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Abstract

In叫is dissertation, we discuss algorithms払r independent set in some

kinds of graphs and its applications･

This dissertation consists of 5 Chapters, and a representation diagram for

maximalindependent sets of a co-comparability graph is taken 11P in Chap-

ter l, andalgorithms for generating maximumweight independent sets in
intersection graphs are described in Chapter 2, and Chapter 3 and Chaper 4

describe online edge-coloring algorithms for degree bounded bipartite graphs,

and application of transitive graph for education support system in Chapter

5.

We are discussing the relation of each chapter from a common problem of

independent set respectively･ The o11tline of ea血chapter is described here･

Chapter l : Let H - (V(H),E(H)) be a directed graph with distinguished

vertices s and舌. An st-path in H is a simple directed path starting from s and

ending at t.Let P(H) be defined as (S I S is the set ofvertices on an si-path

in H (s and t are excluded))･ For an undirected graph G - (V(G),E(G))

with V(G) ⊆ V(H) - (s,t), if the family of maximal independent sets of

G coincides with 7)(H), we cal1 H an MIS-diagram for G. In this chapter,

we provide a necessaryand su瓜cient condit,ion for a directed graph to be

an MIS-diagram for an undirected graph, wealso show that an undirected

graph G has an MIS-diagram iffG is a cocomparability graph･ Based on the

proof of the latter result, we can construct an e凪cient algorithm for gener-

ating all maximalindependemisets of a cocomparability graph･

Chapter 2 : In this chapter we propose analgorithm for generating maxi-

mum weight independent sets in a circle graph, that is, for putting out a11
maximum weight independent sets one by one without duplication･ The time

?omplexity is O(n3 + p), where n is the number of vertices, P output size,
1･e･, the sum of the cardinalities of the output sets･ It is shown that the

same approach canbe applied for spider graphsand for circular-arc overlap

graph8.

chapter 3 : we consideranedge coloring game of a graph by two persons

who are an adversary and an edge-painter･ The former strategy is to add

or to dele七e edges in the graph successively･ The strategy lS Called inpu七･

The latter colors the edge as soon as an edge is added in tbe graph･ Then

it is never changed the color of edges colored･ The latter is notgiven any

furtherinformation of the adversary's. we cal1 the coloring strategies of the

painter online edge-coloring algori七hm･ In this chapter the painter isallowed

arbitrary amount of colors and colors all of edges added in the graph･ A



maximum ratio which is a ratio between the number of colors used of an

online edge-coloring algorithm A for adversary's fami1y of input and that of

o用･ine edge-coloringalgorithm is cJalled a competitiveness coe抗cient of an

online edge-coloring algorithm A･ we haⅦ proⅦd that a competitiveness

cJOe侃cient of arbitrary randomized online edge-coloring algoritlmis greater

than驚旦where k is maximum degree.
Chapt,er 4 : A kind of online edge-coloring problems on bipartite graphs is

c/onsidered･ The input is a graph ( typically with no edges) and a sequence of

operations (edge addition and edge deletion) under tbe restriction that at a町

time the graph is bipartite and degree-bounded by k, where k is a prescribed

integer･ At tbe time of edge addition, the added edge c弧be irrevocably

assigned a color or be left uncolored･ No other coloring or coloralteration

is allowed･ Coloring can be done only at the time of additio'n of the edge;

no color can be assigned afterward (unless the edge is. once deleted)･ The
problem is to assign colors as many times as possible 11Slng k colors･ Twoal-

gorithms are presented: one with competitiveness coe瓜cient喜, and one with

competitiveness coefBcient between喜and喜with the cost of requiring more

random bits than the former algorithm,also against oblivious adversaries･

Chapter 5 : It is reported an education support system to take required

credits from entrance to graduation in a college. This system is applied by

a directed graph tbat subjects are vertices and relations among subjects are

edges･ we present an st-digraph that entrance and graduation are vertex s

and ver七ex t respectively and subjects丘･om the entrance to the graduation

are vertices･ These relations among subjects are transitive by adding some

edges･ Then) if there areminimalst-separators of the st-digraph, those are

the required credits from entrance to graduation. we propose a method to

decide the required credits for graduation.

keywords :

independent set) comparability graph) i血ersection graph, competitiveness

coe位cient,, education support system
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O Introduction

An independent set of a graph is a set of vertices no two elements of which

are adjacent. An independent set is called maximal if it is contained in

no other independent set (abbreviated as MIS)･ An independe血set with

maximum cardinality is cal1ed a maximum independent set. For a vertex-

weighted graph, a maximum weight independent set (abbr･ MWIS) is an
independent set which has the maximumweight amongal1 independemisets･

A generation problem for a graph is a problem of五ndingal1 the subgraphs

of agiven graph each of which has some prespecified property･ Several kinds

of generation problems bave been considered払r -rious classes of graphs

[1]-[7]･

Let H - (V(H), E(H)) be a directed graph with distinguished vertices s

andま･ An st-path in H is a simple directed path starting from s and ending

at t. Let 7'(H) be de丘ned as (S I S is the set of vertices on an sかpath

in H (s and t are excluded))･ For an undirected graph G - (V(G),E(G))

with V(G) ⊆ V(H) - (s,i), if the family of maximal independent sets of G

coincides with P(H), we cal1 H an MIS-diagram for G･

In Ref. [4】, it is shown that any interval graph has an MIS-diagramthat

is an acyclic digrapb (abbr･ a dag)･ The result is ext飢ded to the vertex-

weighted case in Ref･ t61･

Foranundirected graph G, if we can construct an acyclic MIS-diagram

for G, the problem of generatingal1 MIS's of G becomes that of generating

al1 the st-pathsina dag, which is a quit,e easy task･ This fact motivates us

to study MIS-diagrams forundirected graphs･ In chapter l, we consider the

払1lowing two problems:

problem l: What kind of digraphs can be MIS-diagrams?

problem 2: What kind of graphs have MIS-diagrams?

