz if necessary). By the definition of



Py, Py,--+ | B, none of CNP; and C'N P, contains the other. Thus, without
loss of generality, we assume that the last vertex of Py on C appears after the
last vertez of P, on C, when traversing C' from the first vertes of Py on C.
Let v' be the first vertex of Py on C and let v" be the last vertex of Py
on C. Due to the assumption that k > 3, P, U P, does not contain directed
cycles. Thus, combining Py(s — v'), C(v' — v") and P,(v" — t), we have
an st-path, say P'. Obviously, {P', Py, Py, -+ , P} covers C, which is a
contradiction to the definition of k. O

- Theorem 1.1 An st-full digraph H is an MIS-diagram only if H has no

directed cycle.

Proof Suppose that H has a directed cycle and at the same time is an
MIS-diagram of a graph G. From Lemma 1.2, there exist a directed cycle
C and two st-paths P, and P, such that {P,, P} covers C. By the same
argument as the one in the proof of Lemma 1.2, we can assume that C N P,
is connected. Let vy be the first vertex of P, on C and let vy be the last vertex
of P, on C ( the meanings of these terms “first” and “last” are the same as
those in the proof of Lemma 1.2 ). Also let vs be the last vertex of Py on
C. Since Py covers C(vy — vy), vs € V(Pi(vy — v3)) — {v2}. Combining
Py(s — vy), C(vy — v3) and Py(vs — t) results in a directed walk from s
to t, each of whose vertices and edges belongs to P, or P,. Obviously, this
directed walk contains an st-path, say P'. As H is an MIS-diagram for G,
P' must correspond to an MIS of G. In what follows, we show that this is

“not the case.

Each of P, and Py corresponds to an MIS of G. Furthermore, vy is on both P,
and P. Thus, G has no edge that connects vy to a vertex in V(P,)UV(Py) —
{s,t}. As mentioned above, V(P') C V(P) UV (P). Since vy & V(P'), P’
cannot correspond to an MIS of G. O

- Here we define two terms for an st-full digraph H. An edge (u — v) in
H is called a redundant edge if H has a directed path from u to v with more
than one edge. The transitive closure of H, which we denote by H7, is the
graph such that V(H?) = V(H) and E(H") = {(u — v) | H has a directed
path from u to v}. Clearly HT is a transitive graph.

Theorem 1.2 Suppose that H is an st-full digraph that has no directed cy-
cles. Then H is an MIS-diagram iff H has no redundant edges.

Proof (only if part)
If H has a redundant edge, there exist two st-paths P; and Py such that V(P,)
is a proper subset of V(P,). Then Py cannot correspond to a maximal set.

9



(if part) |
Suppose that H has no redundant edges. Let G' be the underlying (undirected)
graph of HT and let G” be the graph obtained from G' by deleting s and t.
Moreover, let G be the complement of G". Figure 3 shows an examlpe of
these graphs or digraphs. '

Note that V(G) = V(H) — {s,t}.

Let F(G) be the family of all MIS’s of G. we show below that H is an MIS-
diagram for G, that is, F(G) = P(H).

For any two distinct st-paths Py and Py in H, V(P1) # V(P,) because H is
acyclic. Let P be any st-path in H. Let Vy(P) denote V(P) — {s,t}. By the
definition of G', Vu(P) is a clique of G', and thus it is an independent set
of G. Assume that Vy(P) is not an MIS of G. Then there exists a vertez v
in V(G) — Vu(P) such that {v} U Vu(P) is an independent set of G. This
means that, in G', v is adjacent to every vertez in Vy(P): every verter on
P (including s and t) has an edge directed to v or directed from v in HT.
Thus there exist two vertices u and u' on P such that v is next to u on P
and there are two edges (u — v) and (v — o) in HT (u or v’ may be s or
t). By the definition of transitive closure, H has a directed path from u tov
and a directed path from v tou'. As a whole H has a directed path from u to
o with more than one edge. Thus edge (u — u') in H is a redundant edge,
a contradiction. Consequently, for any st-path P in H, Vy(P) is an MIS of
G. Therefore, F(G) 2 P(H).

Let D be any MIS of G. D is a clique of G'. As 1s known [8], a complete
directed graph has a Hamiltonian path. So H T has a directed path passing '
through all vertices of D. By the definition of transitive closure, this implies
that H has a directed path passing through all vertices in D. Because H is st-
full and acyclic, all vertices of D is on an st-path in H, say P'. As described
above, Vi (P') is an MIS of G, and hence D = Vu(P'). Thus, F(G) € P(H).
[

We are now ready to answer Problem 1. Combining Lemma 1.1 and
Theorems 1.1 and 1.2, we obtain the following Theorem.

Theorem 1.3 A digraph H is an MIS-diagram iff the mazimal st-full sub-
graph of H has neither directed cycles nor redundant edges. a

As for Problem 2, we have the following Theorem.

Theorém 1.4 A graph G has an MIS-diagram iff G is a cocomparability
graph.

10
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Proof (only if part) :
Suppose that G has an MIS-diagram H. By Lemma 1.1, we may assume that
H is st-full. Let G' and G" be defined as in the proof of Theorem 1.2. It is
clear that V(H) C V(G) U {s,t}. Furthermore, since any vertex v € V(G)
is an element of at least one MIS of G, v is contained in V(H). Therefore,
V(H) = V(G) U {s,t}, and hence V(G) = V(G").

For any two vertices u,v € V(G), if (u,v) € E(G) then G has an MIS that
contains both uw and v. In this case, HT has (u — v) or (v — u), and hence
(u,v) € E(G"). On the other hand, if (u,v) € E(G), then H" has neither
(u — v) nor (v — u), and hence (u,v) ¢ E(G"). Thus, G" is the complement
of G. G' and G" ‘are comparability graphs because they are made from the
transitive closure H” . Therefore, G is a cocomparability graph.

(if part)

If G is a cocomparability graph, we can construct an MIS-diagram for G in
the following manner:

step 1: Make the complement GC of G.

step 2: Give a transitive orientation to the edges of G°.

step 3: Eliminate all redundant edges. Lel Viource and Vi be the set of
sources and sinks, respectively, of the resultant digraph.

step 4: Create a new source s and add edge (s — z) for each £ € Viource-
Similarly, create a new sink t and add edge (y — t) for each y € V. O

Since any interval graph is a cocomparability graph [9], this result is an
extension of a portion of Ref. [4]. Note that the latter half of the proof of
Theorem 4 is constructive. It is known that the computation of the transitive
orientation (step 2) and the elimination of redundant edges (step 3) both
can be executed in polynomial time [10, 11]. Therefore, an MIS-diagram
of a cocomparability graph can be created in polynomial time. Then, we
can generate efficiently all MIS’s of the graph by finding all st-paths in the
MIS-diagram. ' :

1.4 Diagrams for maximum weight independent sets

Let G be a graph such that each vertex v € V(G) is given a positive weight
w(v). An independent set of G is called a maximum weight independent set
(abbreviated as an MWIS) if the sum of weights of its vertices is the largest
among all of the independent sets of G. We are to construct a diagram to
represent all MWIS’s (not MIS’s) of G. We call such a diagram an MWIS-
diagram for G. An example is depicted in Figure 4.
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Figure 4: (a)A weighted graph G (the numbers in parentheses show vertex
weights), and (b)an MWIS-diagram for G.

An MWIS-diagram does not always contain all vertices in V(G).

As weights are all positive, any MWIS is an MIS. If an st-full MIS-diagram
H is at hand, an MWIS-diagram can be obtained as follows.

We set the weights of s and ¢ to be 0. For each vertex v, let L(v) be the
maximum among the sum of weights of vertices on a directed path from v to
tin H. ‘

Beginning with L(¢) = 0, L(-) can be calculated easily because H is
acyclic. Then eliminate all edges (v — u) such that L(v) > L(u) 4+ w(v). It
is straightforward to prove that the resultant digraph is an MWIS-diagram.
Therefore, the next Theorem follows from Theorem 1.4.

Theorem 1.5 Suppose that each vertez in graph G has a positive weight. If
G s a cocomparability graph, then it has an MWIS-diagram. O

It should be noted that a graph which has an MWIS-diagram is not
necessarily a cocomparability graph. See Figure 5.

1.5 Conclusion

In this section, we provided a necessary and sufficient condition for a di-
graph to be an MIS-diagram for an undirected graph, and then showed that
an undirected graph G has an MIS-diagram iff G is a cocomparability graph.
We also presented a simple method for obtaining MWIS-diagrams from MIS-
diagrams for positively weighted cases. Based on these results, we can gener-
ate efficiently all MIS’s or MWIS’s of cocomparability graphs. As mentioned
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Figure 5: (2)A graph that is not a cocomparability graph, and (b)its MWIS-
diagram.

before, every interval graph is a cocomparability graph. Thus, our results
are extensions of the pertinent parts of Refs. [4] and [6].