In血apter l, we provide a necessary弧d su侃cient condition払r a directed

grapb to be an MIS-diagram払r - undirected graph･ we also show tbat an

undirected graph G has an MIS-diagram iff G is a cocomparability graph･

Based on the proof of the latter result† we can construct an e抗cient algorithm

払r generating all maximal independent sets of a cocomparability graph･

A circle graph is an intersection graph defined on a set of chords in a cir-

cle: there exists an edge between two vertices ifftheir corresponding chords

intersect,. The circle･ graphs were introduced by Even and ltai in [13], and

since tben, ma町prOblems h肌e been studied on tbem･ Problems of maxi-

mum independent set, maximum clique, Hamiltonian circuit) and recognition

can be solved in polynomialtime for circle graphs [12, 14, 9, 10]･ On the other

hand, it is known tbat coloring and domination problems on circle graphs

are NP-complete [16, 18]･
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Generationalgorithms have been investigated for many years; cycle gen-

eration, c11tSet generation, maximal independent set generation, clique gen-

eration, etc･ For maximal-independent-set generation of arbitrary graphs)

the fastestalgorithm to date takes O(nmα) time, where n is the cardinality

of the vertex set, m the cardinality of the edge set) and α the number of

maximal independent sets generated [1】. For particular graphs, much more

efBcient algorithms areknown･ In chapter 2, we proposeanalgorithm for

generating maximum weight independent sets in a circle graph, that is,for

putting outall maximum weight independent sets one by one without dupli-

cation. The time complexity is O(n3 + p), where n is the number of vertices,

β outp11t Size, i.e., the s11m Of the cardinalities of the output sets･ It is shown

that the same approach can be applied for spider graphs and for circular-arc

overlap graphs.

Vertex- or edge- coloring of a graph is to assign colors to vertices or

edges in sucb a way that no two vertices or edges with tbe･same color are

adjacent. There seem to exist two types of coloring problems: "assignment

maximization typeM in which the number of available colors is prespeci鮎d

and the objective is to maximize the number of vertices or edges that are

as$lgned colors, and "color minimization type" in which the objective is to

minimize the mlmber of colors used to color all vertices or edges･

In resent years, online versions of existing problems have been considered?

among them are. the online versions of these coloring problems･

Competitiveanalysis of vertex coloring problems of both color minimiza-

tion type and of aHignment maximization type are reported [20], [21]･ But

in [20], for randomized online edge-coloring algorithm, the outcome was only

shown briefly, however the proof was imperfect･ In chapter 3) we have

proved that the competitiveness coe鮎ient of arbitrary randomized online

edge-coloring algorithm is greater than竿where k is ma女imumdegree.
Competitive analysis on edge coloring problems of asslgnment maXimization

type seems not, to have been reported･ In chapter 4, we concentrate on on-

1ine edge coloring problems of this type in whi血tbe graph is subjected to

operations of both edge addiもion and edge deletion s11血that at a町time

the graph has some specialpropert,ies: 1) the graph is bipartite with pre-

specified bipartition, and 2) maximum degree of vertices.is not more than
a prespecified integer k･ Such a property is related to asslgnment PrOblems

on some switching network･ We consider only the case in which the number

of available colors is equalto k, The problem is to assign colors as many

times as possible using k colors･ Twoalgorithms are presented: one with

冒own:i ceiitiisvebneetS;eCeOneTcai::t ii ,) abnudt onneeedTmh.1raergreancdO.mmP ebtiitt:vt7hnae:S tChOeeT.;慧
one random bit per one edge addition on tbe且y ).
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The research of七he structure of the graph concernlng the independent set

is described up to the above-mentioned Chapter 4･ In Chapter 5) the applied

problem with the research of the above-mentioned is taken up･ Here, the

above-mentioned graph structure is used for the education sllpPOrt SyStem for

students to take required creditsfrom entrance to graduation in the academic

education etc･ This system is applied by a directed graph that subjects are

vertices and relatioris among subjects are edges･ There is an st-digraph that

entrance and graduation are vertex s and vertex t respectively and subjects

from the entrance to the graduation are vertices･ These relations among

subjects are t,ransitive by adding some edges. Then, if there are minimalst_

separators of the st-digraph) those are the reqldred credits from.entrance to

graduation･ It is proposed the algorithm to which such minimal sﾄseparators

were obtained the required credits for graduation.