The following problems are still open: -
. What kind of digraphs can be MWIS-diagrams?
. What is a necessary and sufficient condition for a weighted graph to have
an MWIS-diagram?
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2 Algorithms for Generating Maximum Weight
Independent Sets in Circle Graphs, Circular-
Arc Overlap Graphs, and Spider Graphs

2.1 Introduction

An independent set of a graph is a set of vertices no two elements of which are
adjacent. An independent set is called maximal if it is contained in no other
independent set. An independent set with maximum cardinality is called a
maximum independent set. For a vertex-weighted graph, a maximum weight
independent set (abbreviated as MWIS) is an independent set which has the
maximum weight among all independent sets. Generation of a certain family
of sets is to put out all the sets in the family one by one without duplication.

A circle graph is an intersection graph defined on a set of chords in a cir-
cle: there exists an edge between two vertices iff their corresponding chords
intersect. The circle graphs were introduced by Even and Itai in [13], and
since then, many problems have been studied on them. Problems of maxi-
mum independent set, maximum clique, Hamiltonian circuit, and recognition
can be solved in polynomial time for circle graphs [12, 14, 9, 10]. On the other
hand, it is known that coloring and domination problems on circle graphs
are NP-complete [16, 18].

‘Generation algorithms have been investigated for many years; cycle gen-
eration, cutset generation, maximal independent set generation, clique gen-
eration, etc. For maximal-independent-set generation of arbitrary graphs,
the fastest algorithm to date takes O(nma) time, where n is the cardinality
of the vertex set, m the cardinality of the edge set, and a the number of
maximal independent sets generated [1]. For particular graphs, much more
efficient algorithms are known. Generation of maximal independent sets of
an interval graph, of a circular-arc graph, and of a chordal graph can be done
in time O(n? + ), O(n® + B), O((n + m)a), respectively, where n, m and
o are the same as that mentioned above and ( is the sum of the cardinal-
ities of the maximal independent sets, i.e., the output size [4]. The former
two algorithms run in time O(polynomial of input size + output size). As
any generation algorithm takes 2(8) time, such algorithms are, in a sense,
optimal. we call such algorithms as pseudo-linear or output-sensitive. For
interval graphs, an output-sensitive generation algorithm for MWIS’s is also
known[6]. For circle graphs, no output-sensitive generation algorithm has
been known for maxmal independent sets. Furthermore, although an MWIS
can be found efficiently by the same method given in [14], no efficient gener-
ation algorithm for MWIS’s has been reported.
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In this section we show that a simmple combination of the MWIS gen-
eration algorithm for interval graphs in [6] and the algorithm in [14] for
finding a maximum independent set of a circle graph leads to an O(n® + B)
time algorithm to generate MWIS’s of a circle graph with positive vertex
weights. Spider graphs and circular-arc overlap graphs are super classes of
circle graphs [7, 1]. We show that output-sensitive generation algorithms for
MWIS’s of these graphs can be obtained in a similar way.

2.2 Preliminaries

For a graph G with vertex weight attached to every vertex, the weight of
a set of vertices is defined to be the sum of weights of vertices in the set.
An induced subgraph of G defined on a set S of vertices is the subgraph of
G obtained by deleting vertices other than S (and also deleting pertinent
edges).

For a family F of sets, a graph G is called the intersection graph with (or
of or on) model F' if there exists a one-to-one correspondence between the
vertex set of G and the family F' such that two vertices are adjacent iff the
corresponding sets have non-empty intersection. Similarly, for a family F' of
sets, a graph G is called the overlap graph of F' if there exists a one-to-one
correspondence between the vertex set of G and the family 'F such that two
vertices are adjacent iff the corresponding sets overlap, i.e., have non-empty
intersection and none contains the other. '_

An intersection graph of a family of chords in a circle is called a circle
graph. The corresponding family of chords is called the circle model.

An intersection graph of a family of intervals on the real line (i.e., an
interval intersection graph, so to say) is called an interval graph. Similarly,
an overlap graph of a family of intervals on the real line is simply called an
overlap graph. It is known that circle graphs are equivalent to overlap graphs
[14]. It is shown in [14] that the size of a maximum independent set of an
overlap graph is equal to the weight of an MWIS of an interval graph defined
on the same interval model, with suitably defined vertex weight. Utilizing
this fact, an MWIS of a circle graph, given its circle model, can be obtained
by using an MWIS algorithm for interval graphs.

For a graph G, V(G) denotes the set of vertices of G and & (G) the set of
edges. we call a digraph an st-dag (directed acyclic graph) if it is acyclic and
has only one source s and only one sink £, where a source is a vertex with no
incoming edges and a sink with no outgoing edges. An st-path is a directed
path starting from s and ending at ¢. For an st-dag D, let P(D) denotes

the set of st-paths on D, and let S(D) o {the set of vertices on P —
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{s,t} | P € P(D)}. we call D the diagram for S(D). With diagram D
at hand, generation of S(D) is a quite easy task; note that S(D) can be
generated efficiently by usual backtracking method, in time proportional to
~ the output size. It is shown in [6] that, for an interval graph G, there exists a

. diagram for the family of MWIS’s of G, and such a diagram can be obtained in

 O(n?) time, where n is the cardinality of V(G). Below we briefly describe the
method of [6] for convenience. Given a weighted interval graph G with model
Z, first find a diagram for maximal independent sets of G by the method of [4]
as follows: For each vertex u of G, let I,, denote the corresponding interval
in Z. We add new interval I, at the far left of Z and new interval I; at
the far right, and temporarily consider s and ¢ are vertices of the interval
graph. For two vertices u and v in G, give a directed edge from u to v
iff a) v and v are not adjacent, b) I, is placed to the right of I, in Z, and
¢) no interval which dose not intersect I, nor I, is placed between I, and
I,.The resulting st-dag is a diagram for maximal independent sets of G.
Then eliminate unnecessary edges so as to make the resulting directed graph
become a diagram for MWIS’s of G. This can be done because all weights
are positive. For example, let G be the interval graph shown Figure 6 (a);
the weight of vs is 2, weights of other vertices are all 1. Figure 6 (b) is a
model for GG, with imaginary intervals I, and I; added. Figure 6 (c¢) shows a
diagram for maximal independent sets of G. And finally, Figure 6(d) shows a
diagramfor MWIS’s of G. Note that source s and sink ¢ are not introduced in
[14] and [6]. In what follows, every diagram we describe is that for MWIS’s of
- some interval graph (say H). Thus we call such a diagram simply a diagram
for H (omitting the family of sets it represents).

2.3 Generation of maximum weight independent sets
of a circle graph

Given a circle graph, a corresponding circle model can be efficiently obtained
[10]. As is stated before, a circle graph is an overlap graph. Given a circle
model for the circle graph, an interval model for the corresponding overlap
graph can be obtained efficiently [14]. In the following we are concerned
mainly with interval models, so we will use the term overlap graph rather than
circle graph. Thus, in this section, we assume that we are given an overlap
graph G with positive vertex weight wt(-) and its interval model Z. Also
we assume that all the end points of intervals are distinct. For convenience,
we use “vertices” and the corresponding “intervals” interchangeably. For
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Figure 6: (a)An interval graph G, weight of vs is 2 and weights of other
vertices are all 1, (b)model for G, with I, and I; added, (c)a diagram for
maximal independent sets in G, and (d)a diagram for MWIS’s of G.
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example, the interval corresponding to vertex v will be called interval v, and
for a set of vertices X, interval u in X means the interval corresponding to
vertex u in X. The same applies for interval graphs.

An induced subgraph H of G is also an overlap graph. By deleting, from
the model for GG, intervals other than that corresponding to vertices in H, we
obtain a model for H. In the following, by the term “model for an induced

subgraph of G” we mean the model obtained in this way. Generally, for an
“induced subgraph H of G, let H denote the interval graph defined on the
same set of intervals that H has as its model. In particular, G is the interval
graph with model Z.
For a vertex v, let

cover(v) o {u € V(G) | interval u is contained in interval v,u # v}.

Let G, denote the induced subgraph of G defined on cover(v). Let wt'(v) be
a new weight of v defined as follows:

W wt(v) + the weight of an MWIS of G,.

wt' (v)
Thus there are two kinds of weights, and MWIS’s for these two weights will be
considered in the following. To avoid confusion, MWIS with respect to weight
wt'(+) is denoted by MWIS(wt’); MWIS for wt(-) is simply denoted by MWIS
as before. For an independent set ) of GG, the top-layer set of () is defined to
be the set {v € Q | no interval x in Q properly contains interval v}. Then
the following two lemmas are immediate consequences of the definitions of
wt'(+) and the top-layer set.

Lemma 2.1 Suppose that {vy,vs,--- , v} is an independent set of G. Then,
- Avy,vg, - u U U (an MWIS of Gy,) is an independent set of G whose
weight (with respect to wt(-)) is S r_, wt'(v;).

Lemma 2.2 The weight of an independent set Q of G (with respect to wt(-))
does not exceed the sum of the weight wt'(-) of vertices in the top-layer set of

Q.

By these lemmas, we have the following Theorems. The proofs are rather
straightforward and so are omitted. Unweighted version of Theorem 2.1 is
in [14].