3



1 A Represen七ation Diagram for MaximalIn-

dependent Sets or a Graph

l.1 IT止roduction

A generat,ion problem for a graph is a problem offindingal1 the subgraphs

of a given grapb each of whi血has some prespeci鮎d property･ Several kinds

of generation problems have been considered for various classes of graphs

[1]-[7]･

Let H be a directed graph (a digraph, for short) with distinguished ver-

tices s and t. An st-path in H is a simple directed path starting from sand

ending at t. Let 7)(H) be defined as (S I S is the set ofvertices on an st-path

in H (s and t are excluded)). Foranundirected graph G - (V(G),E(G))

with V(G) ⊆ V(H) - (s,t), if the family of maximalindependent sets (ab-

breviated as MIS's ) of G coincides with

7)(H), we cal1 H a representation diagram for MIS's of G, or an MIS-

diagram for G.

In Ref･ [4], it is shown that any intervalgraph has.an MIS-diagramthat
isanacyclic digraph (abbr･ a dag )･ An example is glVen ip Figure l･ The
result is extended to t,he vertex-weighted case in Ref. [6]･

Foran11ndirected graph G, if we can construct an acyclic MIS-diagram for

G, the problem of generatingall MIS's of G becomes that of generatingall

the st-paths in a dag, which is a quite easy task. This fact motivates us to

study MIS-diagrams for undirected graphs･ In this section, we consider the

followmg two problems:

Problem l: What kind of digraphs can be MIS-diagrams?

Problem 2: What kind of graphs haⅦ MIS-diagrams?

This section is organized as follows: Sect. 1･2 defines several terms and

notations. Sect･ 1･3 provides necessary and sufncient conditions for both of

the aboⅧ problems. Sect. 1.4 introduces a diagram to represent all tbe max-

imum weight independent sets of a vertex-weighted graph･ Final1y, Sect･ 1･5
concludes t,his section.

1.2 Preliminaries

ln this section, a directed graph is called a digraphl Whereas an undirected

graph is simply cal1ed a graph･ An undirected edge between vertices u and

て'is denoted by (u,1'). A directed edge from u to v is denoted by (u -?,)･

4
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Figllre 1: (a)A familyn of intervals, (b)the coresponding interval graph G

(vertex vi COrreSpOnds to interval li for i -I,2,.-,6), and (c)an MIS-diagram
forG.
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For a graph or digraph G, V(G) and E(G) denote the 8et Of verticesand

that of edges, respectively, of G. For graphs or digraphs G - (V(G), E(G))

and H - (V(H),E(H)), G n H denotes the intersection of Gand H, ite･,

t,he graph or digraph (V(G) n V(H), E(G) n E(H))･ Similarly, Gu H is the
union of G and H.

For a digraph G, the underlying graph of G is the graph obtained from

G by re,placing each directed edge (u - v) with an undirected edge (u,v)･

No七e that paral1el edges may result･ A digraph is said to be connected if

its lmderlying graph is connected･ A connected componeI止of a digrapb is

similarly de丘ned･

In a digraph G, if the mmber of edges comlng into vertex v is O, then 7)

is called a source of G. On the other hand, the number of edges going out of

l) is O, v is called asinkofG.

A digraph is said to be transitive if the existence of two edges (u - v)

and (v - w) implies the existence of edge (u - w)･ A graph is a compa-

rability graph if the edges can be oriented so that the resultant digraph is

transitive. nlrthermore, such an orientation is cal1ed a transitive orientation･

A comparability graph may be cal1ed a transitively orientable graph･

The complement GC of a graph G is the graph with vert･ex setJ V(G)

and complementary edge set: for two distinct vertices u and l, in V(G),

GC has edge (u,v) iffG has not･ A graph is a cocomparability graph if its

complement is a comparability graph･

A se七of vertices in a graph is called an independent set if no two vertices

in it are mutually adjacent. An independent set which is not contained in

any other independent set is called a maximal independent setJ, Which is

abbreviated as MIS in this section.

A set S of vertices is c,alled a clique if any two vertices in it are mutually

adjacent･ Note that S is a clique of G ifF it is an independent set of GC･

In a digraph, a directed walk is a sequence of vertices and edges

(vl,el,V2,e2,･･･ ,ek,Vk+1) such that ei is an edge from vi tO Vi'1 for i -

1,2, ･ ･ ･ ,k･ A directed walk is called a directed path if no vertex appears

more tban once. A directed walk is called a directed cycle if no vertex

appears more than once except that tbe鮎st and last vertices are the same･

A digraph which has no directed cycle is cilled an acyclic digraph (abbr･ a

dag)･

we consider that directed paths and directed cycles are subgraphs of

the original graph: specifying the set of vertices and that of edges su缶ces

for determining a directed path or a directed cycle･ Thus) ･for a directed

path P, we denote by V(P)and E(P) the set of verticesand that of edges,

respectively, on P･ Similar notations are used for directed cycJles･

For a directed path P passing throughvertices u and t, in this order,

6
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P(u - v) denotes the directed path from u to v that traverses vertices and

edges as in P･ Similarly, for a directed cycle C, C(u - 1,) represents the

portion of C from u to v･ In particular, C(u - u) means a graph with only
one vertex u.

A graph G is said to coveranother graph G'if G'is a subgraph of G･

Moreover, a set F of graphs is said to cover GI if every vertex and edge of G/

belongs to some graphinF･ In this section, we are mainly concerned with

the case in which a graph is covered by a set of directed paths.

1.3 Conditions for MIS-diagrams

ln tbis section, we answer Problems l and 2.