Theorem 2.1 Suppose that {vy,vq, - ,v,.} is an MWIS(wt’) of G.
Then, {vy, v, , 0.} UUi_,(an MWIS of G,,) is an MWIS of G.
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Theorem 2.2 Let Q be any MWIS of G, and let A be the top-layer set of
Q. Then A is an MWIS(wt’) of G, and, for any v in A, QN G, 1 an MWIS
of Gy.

Theorem 2.3 For two distinct MWIS(wt’)’s X and Y of G, where X =
{$1,$2, e 7$T} and Y = {ylv Y2, 7yq}7

XU, (an MWIS of Gy,) cannot coincide withY YU, (an MWIS of Gy;)
Jor any choices of MWIS’s of Gu, and of Gy,

For a set X of vertices, let Gx denote the induced subgraph of G defined
on the set {v € V(G) | some interval in X contains interval v}. Actually,
in what follows, we only encounter Gx’s such that X is an independent set
in the interval graph G. Thus Gy will be some disjoint union of G,’s.

The above Theorems lead to the following algorithm, a rough sketch of
which is as follows.

Procedure M(H, S)
if H = () then output S.
else

for each MWIS(wt’) X of H
M(HX3 S U X)

M(G, ) generates the desired output.

Note That, in the procedure, H is the interval graph corresponding to
circle graph H.
To show the validity of the algorithm, we give one more trivial lemma.

Lemma 2.3 Suppose that X = {vy,vs, -+ , Uk} 15 an independent set of G.
If M is an MWIS of Gx, MNV(Gy,;) is an MWIS of Gy fori=1,2,-- k.
Conversely, Uf:i (an MWIS of G, ) is an MWIS of Gx.

Now, recursive use of Theorem 2.1 and Lemma 2.3 ensures that each
output is an MWIS of G. Recursive use of Theorem 2.2 and Lemma 2.3
ensures that every MWIS of G is put out by the algorithm. Finally, Theorem
2.3 ensures that there are no duplicates. ‘

Next,we describe some implementation detail for efficient execution of
the algorithm. Let D be the diagram for G ( with respected to wt'(:) )
Similarly, let D, be the diagram for G, (with respect to wt'(-)). wt'(+) for
all vertices are computed, and diagrams D and D,’s are constructed prior
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to the execution of the algorithm, in preprocessing phase. The sentence in
the algorithm for each MWIS(wt’) X of H is replaced by the following three
sentences:

construct a diagram for H
for each st-path P on H
X « (vertex set on P ) N V(QG)

Construction of a diagram for H is done as follows. When H = G, D is
already constructed. Otherwise, H = Gx for some X that is an independent
set in G. Consequently, H is the disjoint union of interval graphs { G, |
v € X }. Thus, a diagram for H can be obtained by combining diagrams
Djs (veX ) in series. The time complexity of making such a series

~combination is dominated by the size of output set. With these devices, the
time needed to generate all MWIS’s of G is O(f3) where 8 is the output size,
except for preprocessing phase. To compute w#'(-) and to construct D and
D s, O(n®) time suffices [14], [6]. The overall time complexity is O(n® + ),

space complexity O(n?).

2.4 For spider graphs and circular-arc overlap graphs

A hyperchord in a circle is an arbitrary connected figure in a circle with more
than one touching points (i.e., intersecting points with the enclosing circle).
Thus a chord is also a hyperchord. we assume that unnecessary intersection

“between hyperchords has been eliminated: two hyperchords intersects iff
their touching points interleave (as in a circle graph). A spider graph is the
intersection graph of such hyperchords in a circle.

A circular-arc overlap graph is an overlap graph of arcs on a circle. With-
out loss of generality, we assume that no arc covers the whole circle. Spider
graphs and circular-arc overlap graphs are super classes of circle graphs.
MWIS generation algorithm for circle graphs described so far can be utilized
to obtain output-sensitive MWIS-generation algorithms for spider graphs and
for circular-arc overlap graphs. we assume that the graphs are given with
the corresponding models. Algorithm M(G,®) can be thought of to be an
MWIS-generation algorithm for a circular-arc overlap graph, with a slight
modification: MWIS(wt’) generation of G (executed in the first call for pro-
cedure M(H, S), i.e., when H = G, S = () is done by the MWIS-generation
algorithm for circular—arc graphs described in [6] rather than that for interval
graphs.

An MWIS-generation algorithm for circular-arc graphs is reported in [6].
Unfortunately, the description is ambiguous and seems to have a flaw. The
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algorithm seems to construct one single directed graph ( diagram, in our
term ) and generate all paths. This cannot lead to a correct generation
algorithm: for example, consider a cycle of five vertices with all weights
1. Instead, we cite [5] which describes an efficient algorithm for generating
maximum cardinality independent sets of a circular-arc graph, which can be
easily converted to an MWIS-generation algorithm for a circular-arc graph,
whose running time is O(n2+0). Thus, the resulting algorithm is of O(n*+/)
time.

In [14] a method is described for converting a circle model of a circle
graph to a (linear) interval model of an overlap graph: put a light source
on the (enclosing) circle and project each chord onto the tangent line (on
the opposite side of the circle) by the light. Apply the same method to the
hyperchord model for the spider graph to obtain a linear model. Note that a
hyperchord v becomes an interval which may contain several “inner points”
which are projected-images of touching points of v in the original model (two
of the images of the touching points become the endpoints of the interval).
Then, consider H to be the interval graph defined on the intervals (neglecting
inner points), and for a set of vertices X, Hx to be the induced subgraph of
G on the vertex set
{v e V(H) | X has z such that interval z contains interval v and
interval v does not contain any “inner points” of interval z}.

By this modification, algorithm M(G,0) certainly generates MWIS’s of
the spider graph G. The running time is O(n® 4 ), i.e.,output-sensitive.

2.5 Conclusibns

In this section we have shown that the DP algorithm in [14] can be ex-
tended to be an output-sensitive generation algorithm for MWIS’s of a circle
graph. We have extended the result further to obtain output-sensitive gen-
eration algorithm for MWIS’s of a spider graph and of a circular-arc overlap
graph. Chordal graphs admit similar output-sensitive generation algorithm
for MWIS’s, which will be described in separate paper. o
No output-sensitive generation algorithm have been obtained so far for maxi-
mal independent sets of a circle graph and of a chordal graph. These problems
deserve further study.
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3 A Competitiveness Coefficient of Online
Edge-Coloring Algorithm

3.1 Introduction

Given an undirected graph G(V, E), an edge-coloring is an assignment of in-
dices 1,2,--- ,n to the edges of G such that no two edges incident on a vertex
have the same label. The indices are referred as colors, and the smallest value
of n for which such a coloring can be achieved is called the chromatic index
of the graph. The online coloring algorithm is defined as follows. It is not
given all of input data in advance. As soon as it is given an input data, it
colors the input data one after another. It is not given any further informa-
tion of input after it colors. In general they use a competitive analysis to
analyze the online algorithm, because an absolute performance for the online
algorithm dose often not make sense. This is to compare cost of online algo-
rithm with that of offline algorithm for the same family of input data. The
offline algorithm is an algorithm that deals with a family of input data all of
which are known in advance. In this section I consider an edge-coloring game
of a graph by two persons who are an adversary and an edge-painter. The
former strategy is to add or to delete edges in the graph successively. The
strategy is called input. Since the adversary makes a family of input. On the
other hand, as soon as an edge is added in the graph, the latter has to color
the edge. Then it is never changed the color of edges colored. The latter is
not given any further information of the adversary’s. We call the coloring
strategies of the painter online edge-coloring algorithm. A maximum ratio
which is a ratio between the number of colors used of an online edge-coloring
algorithm A for adversary’s family of input and that of offline edge-coloring
algorithm is called a competitiveness coefficient of an online edge-coloring
algorithm A. It is better algorithm that the online edge-coloring algorithm
has smaller value of this coefficient. We analyze a deterministic online edge-
coloring algorithm and a randomized online edge-coloring algorithm under
the following cases. The painter is allowed arbitrary amount of colors and
has to color all of edges added in the graph. TFor this case the online edge-
coloring algorithm was analyzed [20]. In [20], the competitiveness coefficient
of arbitrarily deterministic online edge-coloring algorithm was proved that
it was greater than ?i“,fl where k was maximum degree of the graph. But
for randomized online edge-coloring algorithm the outcome was only shown
briefly, however the proof was imperfect. In this section we have proved that
the competitiveness coefficient of arbitrary randomized online edge-coloring

algorithm is greater than gl“—k”——l- where k is maximum degree.
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3.2 Preliminaries

Here we wish to refer to some notations about graph in [19], and the graph is
undirected and is allowed to have multiple edges except on special occasions.

Theorem 3.1 The chromatic number of arbitrary graph G is equal to the
magzimum degree of the graph or is greater than it [19].

Theorem 3.2 The chromatic number of bipartite graph G is equal to the
mazimum degree of the graph [19].

We consider a two persons game by an edge-painter and an adversary.
Let II be a problem with a finite set I of input instances (fixed size), and
a finite set of deterministic algorithms A. For input 7 € I and algorithms
a € A, let C(i,a) denote the cost of algorithm a on input 7. An edge-painter
wants to make algorithms whose cost is smaller and an adversary wants to
make input instances whose cost is larger. For probability distributions p
over I and q over A, let i, denote a random input chosen according to p and
a, denote a ra,ndom algorithm chosen according to g.

Theorem 3.3 (Yao’s Minimax Principle [23]) For all distributions p over
I and q over A,

min E[C(ip, a)] < max E[C(i, a,)]

acA

where E[X] is expectation of X.

There are an oblivious adversary and an adaptive adversary for adversary
of randomized online edge-coloring algorithm. When the former dose input,
he cannot get the information that edge-painter had chosen colors for family
of input before. When the latter dose input, he can get the information that
edge-painter had chosen colors for family of input before. Since the adaptive
adversary is stronger than the other. Let a graph Gy = (V,E,k) be the
beginning of a graph G, |V| < k, E = 0. Adversary adds or deletes edges to
G, successively, under the following conditions : the degree of all vertices are
always less than k£ on the way of inputting and once at least the degree of a
vertex is just k on the way of inputting. The adversary knows the strategies
of the edge-painter. When the adversary adds an edge, the edge-painter col-
ors the edge then the color is different from each of adjacent edges’. When
the adversary deletes edges, the edge-painter dose not anything. The edge-
painter never changes the color of the edge colored, and the adversary knows

24




the limit of degree of the graph. The edge-painter’s aim is to make small us-
ing the number of colors according to the families of input of the adversary.
The adversary’s aim is to give the families of input that the ratio between us-
ing colors of online edge-coloring algorithm and that of offline edge-coloring
algorithm is made large. Let G, ., ..., be a graph just after input e; ac-

cording to the family of input ey, eg, -+ ,€;,---. Let fa(er,es,--- ,enm) be
the number of using colors of deterministic online edge-coloring algorithm A
according to the family of input ey, ey, - -, ep, and fo(ey, eq,- -+ ,ep) be the

number of using colors of optimal offline edge-coloring algorithm according
to the family of input ey, eq,- -+, ep.

Definition 3.1 A deterministic online edge-coloring algorithm A is said to
be C-competitive such that for any families of input e1, eq,- -+ , enr,

fA(613627"' )eM) - x fO(elae%"' 3eM) S 0.

And the competitiveness coefficient of A, denoted C¥ | is the infimum of C
such that A is C-competitive.

Oblivious adversary is the same that he makes all of families of input
previously, because he has no influence that edge-painter colored edges before.
Let fr(ei,es, - ,en) be the number of using colors of randomized online
edge-coloring algorithm R according to the family of input e, ey, -+ , ey,
then the fr(ei, ez, -+ ,ep) is the random variable.

Definition 3.2 For oblivious adversary a randomized online edge-colbrz'ng
algorithm R is said to be C-competitive such that for any families of input
611627'& y €M,

E[fR(617627' v aeM)] - C X fO(elae%' v )eM) S 0.

And the competitiveness coefficient of R, denoted C%, is the infimum of C
such that R is C-competitive.

Let P be a probability distribution of choosing families of input.
The fa(e1, ez, -+ ,en) and the fo(e, es,- - -, ep) are random variables under
P. For a deterministic online edge-coloring algorithm A, let C% be compet-
itiveness coefficient under P and it is infimum of C such that

Elfaler, €2, sem)] — C x E[fo(er, €2, ,en)] < 0.
Yao’s Minimax Principle implies that

obl : P
Cg' > nﬁnC’A.
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The implication of this is as follows : the competitiveness of the best de-
terministic online edge-coloring algorithm C¥, according to the probability
distribution P of choosing the worst-case families of inputs, is the infimum
of C%¥' of any randomized online edge-coloring algorithm according to the
oblivious adversary.

Definition 3.3 For an adaptive adversary a randomized online edge-coloring
algorithm R is said to be C-competitive such that for the family of input
ey, €9, -+ ,ey made by the adaptive adversary.

E[fR(61,62,~ tt aeM)] "" C x E[fO(elaé27"' aeM)] S 0.

And the competitiveness coefficient of R, denoted Cle is the infimum of
C such that R is C-competitive. '

Definition 3.4 An online edge-coloring algorithm which dose not use greater
then h colors as much as possible is defined as follow : when an adversary
adds the edge e;, the algorithm must color with the one of colors, (they are

colory, colorg, -+ , colory_y ) which are not used yet on the adjacent edges to
€i, i Ge, ey e; - Color in this section has linear order as follow color; <
colory < ---. If new color is used, it must be smallest number that is not yet

used. A set of colors on edges incident from a verter v is denoted Sv.

3.3 Online edge-coloring problem
3.3.1 Deterministic online edge-coloring algorithm

Lemma 3.1 Let A be a deterministic online edge-coloring algorithm. For
this A, it is

faler, ez, - yen) =2k —1

according to the family of inputs ey, ez, ,en.

Proof We prove it by reductio ad absurdtém. We assume that it is
fa(er, e, em) <2k—1

according to any family of input for A. Here we think that the family of input
is as follow.
1. Repeat k — 1 times adding (v1,w1)-
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2. Repeat k — 1 times adding (va, wo).

By the assumption, S,, US,, U- - -is a subset of { colory, colory,--- ,colorg,_s
}. A subset of { colory,colors, - ,colorsy,_o } is finite, since there exist ad-
equate sequence Ty, Ta,- - , Ty and Svml = Sy, =0 = S%k if this repeating

are continued enough. And then this pattern is disconnected. After that, next
following edges are added.

3. Add (vgy,wp).

4. Add (vsy, wp).

5. Add (vg,,wp).

Since it cannot color with the element of S,; on edges added form 8 to 5,
these need k colors without k — 1 colors element of S;;. For this family of
input, total of colors used is as follow : : .

(colors between vy;, and wy; ) + ((Voy,wo), (Vag,Wo), -+ (s, wo))= (k —
1)+k=2k — 1.

But this is the contradiction of the assumption :

fA(ehe?a tte 7eM) <2k —1.

Hence it is

faler,ea, -+ en) > 2k — 1.

On the above step2, the continuing enough is the maximum

(Zf:ll>x(k;1)+1,

and the maximum number of vertices, for making the families of inputs of
the above, is
2k—-1
(( P ) x(k~—1)+1) x2+1.
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Theorem 3.4 Let A be o deterministic online edge algorithm. Then

2k -1

oyt >
Proof We prove it by reductio ad absurdum. We assume that it is C§* <
%—k:—l— . By the assumption, it must be made up a following equation (1) for
any family of inputs ey, ez, -+ ,eu, -

fA(61)627" * ’BM) - Cj}et X fO(elver" ’ aeM)_ _<_ 0. (1)

Let ey e, ey be a family of input which are used by 2k — 1 colors-
algorithm of lemma 8.1. Since Ge, ey, ; 15 bipartite graph, the chromatic
number is k from Theorem 3.2. Since these only adds edges, it is foler, ez, ,em) =
k for offline edge-coloring algorithm because of that edge-painter can color
with the colors which are colored k-edge-coloring, (such that G has k colors
to color edges), t0 Ge, ey, ;- These values are substituted for the left hand
of equation (1). Then the left hand of equation (1) is contradiction of the

assumption :
(2k—1)—-Co¥ xk>(2k—1)~(2k—-1)=0
Hence
2k -1
det > .
C¥ > A

3.3.2 Randomized online edge-coloring algorithm

Theorem 3.5 Let R be an randomized online edge algorithm.
Then Cgbl > 221

Proof For proving this Theorem we apply Yao’s Minimaz Principle to the
competitiveness coefficient. we prove it by reductio ad absurdum. Let C% be
any randomized online edge algorithm R. We assume that

2k —1
ot < :
R k
" From Yao’s Minimaz Principle, there exist a deterministic online edge-coloring
algorithm according to any families of inputs chosen of a probability distri-
bution. Then we think a family of input chosen of a probability distribution
as follow, .
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1. Repeat k — 1 times adding (vy,w;).
2. Repeat k — 1 times adding (vq, ws).

By the assumption, Sy, US,, U--- is a subset of {color, colory, -, colory,_}.
A subset of {colorl, colory, - ,colorg,g 9 18 ﬁmte since there exist adequate se-

quence Ty, Ty, T and Sy, = Sopy = = Sy, if this repeating are
continued enough
3. After that, choose k vertices in the same probability from vy, vs, - , and

add edges from k vertices chosen to wy.

4. Delete all of edges added by steps from 1 to 3.

5. Repeat enough times from stepl to step4.

Then these colors on the k—1 edges, which come out from k vertices cho-
sen, are all consisted for any deterministic online edge-coloring algorithm.
Hence the k vertices chosen are all consisted with vy, vg,, - s Ugy « StNCE
these edges are not colored with the elements of Svy; , we need k colors to
color these edges except for the k—1 colors elements of Svg; . Then the total
of colors used is as follow :

(colors between vy, and wy; ) + ((Vay, wo), (Vag, Wo), -+, (Ve wo)) = (k-1)+k
= 2k-1.