We丘rst consider Problem l･ Let H be a digraph with distinguished

vertices s and舌･Asdefined in Sect･ 1, 7)(H) - (V(P) - ‡s,t) I P is an

st-path in H) ･ H is an MIS-diagram for a graph G if the family ofMIS's of

G coincides with 7)(H).

We say that H is s組111 if each vertex is on some st-path andalso each
edge is.on some sかpath･ A maximal st-full subgraph of H is the subgraph

of H which is s紬11land is maximalwith respect to this property･ Figure
2 showsanexample, where the dotted lines indicate the edges not in the

maximalst-full subgraph.

Fig11re 2: An example of maximalst-fu11 subgraph

Note that the maximalst-full subgraph of H is unique.

The following lemma is trivial.
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Lemma l.1 H is an MIS-dia9ram for a 9raPh G i# the maximal s舌-full

subgraph of H is an MIS-diagram for G･ﾛ

Therefore, in what follows, we assume that H itself is si-full･

In order to show a condition for an st-fu11 digraph to be an MIS-diagram,

I start with tbe払1lowing lemma･

Lemma l.2 Suppose that H has a directed cycle･ Then H has a directed

cycle that is covered by a set of two st-paths･

proof Lei C be one of the direc舌ed cycles of H which is covered by the

minimum number ofst-paths Pl,P2,･･･ ,Pk in H･ we assume on the con-

trary that k ≧ 3. Clearly, for i - 1,2,- ,k, the set of directed paihs

(pl,P2,-･ ,Pk) - (Pi‡ does noまcover any cycle in H･ Let i be an arbi-

trary integer such that l ≦ i ≦ k･ In the followin9, I make use of the

expression "ihe Brst verte∬ ofPi On C" io mean the verie∬ on C which is

metjirs舌when trtLVerSing Ri from s･ ``The lasi vertex ofPi On C" is similarly

dejined. Let the conne呼d componenis of digraph C n Pi be CI, C%?, - , C8Tni･
Forj - 1,2,- ,mi, Ci is a directedpaih and may be an isolated veriex in
c n f?i. mthout loss of 9eneraliiy, assume that Cil contains ihe Prsi vertex

ofPi On C and that C%1,Cf, - ,C%Tni appear on C in this order when tracing

C in ihe direciion of the edges･

Now we have the ne∬t "facL".

Fact: C%1, c%?, - , C8Tni appear in ihis order when traversir7,9 Pi from s to舌･

proof of Fact: Suppose on the contrary ihai Cl, Cf, - , C8Tni do not appear

in this order on Pi. By the dejinition of C!, C%1 appears jirst･ Thus, ihere

exist inL-e9erm･ and l such ihat C!,C%?, ･ ･ ･ ,Cf appear in ihis order and C%!

(l ≧ j+2) appears nexま. Letu be ihe last veriex ofC3~1 and leまv be thePrsi

veriex of C%!. Because fTi PaSSeS V before u and C contains a direcied paih

from u io v, PiUC(u - v) conlains a directed cycle, say C'･ Since any edge

on c(u - v) is not on Pi, the union ofPl,P2,- ,Pi-1, Pi+1,Pi+2,- ,Pk

contains a directed walk, say P/, from s to t which covers C(u - v)･ P′

should be an st-paih because (Pl,P2,- ,Pk)一(fTi‡ does not have any di-

rec舌ed cycle as mentioned before. Therefore, the directed cycle C'is covered

by (Pi, P'), contradictin9 that k ≧ 3･ (er!d ofproof of Fact)

Frvm this "faci", by ch9nging the portion ofPi beiween Cf and Cf'†1 wiih the

portion ofC between Cf and Ci+1, we obiain anoiher st-path･ By performin9

such an operation as long as possible) we can aSsume that CnPi is connected

fori-1,2,- ,kp

As (Pl,P2,- ,Pk) covers C, we can assume that CnPl and CnP2

have a common veriex (change suni∬ if necessary)･ By the deJinition of

8
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C訂Cgeβ・孤喝COm抽両賞（β→γ′），C（即′→即′′）肋d為（γ′′→り，ぴeん肌e

αれ扉－pα殉βα訂グー　伽血眼軌（P′，昂，昂，…，筏）鱒相和Cl劇症九旬刊

甜れかⅦ成c血相わ娩e両軸猶ぬq㍑．　　　　　　　　　　　　　　　□

TlleOl－eml・1jl…IJllll（1iy］YLI）hHis（uLA・MS－（1i（U川…り（L・LyげH7M”L（，

助Ⅶ如か卸壷．

Proor　軸poβe銑瓜土方た朋αd由セcねdc訂Cge肌dα王統eβαmeま戌me由肌

肪d吻和仰げα卯叩たC・伽mエemmαJ・g，娩e柁e∬由子αd如cfdc封Cge

C肌d如0βま一匹触貧肌d為β祝C九娩α壬（旦，角）c彿eγ等C．鞄娩eβ肌e

？巧視me㍑f朋銑eβ乃e虞犯娩ep和げげ上emmαJ・βメぴeC肌αββ卿e娩扉Cn貧
3β00醐捉まd・ムe£叫あe兢eノ言雨ver£㍑げ賞0乃C肌dgef即2みeがほg鮎f即er£α