For any families of inputs chosen of a probability distribution, the ezpecta-
tions of colors used of any deterministic online edge-coloring algorithm is
2k — 1. And then we study the expectation of colors used of offline edge-
coloring algorithm for those families of inputs chosen of a probability distri-
bution, and we pay altention to the graph that is made by stepl to 3 in first
time. The chromatic number is k from Theorem 8.2, since these graphs made
are bipartite graphs for any families of inputs chosen. As inputs from stepl
to 3 are only adding edges, it is enough to use the colors from color; to colory,
by k-edge-coloring if all of families of inputs are known. As it returns to the
beginning at step4, , it is enough to use the colors from colory to colory, for
adding edges from stepl to 8 after second stage. Therefore the expectation of

~necessary colors is k if it is offline edge-coloring algorithm according to like

these families of inputs chosen of a probability distribution. Under like these
families of inputs chosen of a probability distribution P, any deterministic
online edge-coloring algorithm is satisfied with next equation :

E[fA(elve27' t 76M)] - Cf X E[fo(ehe?: e '7eM)] <0.
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We substitute the above result for the equation, however, it is as follow:

. ,
2 1><k=0.

Left side =2k —1 - CY xk>2k—1~

This is the contradiction of the assumption, hence

2% — 1
opl > .
R =k

On the above step2, the continuing enough is the maximum

k—1

( 2k —1 ) x (k — 1) + 1(= Xwritten)

as same as the deterministic online edge-coloring algorithm, and the maxi-
mum number of vertices, for making the families of inputs of the above, is

(( 2: :11 ) x (k—1)+ 1) x 2 + 1. Furthermore repeating at step{")'are

enough . For a randomized online edge-coloring algorithm R there is

X
k
the relation of C2% < €% between Cg' and C§™ from the definition. Let
O he the minimum of competitiveness coefficient for all randomized on-
line edge-coloring algorithm according to the oblivious adversary, let C%®
be the minimum of competitiveness coefficient for all randomized online
edge-coloring algorithm according to the adaptive adversary, and let Cet
be the minimum of competitiveness coefficient for all deterministic online
edge-coloring algorithm. There are the relation of Cob < Cude < Ot | Here
is et = y“f—l from Theorem3.4 and Theorem3.5.

Lemma 3.2 Let B be an online edge-coloring algorithm which dose not use
greater then h colors as much as possible. The B only uses the colors from
colory to colory, for any family of inputs ey, ez, - ;em,- 2]

Proof We prove it by reductio ad absurdum. We assume that the algorithm
B colors the colory, to some edges. Let e = (vi,v;) be the edge that were
colored colors, at first time. We consider the e colored just before at this

time. We pay attention to the colors of edges going out fromv; to v; , then

they must be colored all colors from colory to colory, by the property of the
algorithm B. This is that the summation of degree of v; and v; must be al
least 2k — 1. But as the degrees of each vertez are not greater then k, at least
the degree of either v; or v; is k. When the edge e is added at this condition,
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~ the degree that is already k becomes k + 1. This is the contradiction of the
role of adversary’s input. Therefore the algorithm B dose not use the colors,
to some edges.

. . O
From Lemma3.2 , Thorem3.1, Theorem3.4, and Theorem3.5, the competi-
tiveness coeflicient of an online edge-coloring algorithm which dose not use

- greater then A(h < 2k) colors as much as possible is 2ol

3.4 Conclusion

W have described that the competitiveness coefficient of any online edge-
coloring algorithm is greater then %,;‘—l , where k is maximum degree, for
deterministic or randomized online edge-coloring algorithm. We will present

new algorithm for online edge-coloring algorithm in next section.
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4  On-line edge—coloring algorithms for de-
gree bounded bipartite graphs

4.1 Introduction

Vertex- or edge- coloring of a graph is to assign colors to vertices or edges in
such a way that no two vertices or edges with the same color are adjacent.
There seem to exist two types of coloring problems: ”assignment maximiza~
tion type” in which the number of available colors is prespecified and the
objective is to maximize the number of vertices or edges that are assigned
colors, and ”color minimization type” in which the objective is to minimize
the number of colors used to color all vertices or edges.

In resent years, online versions of existing problems have been considered,
among them are the online versions of these coloring problems.

Competitive analysis of vertex coloring problems of both color minimiza-~
tion type and of assignment maximization type are reported [20], [21].

Competitive analysis on edge coloring problems of assignment maximiza-
tion type seems not to have been reported. In this section we concentrate on
online edge coloring problems of this type in which the graph is subjected
to operations of both edge addition and edge deletion such that at any time
- the graph has some special properties: 1) the graph is bipartite with pre-
specified bipartition, and 2) maximum degree of vertices is not more than a
prespecified integer k. Such a property is related to assignment problems on
some switching network. We consider only the case in which the number of
available colors is equal to k.

Assignment of colors to edges is done under the restriction that an edge
can be (irrevocably) colored only at the time it is added. The added edges
can be left uncolored. Colors once assigned cannot be changed until the edge
is deleted. An edge which is decided to remain uncolored at the time of its
addition can not given colors afterward (until the edges is deleted).

The performance of the overall output is defined to be the total number
of coloring operations actually done.

As deterministic algorithm have poor competitiveness coefficients, we con-
centrate on randomized algorithms. After showing that earnest (or diligent)
randomized algorithms have poor competitiveness coefficients, we propose
two lazy randomized algorithms: one with competitiveness coefficient % ,
and one with larger competitiveness coefficient (which is between } and 3)
but needs more random bits than the former( one random bit per one edge
addition on the fly )irrevocably.
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4.2 Preliminaries

We are given two sets of vertices U,V, UNV = ), empty initial edge set, a fi-
nite integer k, and a finite sequence I, = (t1,t9,+ ), of operations (edge addi-
tion or deletion) such that, at any time (that is , after operations b, ta, -t
are executed in this order, for any 7), the graph is a bipartite graph with
bipartition (U, V), with degree-bound satisfied: degree of each vertex is less
than or equal to k . Multiple edges are allowed. '

We are to assign colors to edges in the manner described below. When an
edge is added, a color can be irrevocably assigned, and at any time, no two
edges with the same color can be adjacent to each other, where ”irrevocably”
means that, until the edge deleted, the color cannot change (including from
colorless to colored, and from colored to colorless). The added edge can
remain colorless. ( colorless edges can be adjacent to each other). The
measure of performance (or simply performance) we are to maximize is the
number of the times edge colorings are performed (i.e., the number of coloring
operations performed). ,

For notational simplicity, edges between vertices u and v are denoted
simply by (u,v). For example, we say "add 3 (u,v) edges” to describe adding
3 different edges having the same end vertices « and v. Such a description
will cause no confusion.

The following Theorem is fundamental for our problem.

Theorem 4.1 [22] For a bipartite graph, chromatic index is equal to the

mazimum degree, where chromatic indez is the minimum number of colors
needed to color all the edges of the graph. |

For a random variable X , the expectation of X is denoted by £(X).

We call a coloring algorithm to be online if the algorithm has to execute
coloring not knowing the operations ( edge addition or deletion ) to follow,
while an algorithm is called offline if the algorithm can know the whole input
at the beginning of the coloring of the first edge.

For arbitrary algorithm H, let fr (L) denote the performance of algorithm
H for input sequence L, and let fo(L) denote the performance of offline
optimal algorithm for input sequence L.

A deterministic algorithm D is said to be C-competitive if there exists
a constant b such that for any (finite length) input sequence L, fp(L) —
Cfo(L) > b, where b is a constant independent of |L| ( the length or cardi-
nality of L ). b may be dependent on |U),|V| and k. The competitiveness
coefficient of D is the supremum of C such that D is C-competitive.

Also for a randomized algorithm R, let fr(L) denote the performance
of algorithm R for input sequence L. Now fr(L) is a random variable. A
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randomized algorithm R is said to be C-competitive against an oblivious
adversary if for any input sequence L, E(fr(L)) — Cfo(L) = b, where bis a
constant independent of |L| ( may be dependent on [U |, V], k). The oblivious
competitiveness coefficient is defined to be the supremum of C such that R
is C-competitive. In the following, as we are concerned only with oblivious
competitiveness coefficients, the term » oblivious” will be omitted.

Let P be a probability distribution on the input to a problem. For a
deterministic algorithm D for the problem, define competitiveness of D under
P, CE, to be the supremum of C' such that E(fp(L)) — CE(fo(L)) = b, for
a constant b independent of |L|.

The next Théorem is used to demonstrate an upper bound for competi-
tiveness coefficients for our problem.

Theorem 4.2 [23]
suprCr = infpsupaCh 0

As the case for k < 1 is trivial, we assume that k > 2.

4.3 Upper bound

In this section, we give a rather weak upper-bound of competitiveness coef-
ficient for the edge coloring problem we study.

Theorem 4.3 For any randomized online edge coloring algorithm R, Cr <
X1 yhere X & (DK,
Proof Suppose that there exists a randomized algorithm R such that Cg=
XL 46 for6>0. '

Theorem 4.2 tells us that for any probability distribution P imposed on
the input, there exists a deterministic algorithm D such that

Ch > %2+ 6.