げ貧㈹ノCr娩eme肌吻βげ娩eβeまe門闇‘節和まク，肌d‘雫朋子，′αre兢eβαmeαβ

娩0βe玩鮎p和げ扉ムemmαJ・βノ・Aねoge舌γ3みe兢eg鮎ま即erf㍑げ為0犯

C・肋ce為印即椚C（即2→叫）ト即3∈Ⅴ（貧（叫→即2））－（γ2）．仇mあ夏作両

賞（β→仇），C（叫→即3）肌d為（γ3→り代用鮎血α成n覚まdぴα挽かmβ

ねち餓Cゐ扉び加βeUer如eβα柁de勾eβみego乃卵わ汽or角．0み房0弘S軌娩由

血吻加か肌成心叩ぬぬ＝抑扇－pα殉βα封P′・Aβガ由α乃肪励卯mかG，

P′面戚牒仰卸㈹かり肌劫叩旬叩．血相ゐα吉カggo叫びeβん0ひ娩α土塊由由
陀Of兢e cαβe．

励cゐげ角皿d馬脚Ⅷ坤0㍑ゐねα乃〟措げC．凡庸んermo柁，γ2由0乃あ0兢巧

α乃d為・撒視ちCゐ鮎循Oe如加古c㈹眠Cね即2ね…erまe∬豆犯Ⅴ伍）∪Ⅴ（曙ト

‡β，けAβme痛0乃dαみoueトⅤ（㌣）⊆V（貧）∪Ⅴ（角）・戯氾CeU2¢Ⅴ（P′），P′

Cαれ氾0ま甜Ⅳ℃呼0犯dね肌仰げC．　　　　　　　　　　　　　　　　□

Herewede丘netwotermsforanSL－fu11digraphH・Anedge（u→V）in

Hiscal1daredundantedgeifHhasadirectedpathfromutovwithmore

thanoneedge・ThetranSitiⅧClosureofH）WhichwedenotebyHT，isthe

graphsuchthatV（HT）＝V（H）andE（HT）＝‡（u→V）fHhasadirected

path鈷・OmutOVI・ClearlyHTisatranSitivegraph．

Theoreml・2β叩pOβe娩α子方由α氾叫みgg軸†呼ん娩αまゐαβれOd如cねdc封一

Cgeβ・了翫柁ガ由αm朗∬一助夕柑m好ガゐ鮎榊戒肌血れfe勾eβ．

Proof「0吻げpα咄
〝ガゐ鮎α門血氾血氾f吻e，娩eγ℃eぬfね昭βf－pα鮎貧α乃d残β祝C九兢αまⅤ（為）

由αpγ叩eγβ視みβe舌げⅤ（巧）．7Ⅵe作為cα陀れOf即mヲ呼0㍑dねαmα戎mαgβe才．
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l

夢

「げ岬・り

勒卿β。此方んα川Ore血陀dα㍑ま吻eβ■ムefG′ゐe娩e肌加軸物匝乃d如c叫

夕叩ゐげガr仇dgeまG′′みe肋eタ叩九0抽虞犯ed如m（プ′み訂加ゎ如タβ肌dま・

肋代。UeちgefGわe娩eco〝がeme和まげG′′・鞠祝陀ββた刑場α陀e∬αm如げ

娩eβegr叩九…r萌叩たβ・

肋fe仇α£Ⅴ（G）＝Ⅴ岬）－（β，け

ムeげ（G）みe鮎卸励げαgg朋削げG・Weβた0びゎめび娩扉ガ由αれ肪

d吻用mかC，兢α壬由，ア（G）ニア往け

肋α叩如d由勧は壬βモーpα鮎貝αれd貧血ガタⅤ（貝）≠Ⅴ（筏）みec肌βeガ由

αC封C抜上eまPみe肌封占毎α兢虞犯且ムeま坑電（P）血0去eV（P卜（β，け軸伽

d卸戎如乃げC′，坑£（P）由αC極eげC′，肌d血β査壬由α陀豆陀如e花de陀舌βef

げG．Aβ紺乃e兢α壬杭£（P）由醐まα㍑朗措材G・撒印加陀e諾由由α眠rね∬U

豆柁Ⅴ（G卜情意（P）β祝Cた兢扉‡里）ulろ£（P）由肌哀れ如e相加壬βe柑C・撒由

me肌β伽ち血C′，即由α伽ce陀fねe靴r訂γer壬e∬飯場f（P）ニe眠γy里er£e∬0花

戸作m血d軸β肌dり九αβα陀吻ed血ねdね…γ伽cまed伽mγ虞犯ガr・
撒祝β統eree∬由ま藍び0里e祓αβ祝肌d祝Jo柁Pβ祝Cた兢傷ま祝／由托e∬壬わ祝0陀P

肌d兢。γ℃α陀如吻eβ（祝→〃）肌d（即→祝′）慮れガr匝0川′m叩わe＝r

り．軸鮎瑚循結わ氾卯mれβ血ecgoβ餌代，ガ加βαd如c£edpα統帥m祝わγ

肌dαd如cねd卯統帥muね祝′．Aβαび加geガ加∂αd加cねdpα娩伽m視ね
祝′w鵡mor℃伽陀0犯ee如．耶血針頭如（祝→祝′）血ガ由α陀血m血陀ま吻eク

α。。抑如d玩凝肌Coれ弼脚妬かα托封β壬－pα兢P豆花札坑ま（P）由α陀〟措げ

C．撒eγゆ柁，ア（G）⊇ア岬）・

ムefβみeα明朗帯げC．か由αC極eq膵′・Aβ由如酬乃㈲αCO叩ge£e

如cねdダ叩ゐゐ朋α肋m地相血pα軋ぶ0ガTゐαβα成代C舌edpα兢pαββ如

伽祝g九αgg脚触βげβ・軸鮎相和互助げ如朋血ecgo鈍化ク兢由画地
兢αL打九αβαd如cねdpα兢pα朗吻肋仰㍑タ九αggVer如eβ慮れ刀・βec肌βeガ由βモー

脚α㍑d明C毎αgg附加eβ扉β由0几α循β壬馴肋戌花札叩P′・AβdeβCわあed

αむ0里e，杭f（P′）由肌朗∬耶，肌踊帥Ceヱ）＝坑ま（P′）・m叫ア（C）⊆ア（町

w6arenowreadytoanswerProbleml・Co血biningLemmal・1and

Theoremsl．1andl．2，WeObtainthefo11げⅣingTheorem・

The。reml．3A萌叩たガ由肌財∬一助g和m断たemα嘉mαgβ埴ggβ祝わ一

夕叩九げガんαβ㍑e助er伽c壬edcycgeβ几Or陀血相血mま吻錯・　　　□

As払rProblem2，Wehavethefo1lowingTheorem・

Theoreml．4Aタ叩んC九αβ肌肌苫一血gⅢm好G由αCOCOm卯和み物

タ†叩九・
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Proof (only ifpart)

Suppose that G has an MIS-diagram H･ By Lemma l･1, we may assume that

H is s舌jull. Lei G′ and Gr′ be deBned as in the proofof Theorem l･2･ It is

clear thai V(H) ⊆ V(G) ∪ ‡s,t)･ Furthe門re, SmCe any Veriex v ∈ V(G)

is an element of. ai least one MIS ofG, -s contained in V(H)･ Therefore,

v(H) - V(G) U (s,t), and hence V(G) - V(G")･

Eor any two verまices u,v ∈ V(G), if(u,v)卓E(G) then G has an MIS ihai

contains bothu andv. In this case, HT has (u - v) or (v -u), and hence

(u,v) ∈ E(G′′). On the other hand, if(u,v) ∈ E(G), then HT has neiiher

(u - 1') nor (v - u), andhence (u,v)卓E(G′′)･ Thus, G′′ is the complemenま

of G. G'and G′′ are comparabiliiy 9raPhs because they are made from the

transitive closure HT. Therefore, G is a cocomparability grlaPh･

(if part)

If G is a?ocomparabiliLy graph, we can consirucまan MIS-dia9ram for G in

the followmg manner:

step l,･ Make ihe complemeni GC ofG･

step 2: Give a iransitive orientation to ihe edges of GC･

slep 8.･ Eliminate all redundant ed9eS, Let Vsource and Vsink be the set of

sources and sinks, respectively, of the rleSultant di9raPh･

step 4.･ Create a new source s and add edge (s - x) for each x ∈ Vsource.

Similarly, create a new sinkまand add edge (y -i) for eachy ∈ Vsink･ □

since a町iI止erval graph is a cocomparability graph 【9】, this result is an

extension of a portion of Ref. [4]. Note that the latter half df the proof of

Theorem 4 is constructiv占. It isknown that the computation of the transitive

orientation (step. 2) and the elimination of redundamiedges (step 3) both
can be executed in polynomialtime [10, 11]･ Therefore, an MIS-diagram

of a cocomparability grapb can be created in polynomial time･ Tben, we

can generate e鮎ientlyal1 MIS)s of the graph by払dingal1 sf-paths in the

MIS-diagram.

1A Diagrams for maximum weight independent sets

LeもG be a graph such that each vertex v ∈ V(G) is given a positive weight

w(v). An independent set of G is called a maximumweight independent set

(abbreviated as弧MWIS) if the Bum Of weights of its vertices is the largest

amongall of the independent sets of G･ We are to construct a diagram to

represental1 MWIS's (not MIS's) of G. We call such a diagraman MWIS-

diagram for G･ An example is depicted in Figure 4･

12



皇

∃

享

垂

∃

蔓

（2）

0

1ち

（3）

抗

梼

（1）

略

lち

【4）

（a）

0川
陥

（2）

佑

（4）

0

佐

竹

（3）＼　帖

0、－）

（b）

（1）

t

（2）

Figure4‥（a）AweightedgraphG（七hemlmbersinparenthesesshowvertex

Wdghtβ），and（b）anMW‡S－diagramforG．

AnMWIS－diagramdoesnotalwayscontainallverticesinV（G）．
Asweightsareallpositive，aTlyMWISisanMIS．Ifansま－fu11MIS－di喝ram

Hisathand，anMWIS－diagramcanbeobtainedasfo1lows．

藤setthewei担SOfsandttobeO・Fbreachvertexv，1eもL（v）bethe
maxirrmmamongthesumofweightsofverticesonadirectedpath鉦omvto
まinガ．