I set P as follows. The input (i.e., sequence of operations) we am de-
scribing consists of rounds. Each round is described as follows.

Fori=1,2,--+ ,k+1 do the following: add edge (u;,v;) consecutively k—1
times. Then, select u* among u1,Ug, -  Uk+1 uniformly at random. Add
edge (u*,Vgr2). Further, select u™ among {ug,up, -+ ,Upsr} — U uniformly
at random, and add edge (U™, Vi4a)- Finally delete all edges thus far added,
one by one. This completes one round. : ’ ,

It is easy to show that after 1@;—1) rounds, for any deterministic algorithm
D', the expected number of miss (i.e. the number of times edges are left

uncolored) of D' is greater than or equal to 1, while offtine algorithm can
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color all edges due to Theorem 4.1 and to the manner of edge additions and
deletions. Thus, iterating the round sufficiently many times, we have that
Ch < %2, a contradiction.

N

We call an algorithm earnest (or diligent) if it colors added edges whenever
possible (of course at the time of edge addition).

We show that earnest algorithms have poor competitiveness coefficients.

Theorem 4.4 For any earnest algorithm R,
Cg=0.

Proof We show that earnest algorithms (with all randomization) are surely
guided to undesirable situations which offtine algorithms can avoid,

Consider the following input: (. only 6 vertices are involved)

Add (uy,v) k — 2 times, add (u1,v2) two times,

add (ug, va) k ~ 2 times, add (uy,vs) two times,

add (us, vs) k — 2 times, delete all the edges (u1,v3) and (uz,v3),

add one (uy,v1) (call this edge e* for later reference), add one (uy,v,),

add one (u,v1), add one (uy,v3), delete ex.

Now any earnest algorithm has colored edges in such a way that colors
assigned to edges incident to u; and colors assigned to edges incident to vy
together existing all the colors available.

Input continues as follows: add (u1,v3) (call this edge e** ), delete e**, add
e**, delete e**,... ;

Any earnest algorithm cannot color e**, thus missing arbitrarily large
number of times. On the other hand an offtine algorithm can (non-earnestly)
wgnore preceding edges and concentrate on e*, resulting in only a constant
number of misses.

4.4 Lazy Algorithm I

The previous section concluded that earnest algorithms are poor in competi-
tiveness coeflicients. In this section and in the section to follow, we give lazy
algorithms whose competitiveness coefficients are not 0.
This section deals with the one which requires fewer random bits than
the algorithm given later, with the cost of less competitiveness coefficients.
The algorithm will color edges with laziness of ;‘3—, that is, will try to color
each added edge with probability 1, assuring that the intended coloring is al-

ways possible. To facilitate such a scheme, each vertex w € UUYV is attached
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a random vector A, of size k which is defined as follows. Let h; be the vector
(1,1,..,,1,0,0,...,0) (the number of 0’s is | £] and the number of 1’s are [£])
and let h; be the complement of hy, that is, Ay = (0,0,...,0,1,1,...,1).

Next, we present an algorithm with competitiveness coefficient ;11- in which
the number of random bits used is equal to the number of vertices (indepen-
dent of the number of edge additions).

For each w € U UV, A, is chosen to be either hy or hy equally probably
and independently of the choice for other vertices.

Also each vertex w is attached a (not random) vector B,, of dimension k,
each entry of the vector being either ”marked” or "nonmarked”.

The algorithm is as follows.

Algorithm A,

Addition: If the operation is addition of edge (u,v), then select a "non-
marked” entry, say the a-th entry, in B,, and turn it "marked”. Also select
an "nonmarked” entry, say the b-th entry, in B,, and turn it "marked”. If
the a-th entry of A, and the b-th entry of A, are both 1, then ”try to color”
the currently added edge (u,v). Else decide to leave the edge uncolored.Note
that degree-boundedness implies that there exist nonmarked entries in B,
and B,. '

Deletion: If the operation is deletion of edge (u, v), then change the per-
tinent entries of B, and B, from "marked” to ”nonmarked”, where pertinent
entries of B, and B, are the ones marked by the currently deleted edge (u,v)
(at the time of edge addition). O

Clearly, the number of random bits needed is |[U U V| independent of the
number (times) of edge additions.

Note that selection of nonmarked entry in B,, is arbitrary as long as it
does not depend on the choice of h; or h;. Selecting the entry with the least
index among nonmarked entries will do.

Lemma 4.1 For edge addition, the probability that the case “try to color”
happens is %. , A

Proof The proof is by counting the number of cases as follows. Let b; be
the j-th operation and be addition of edge (u,v). Let a*-th entry and b*-th
entry of B, and B,, respectively, are the selected entries for operation b; (
addition of (u,v) ). a* and b* are fized for all choises of hy and hy for A,’s.
Thus the number of cases of Au(a*) = A,(b*) =1 is one fourth of the number
of all possible cases. '

O
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Theorem 4.5 C,, =1

Proof As "try to color ” case happens with probability i—, competitiveness
coefficient cannot exceed ;}. To show that equality holds, it suffices to prove
that when the algorithm "trys to color ” it always succeeds in coloring. For
each vertez w in U UV, the number of colored edges among incident edges
of vertez w is less than or equal to the number of 1’s in A,. Thus when "try
to color ” case occur for edge (u,v), less than (%] edges among the incident
edges of vertez u are colored and also less than [Z] edges among the incident
edges of vertez v are colored. Only 2([%] = 1) colors are used around vertez
u and v in total. So newly added edge (u,v) can be colored. O

4.5 Lazy Algorithm II
Another lazy algorithm is as follow.

Algorithm A,: With probability % , decide whether or not to try to color
the added (new) edge (in other words, with probability 3, decide to leave the
edge uncolored). If the decision is "to try to color” and if coloring is possible,
then color the edge with the least color index possible.

. O
Note that the one random bit is needed at the time of each edge addition.

Theorem 4.6 % <Oy, < %

Proof Cy, <1, as probability of attempting to coloring does not exceed 3

To prove that %‘ < Clay, we will show that Jor each edge addition the
probability that the added edge is colored is greater than ;i—. Let b; be any edge
addition operation in the input and let the edge added be (u,v). If the added
edge (u,v) can be colored if I intend to, we call the situation "positive”. One
the other hand, if the edge cannot be colored even if we intend to, we call the
situation “negative”. _

We caluculate the probability of occurence of "negative” cases.

Let E,,, denote the set of edges incident to vertex u or v at that time.

Then, the probability of "negative” is not greater than the probability of k
or more edges in E,, being "tried to color”, that is

(] ) @,

where t £ |Eys|.
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For any t < 2(k — 1), the value is less than % Note that for t < k, the
probability of "negative” is 0. Thus situation "positive” occurs with probabil-
ity greater than %— So the probability of "try to color” and at the same time
"positive” is greater than }.

We have shown that each added edge can be colored with probability more
than %. This proves that Ca, > 7. O

4.6 Conclusion

We have presented two lazy randomized edge coloring algorithms both with
non-zero competitiveness coefficients. Unfortunately, these algorithms are
‘poor against adaptive adversaries (their adaptive competitiveness coefficients
are 0). :

For practical assignment problems, different criteria for optimality from
the one described in this manuscript may be possible. Devising algorithms for
different criteria on edge coloring problems and for vertex coloring problems

deserve future study.
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9 Application of Transitive Graph for Edu-
cation Support System |

9.1 Introduction

There are actually a require subject and an optional subject, etc., and it
is the very severe one to study all the subjects though the students have to
study a lot of subjects from entrance to graduation in an academic education.
And for the educated side, it is true to want the students to master a lot

student dose not get neither repeating a year nor mastering units, Here, we
propose a directed graph by showing each subject about the credit earning
system from entrance to graduation by vertices, and showing the relations
among each subject by the arrow. In addition, we show as the directed st-
graph where entrance is vertex s and graduation is vertex ¢, and we propose
the method for the decision of the required sub ject for the credits toward
graduation acquisition. ‘

On the other hand, the generation problem concerning the graph is to

find all subgraphs with a special character with the given graph, and the
some kinds are [1] ~ [7] that has been considered about various classes in
the graph. Taki, Masuda and Kashiwahara [24] thought about equivalence
by a structural set with graph G and another structural set in other graph
H same as the family of the vertex set.

This time, it was theoretically shown here to be able to apply transitive
character in the graph to an educational system. Explanation of Sect. 5.2
defines several terms and notations. Sect. 5.3 describes the relation between
transitive graph and the directed st-graph. In Sect. 5.4, it is described that
the method for the decision of the required sub ject for the credits toward
graduation acquisition is minima] st-separator in the directed st-graph, and
describes the conclusion in Sect. 5.5.

5.2  Preliminaries



vertices show the subjects from entrance to graduation, the relations among
the subjects are shown by edges. Then the acquisition subject relations from
entrance to graduation can be graphed.

Here, a directed graph is called a digraph that is distinct from undirected
graph, and just a graph is as both types. An undirected edge between vertices
w and v is denoted by (u,v). A directed edge from u to v is denoted by
(v — v). For a graph G, V(G) and E(G) denote the set of vertices and
edges, respectively, of G. Therefore, the graph is denoted by G=(V(G),
B(G). |

In a directed graph, a directed walk is a sequence of vertices and edges
(v1,e1,V,€2,..: €k, Vgy1) Such that e; is an edge from v; to vy for i=1,2,
k. A directed walk is called a directed path if no vertex appears more than
once. A directed walk is called a directed cycle if no vertex appears more
than once except that the first and last vertices are the same. -

Tn a directed graph G, if the number of edges coming into vertex v is 0,
then v is called a source of G. On the other hand, if the number of edges
going out of v is 0, v is called a sink of G.

Definition 5.1 A directed st-graph is o digraph with distinguished vertice s
and t. ‘

Definition 5.2 An acyclic graph is a digraph that has no directed cycle.

Definition 5.3 An st-path is a simple directed path starting from s and end-
ing at t in a directed st-graph.

Definition 5.4 A digraph is said to be transitive if the existence of two edges
(u — v) and (v — w) implies the ezistence of edge (u — w).

Definition 5.5 An undirected graph is comparability graph if the edges can
be oriented so that the resultant digraph is transitive. (Figure T)

Definition 5.6 A set of vertices in a graph is called an independent verter
set if no two vertices in it are mutually adjacent.

Definition 5.7 An independent vertex set is called mazimal if it is contained
in no other independent vertex set. For undirected graph G=(V(G),E(G)),
a mazimal independent vertex set is abbreviated to MIS(G).

MIS(G) ={S"| S is a mazimal independent vertez set of G}
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Figure 7: Transitive graph and comparability graph.

Definition 5.8 A set of vertices in a directed st-graph is called a path inde-
pendent vertex set if no two vertices in it are on the same st-path, and the
relation of such vertices is called the path independence. ‘

Definition 5.9 A path independent vertex set which is not contained in any
other path independent vertez set is called a mazimal path independent vertex
‘set (MPI, for short). For a directed st-graph H=(V (H),E(H)), a mazimal
path independent vertex set is abbreviated to MPI(H).

MPI(H) ={S | S is a mazimal path independent vertez set of H}

Definition 5.10 For directed edge (u — w), it is called short cut edge if
there ezist two directed edges (u — v) and (v — w).

Definition 5.11 An st-path which dose not do confluence and divergence
among paths at all is called an independent st-path (Ist-path, for short). That
is, Ist-paths do not share any vertices and edges.

Definition 5.12 An st-separator of a directed st-graph whose removal dis-
connects all directed paths from s to t in the st-graph is a set of vertices.

Definition 5.13 An st-sépamtor is called a minimal st-separator if it has
no proper set of st-separator in the st-separator.

Definition 5.14 An st-separator is called manimum st-separator if it has
manimum number of elements among of them.

5.3  Relation between a directed st-graph and a com-
parability graph

Here, we discuss what kind of graph can be used as st-directed graph to
explain the relations of the acquisition subjects about all processes from en-
trance to graduation, though it is clear to be able to graph the acquisition
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subjects relation from entrance to graduation by defining the foregoing para-
graph. For students, the school year progresses by the acquisition of each
subject from entrance to graduation as previously described if they do not
get neither repeating a year nor mastering units. And they become a spe-
cial subject end. This is a nonreversible system. Meanwhile, subject A is
required for subject B master among them. When there is a relation that
subject B is required for subject C, it is difficult to master C if no subject
A do master. That is, if A — B and B — C, then A — C. This is transitive
relation. Here, we pay attention to this transitive relation, and the structure
of graph related to the subject is discussed.

If a graph G is a comparability graph, the edges can be or1ented so that
the resultant digraph is transitive. Furthermore, such an orientation is called
a transitive orientation. Let G’ be the graph obtained from G by a transitive
orientation. Eliminate all short cut edges of G’'. Let Vipuree and Vi;np be the
set of sources and sinks, respectively, of the resultant digraph. Create a new
source s and add edge (s — z) for each Zsource. Similarly, create a new sink
t and add edge (y — t) for each ygink. Let G” be a st-graph obtained from
G’ by above procedures. (Figure 8)

d e
a b c
graph G
t
d e
st-graph G
a b c

transitive graph G’

Figure 8: Graph G, transitive graph G, and st-graph G” from G'.
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Corollary 5.1 MPI(G") D MIS(G).

Proof For independent vertex a and vertex b in a graph G, it is not reach-
able from vertex a to vertex b and from vertex b to vertez a in the graph G'.
Therefore, it is not reachable from vertez a to vertex b and from vertex b to
vertex a in the graph G". This is mean that, any two independent vertices in
the graph G do not exist on same path from vertez s to vertex t in the graph
G". Thus an arbitrary element of MIS(G) is an element of a path indepen-
dent vertex set of G". In addition, let Iy be an arbitrary element of MIS(G).
Let ¢ be an arbitrary vertex which does not belong to I in the graph G. Then,
there exist an not independent at least one vertex in I; of vertez c. Let d be
such a vertez. In the graph G', there exist a directed edge from vertez c to
vertez d, or from vertex d to vertez c. Therefore, it is reachable from vertex
¢ to vertex d or from vertex d to vertex ¢ in the graph G". Here, the graph

-G" is made from the graph G’ by deleting short cut edges of the graph G'and

adding vertex s and vertex t to the graph G'. This is mean that, a reachable
vertex from an arbitrary vertex in the graph G' is the same as a reachable
vertexr except verter s and vertex t in the graph G”.

Therefore, there exist an st-path passing both vertex ¢ and vertez d in
the graph G". Because this consists for arbitrary I, and arbitrary vertex c,

MPI(G") D MIS(G). O
Corollary 5.2 MPI(G") C MIS(G).

Proof For any two vertices a and vertez b not ezisting on the same st-path
in a graph G, it is not reachable from vertex a to vertex b and from vertex
b to vertex a in the graph G". Therefore, it is not reachable from vertez a to
vertez b and from vertex b to verter a in the graph G'. This is mean that,
these two vertices a and b are independent in the graph G. Thus an arbitrary
element of MPI(G") is an element of a independent vertex set of the graph
G _ p

In addition, let MPI1 be an arbitrary element of MPI(G"). Let ebe an
arbitrary vertez which does not belong to MPI1 in the graph G”. Then, there
exist at least one vertex on the same st-path in MPI1. Let f be such an
arbitrary vertex. Since it is reachable from wvertex e to vertexr f or from
vertez f to vertez e in the graph G”, there exist a directed edge from vertex
e to vertex f, or from vertex f to vertez e in the graph G'.

Therefore, there exist a directed edge between vertex e and vertez f. These
two vertex e and vertex f in the graph G are not independent.
Because this consists for an arbitrary vertez e and an arbitrary vertex I,

MPI(G") C MIS(G). 0
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From Corollary 5.1 and Corollary 5.2, we obtain the following lemma 5.1.

Lemma 5.1 : If a graph G is a comparability graph, there ezist a directed
acyclic st-graph with maximal path independent vertex sets that is equal to
mazimal independent vertez sets of G.

Because a directed st-graph is an acyclic finite graph, it has finite number
of st-path with finite length. For all of st-paths, we give numbers (s — 1 —
2 — -+« — n — 1) to vertices in the order of the sequence from vertex s to
vertex t on each st-paths. Because all of the vertices in graph H except vertex
s and vertex t correspond to graph G, the vertices in graph G are numbered
1,2,...,n in the same way. Each elements of M PI(H) dose not contain any
two arbitrary vertices of the vertices, which are numbered 1,2,... ,n in the
graph H, at the same time.

Corollary 5.3 If MPI(H)=MI1S(G), a graph G can be oriented.

Proof From MPI(H)=MIS(G), there ezist undirected edges between any
two arbitrary vertices which are numbered 1,2, ... ,n in the graph G. When
these edges are oriented toward from small number to large number which put
on both ends point of each edges, it can be oriented to be transitive (Relation
< fills the transition for dll positive integers). For two vertices a and b
which two different st-path or more in graph H passes, it is assumed that two
different st-path py and py which satisfies the following conditions exist.

For numbering vertices on py, (the number of vertex a) < (the number
of vertezx b), and

for numbering vertices on py, (the number of vertex a) > (the number of
vertez b). '

At this time, the graph H has a path from vertez a to vertez b and the
graph H also has a path from vertez b to vertex a. This is a contradiction to
the graph H being acyclic, because the graph H has a directed cycle. There-
fore, all of edges in the graph G can be oriented to be transitive. |

From Corollary 5.3, we obtain the following lemma.

Lemma 5.2 If there exist a directed acyclic st-graph with mazimal path in-
dependent vertex sets which is equal to maximal mdependent vertex sets of a
graph G, the graph G is a comparability graph.

From Lemma 5.1 and Lemma 5.2, we obtain the following theorem.