Beginningwith L（t）＝0，L（・）canbecalculatedeasilybecauseHis

チCyClic・Theneliminateal1edges（v→u）suchthatL（v）＞L（u）＋w（v）・It
lgStraightforwardtoprovethattheresultantdigraphisanMWIS－diagram・

There払re，thenextTheoremfo1lows鈷・OmTheoreml．4．

Theoreml・5占一柳0βe兢αfeαCん即eγfe∬夏作夕柁画GんαβαpOβ戌如eび吻放茸

C由αCOCOmpα和む哀g軸gr叩ゐ，兢e†乙豆壬九αβα乃〟W掛d吻mm．　　　　　口

It should benotedthat agraphwhichhas an MWIS－diagr鋸Ilis not

necessarilyacocomparabilitygraph．SeeFigure5．

1．5　Conclusion

Inthis section，WePrOVidedanecessaryandsu払cientconditionhradi－

graphtobeanMIS－diagramforanundirectedgraph，andthenshowedthat

anundirectedgraphGhasanMIS－diagramiffGisacocomparabilitygraph．

Ⅵ毎alsopresentedasimplemethod払robtainingMWIS－diagrams触）mMIS－

diagrams払rpositivelyweightedcases．Basedontheseres111ts，WeCangener－

atee瓜cientlyallMIS’sorMWIS’sofcocomparabilitygraphs．Asmentioned

13



vl (2)

(a)

VI V3

s O十->○
(2) (2)

(b)

Figure 5: (a)A graph that is not a cocomparability graph,and (b)its MWIS-

diagra･m･

beforel eVery intervalgraph is a cocomparability graph･ Thus, our results

are extensions of the pertinent parts of Refs･ t4]and [6】･

The following problems are still open:

･ what kind of digraphs can be MWIS-diagrams?

･ wha七is a necessary and su氏･cient condition for a weighted graph to have

anMWIS-diagram?
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2ﾉAlgorithms for Generating Maximum Weight
lndependent Sets in Circle Graphs, Circular-

Arc Overlap Graphs, and Spider Graphs

2.1 Introduction

An independeI止set of a graph is a set of vertices no two elemeI止s of which are

adjacent. An independemiset is called maximal if it is contained in no other

independent set･ An independent set with maximum cardinality is called a

maximumindependent set･ For a vertex-weighted graph, a maximum weight

independent set (abbreviated as MWIS) is an independent set whi血has the

maximum weight among a11 independent sets. Generation of a certain family
of sets is to put outall the sets in the fami1y one by one without duplication.

A circle graph isanintersection graph defined on a set of chords in a cir-

cle: there exists an edge between two vertices ifftheir corresponding chords

intersect･ The circle graphs were introduced by Even and ltaiin [13], and

since ＼then, many problems have been studied on them. Problems of maxi-

mum independent set, m弧imum cliq-1e, Hamiltonian circuit, and recognition

can be solved in polynomialtime for circle graphs [12, 14, 9, 10]. On the other

hand, it is known that coloring a-1d domination problems on circle graphs

are NP-complete 【16, 18】･

Generation algorithm8 have been investigated for many years; cycle gen-

eration, cJutSet generation, maximal independent βet generation, clique gen-

eration, etc･ For maximal-independent-set generation of arbitrary graphs,

the fastest algorithm to date takes O(nmα) time, where n is the cardinality

of the vertex set, m the cardinality of the edge set, and α the n11mber of

maximalindependent sets generated [1]. For particular graphs, much more

e仇cientalgorithms areknown. Generation of maximalindependent sets of

an intervalgraph, of a circular-arc graph, and of a chordal graph can be done

in time O(n2 + β), o(n2 +＼β), o((n + m)α), respectively, where n, mand

α are the same as that mentioned above and β is the sum of the cardinal-

ities of the maximalindependent sets, i･e･, the outJPut Size [4]. The former

two algorithms run in time O(polynomial of input size + ouipu去size).As

any generationalgorithm takes O(β) time, suchalgorithms are, in a sense,

optimal･ we cal1 suchalgorithms as pseudo-1inear or output-sensitive. For

interval graphs, an output-sensitive generationalgorithm for MWIS's isalso

known[6]･ For circle graphs, no output-sensitive generationalgorithm has

been known for maxmal independent sets. Fhrthermore,althoughan MWIS

canbe found e抗ciently by the same methodgiven in [14】, no e凪cient gener-

ationalgorithm for MWIS's has been reported.
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In this section we show that a simmple combination of the MWIS gen-

eration algorithm for intervalgraphs in [6] and the algorithm in [14] for

&nding a maximumindependent set of a circle graph leads to an O(n3 + p)

time algorithm to generate MWIS's of a circle graph with positive vertex

weights･ Spider graphs and circular-arc overlap graphs are super classes of

circle graphs [7, 1]. We show that output-sensitive generation algorithms for
MWIS's of these graphs can be obtainedina similar way･

2.2 Preliminaries

For a graph G with vertex weight attached to every vertex, the weight of
a set ｡f vertices is defined to be the sum of weights of vertices in the set･

An induced subgraph of G de丘ned on a set S of vertices is the subgraph of

G obtained by deleting vertices other thanS (andalso deleting pertinent

edges).