Theorem 5.1 : There exist a directed acyclic st-graph with mazimal path
independent vertez sets which is equal to mazimal independent vertex sets of
a graph G iff the graph G is a comparability graph.
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5.3.1  St-separator in st-graph

The structure of the graph was described in the forgoing paragraph. There
are some subjects of necessity at least to complete the course of study in spe-
cial subject though there are various subjects in the curriculum. These are
offered as requiring optional subjects according to the subject or the depart-
ment. Here, various subjects (vertex v;(i=1,2,...,k)) from entrance (vertex
s) to graduation (vertex t) are caught as directed st-graph. At this time,
among the vertex sets that separate s and ¢, the minimal set is requiring
optional subjects. That is, the method of finding the requiring optional sub-
Ject is offered by catching minimal st-separator as requiring optional subjects
in the directed st-graph. Moreover, student only has to find minimum st-
separator from among the minimal st-separator for the master of the required
subject to graduate in addition.

Here, we define the st-path degree p(v;) which is the number of st-path
that passes vertex v; (i=1,2,... ,k) in directed st-graph. It is the same as
cutting p(v;) st-pathes from the directed st-graph to remove vertex v; in the
directed st-graph. Therefore, the separation of s and ¢ becomes possible. It
is the same as the exclusion of st-path from vertex s to vertex ¢ to remove
the vertex v. So, if this repeats a similar operation about st-path of the
remainder, all st-path from s to ¢ will be cut because it is limited for the
number of st-path. The set of these excluded vertices becomes st-separator.
It is trivial that the set of adjacent vertices of vertex s (or vertex t ) is also
st-separator.

St-separator generation process:

Now, there are p st-pathes in the directed st-graph, and at this time,
the maximum value of the st-path degree is Mazp(v;1) = . (However, the
vertex with «; is not necessarily one. Make any one of these vertices with
some o vertex v, and to same) If this vertex v;; is excluded, o st-pathes are
excluded. When the maximum value of the st-path degree is Maxp(vis)=
for (p-a) st-pathes of the remainder, o, st-pathes are excluded if this vertex
v;o is excluded. Hereafter, when the maximum value of the st-path degree
is Mazxp(vy)=oy; (j =1,2,... ,n) for st-pathes of the remainder and vertex
v (= 1,2,...,n) is excluded, all st-path from s to ¢ will be excluded if
the similar operation is repeated. This set of vertices, which are excluded,
becomes st-separator. : O

By the way, for o; (j = 1,2,... ,n), it is the maximum value in each
operation of the above-mentioned generation process at that time, so the
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maximum number st-pathes are cut by removing v;;. Therefore, removing
one vertex of the maximum st-path degree in each operation was to remove
maximum number st-pathes at that time, continuing this operation is fol-
lowing that the maximum value o; st-pathes were excluded by removing
the minimum number of vertices. Obtained st-separator is unique though
removed st-path is different because of how to choose the vertex with maxi-
mum st-path degree in each operation. That is, these vertex sets are minimal
st-separator. The following Corollary is obtained.

Corollary 5.4 The vertex with the mazimum value of the st-path degree is
an element of minimal st-separator.

By the way, there might be two or more vertices with the maximum
value of the st-path degree of the same value in the directed st-graph. These
are assumed to be v; and v; now. And they are v; €st-pathP, v; €st-
pathP,,, v; €st-pathP,, v; €st-pathP;, v; €st-pathP; and v; est-pathP,,.
That is, when two vertices v; and v; are in st-pathP; and st-pathPp, and v;
is in st-pathP, the v; is the vertex of st-pathP, st-pathF; and st-path Fy,.
Moreover, when vertex v; is removed, st-pathP}, st-pathF, and st-pathP,,
are separated to s and ¢ by vertex v; though st-pathPy is not separated to
s and t by vertex v; even if this vertex v; is removed though v; is the top
of st-pathP, and st-pathP,,(Figure 9, 10, and 11). Therefore, the following
Corollary is obtained. ' -

- P,
Vi
P P
Pnm Puw
Y Pn

Py

Figure 9: Position of vertex v; and vertex v;in st-path.
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Pk

' “.'."- Vi
P B
Px

P
Pn

Figure 10: Position of st-path after removing vertex v;.

Px

Figure 11: Position of st-path after removing vertex v;.
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Corollary 5.5 When the vertex with the mazimum value of the same st-path
degree exists, the vertex on st-path with such only one the vertex is an element
of minimal st-separator.

From each element vertex v; with the maximum value of the st-path
degree in the above-mentioned process, p(v;) st-pathes are cut by excluding
v; for element v; of minimal st-separator. That is, all st-path is separated to
s and ¢ by a minimum number of elements.

Lemma 5.3 The element of minimum st-separator is the vertex with the
mazimum value of the st-path degree in each operation of the st-separator
generation process. ‘

Proof Now, if st-separator obtained by the above-mentioned process is not
minimal st-separator, there exist st-separator as a proper subset in this st-
separator. That is, there will be the verter as st-separator besides this proper
subset. By the way, because the vertez, which had been obtained for each op-
eration by the generation process, was the vertex that the number of st-path
in the directed st-graph was limited with the mazimum value of the st-path de-
gree, all st-path from s to t was cut without remaining. This is contradiction
that there is the vertex as st-separator besides this proper subset. o

The following theorem is obtained from Coroﬂary 5.4, Corollary 5.5 and
lemma 5.3.

Theorem 5.2 (Mazximum st-path degree - Minimal st-separator.) The vertez
with the mazimum value of the st-path degree is an element of minimal st-
sepamtor.

An actual algorithm is described based on above.

Here, st-path matrix S= [s;;] is defined. Then s;;=1 if there is the vertex
v; in the st-pathP;, s;;=0 if there is not the vertex v; in the st-pathF;. The
sum of the each row of the st-path matrix shows the number of st-path that
passes the vertex of the row.

4 Algorithm

¢ st-path matrix S.
‘ v,, is maximum sum of row of S.
¢ matrix Sm is except st-path including the maximum sum of row of the
vertex.
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Start
1: S
n
Um — Max(}_ v;j)
J 3=1
Store st-spt() «— vy,

S «— Sm
If S=0 then end
Gol
End

| 5.4 Conclusion

Therefore, the following theorem was presented for the graph when the struc-
ture of the graph related to the subject was discussed with the start, and var-
ious subject subjects from entrance to graduation were caught as st-directed
graph, and the validity was proven.

(1) we have shown that there exist a directed acyeclic st-graph with max-
imal path independent vertex sets which is equal to maximal independent
vertex sets of a graph G iff the graph G is a comparability graph.
~ (2) we have also presented Maximum st-path degree - Minimal st-separator
theorem, and proposed an actual algorithm based on it.

Each subject is made the vertex to use this for the educational support
system, and the relations between subjects are connected by edges. The
relations among these subjects show a transitive relation of applying the short
cut edges. Then, if minimal st-separator is obtained by using the directed
st-graph, the elements becomes a required subjects in educational study. A
flexible to some degree a subject education is natural from the viewpoint of
education though there are minimum st-separator, and minimum st-separator
it, too. It is a reason for this not to-obtain minimum st-separator but to
obtain minimal st-separator.
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6 Conclusion

- In chapter 1, we provided a necessary and sufficient condition for a digraph
to be an MIS-diagram for an undirected graph, and then showed that we also
presented a simple method for obtaining MWIS-diagrams from MIS-diagrams
for positively weighted cases. Based on these results, we can generate effi-
ciently all MIS’s or MWIS’s of cocomparability graphs. As mentioned before,
every interval graph is a cocomparability graph. Thus, our results are exten-
sions of the pertinent parts of Refs. [4] and [6].

In chapter 2, we have shown that the DP algorithm in [14] can be ex-
tended to be an output-sensitive generation algorithm for MWIS’s of a circle
graph. We have extended the result further to obtain output-sensitive gen-
eration algorithm for MWIS’s of a spider graph and of a circular-arc overlap -
graph. Chordal graphs admit similar output-sensitive generation algorithm
for MWIS’s, which will be described in separate paper.

No output-sensitive generation algorithm have been obtained so far for maxi-
mal independent sets of a circle graph and of a chordal graph. These problems
deserve further study.

In chapter 3, we have described that the competitiveness coefficient of
any online edge-coloring algorithm is greater then -2—’“,—;—1 , where k is maxi-
mum degree, for deterministic or randomized online edge-coloring algorithm.
we have presented new algorithm for online edge-coloring algorithm in next
chapter. ’

In chapter 4, we have presented two lazy randomized edge coloring algo-
rithms both with non-zero competitiveness coeflicients. Unfortunately, these
algorithms are poor against adaptive adversaries (their adaptive competitive-
ness coefficients are 0).

For practical assignment problems, different criteria for optimality from
the one described in this manuscript may be possible. Devising algorithms for
different criteria on edge coloring problems and for vertex coloring problems
deserve future study.

In chapter 5, we provided two theorems, and after that we have pre-
sented an algorithm for education support system that students have to take
required credits from entrance to graduation in a college. It is discussed an
st-digraph that entrance and graduation are vertex s and vertex t respec-
tively and subjects from the entrance to the graduation are vertices. Then,
if there are minimal st-separators of the st-digraph, those are the required
credits from entrance to graduation. We propose a method to decide the
required credits for graduation.
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