F.r a family F of sets, a graph G is called the intersection graph with (or

of or on) model F if there exists a one-to-one correspondence between the

vertex se七of G and the family F such thaも七wo vertices are adjacent iffthe

corresponding sets have non-empty intersection･ Similarly, for a family F of

sets, a graph G is cal1ed the overlap graph of F if there exists a one-to-one

correspondence between the vertex set of G and the family.F such that two

vertices are adjacent iff the corresponding sets overlap, i･e･, have non-empty

intersection and none co血ains the other.

An intersection graph of a family of chords in a circle is cal1ed a circle

graph･ The corresponding family of chords is cal1ed the circle model･

An inter8eCtion graph of a family of in七ervals on the realline (i･e･, an

intervalintersection graph, so to say) is called an interval g?ph･ Similarly,
an overlap graph of a family of intervals on the real line is slmPly called an

overlap graph･ It is knownthat circle graphs are equivalent to overlap graphs

[14】. It 】is shownin [14】 that the size of a maximum independent set of an

overlap graph is equalto the weight ofanMWIS of an intervalgraph defined
.n the same int'ervalmodel, with suitably defined vertex weight･ Utilizing

this fact, an MWIS of a circle graph,given its circle model, canbe obtained

by using an MWISalgorithm for interval graphs･

For a graph G, V(G) denotes the set ofvertices of G and E(G) the set of

edges. we cal1 a digraph an s舌-dag (directed acyclic graph) if it is acyclic and

has only one source s and only one sink i? where a source i8 a VerteX With no

incoming edges and a sink with no outgoing edges･ An si-path is a directed

paもh starting from s and ending at去･ For an st-dag D, 1et 7'(D) denotes

the set of sL-paths on D,and let S(D) dgf (the sei of veriices on P -

16



(s,t)暮P ∈ P(D))･ we c,all D the diagram for S(D). With diagram D

at hand, generation?f S(D) is a quite easy task; note that S(D) can be

genera七ed e鮎iently by usualbacktracking method, in time proportional to

the output size. It is shown in [6] that, for an intervalgraph G, there exi8tS a

diagram for the family of MWIS's of G, and such a diagram can be obtained in

O(n2) time, where n is the cardinality of V(G). Below we briefly describe the

method of [6] for convenience･ Given a weighted intervalgraph G with model

T,firstfind a diagram for maximal independent sets of G by the method of [4]

as follows: For each vertex u of G, let lu denote the corresponding interval

in r. We add new intervalIs at the far left of Z and new intervalIt at

the far right,and temporarily consider s and t are vertices of the interval

graph･ For two vertices u and v in G,give a directed edge from u to v

iff a) uand v are not adjacent, b) Iv is placed to the right of luin Z, and

c) no intervalwhich dose not intersect lu nor lv is placed between lu and

lv.The resulting sま-dag is a diagram for maximal independent sets of G.

Then eliminate unnecessary edges so as to make the resulting directed grapb

become a diagram for MWIS's of G. This can be done because all weights

are positive･ For example, 1et G be the interval graph shown Figure 6 (a);

the weight of v5 is 2, weights of ot,her vertices are al1 1. Figure 6 (b) is a
model for G, with imaginary intervals ls and lt added･ Figure 6 (c) shows a

diagram for maximal independent sets of G. And丘nally, Figure 6(d) shows a

diagramfor MWIS's of G. Note that source s and sink t are not in七roduced in

【14】 and [6]･ In wha七follows, every diagram we describe is that for MWIS's of

some interval graph (say H)･ Thus we call such a diagram simply a diagram

for H (omitting the family of sets it represents).

2･3 Generation of maximum yeight independent sets
of a circle graph

Given a circle graph, a corresponding circle model can be e抗ciently obtained

【10]. As is stated before, a circle graph is an overlap graph･ Given a circle

model払r the circle grapb, an interⅧ1 model払r the corresponding oⅧrlap

graph can be obtained e艮ciently [14】, In the following we are concerned

mainly wi仇interval models, so we will use the term overlap graph rather than

circle grapb. ThlS, in tbis section, we assume that we are glVen an OⅦrlap

graph G with positive vertex weight wt(･) and its intervalmodel Z･ AIso
we assume thaもal1 the end points of intervals are distinct. For convenience,

we use "vertices" and the corresponding "intervals" interchangeably. R)r
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example，theintervalcorrespondingtovertexvwillbecalledimierぬ1v，and

払rasetofverticesX，intervaluinXmeanstheintervalcorrespondingto

VerteXuinX．Thesameapplies良）rintervalgraphs．

Anind11CedsubgraphHofGisalsoanoverlapgraph．Bydeleting，丘om

themodel払rG，intervalsotherthanthatcorrespondingtoverticesinH，We

ObtainamodelforH．Inthe駄）1lowing，bytheterm“modelhraninduced

SubgraphofG”wemeanthemodelobtainedinthisway・Generally，foran

inducedsubgraphHofG，1etHdenotetheintervalgraphdefinedonthe

samesetofi血ervalstha七Hhasasitsmodel．Inparticular，Gistheimierval

graphwi七hmodelZ・

R）raVerteXU，1et

co㈹γ（γ）空（祝∈Ⅴ（C）Ⅰ摘eγUαg祝宜βCO而α血ed五和抽eγUαg叩≠叶

LetGvdenotetheinducedsubgraphofGdefinedoncover（v）・Letw壬′（v）be

ane㌣Weightofvdefinedas丘）1lows：

㌦（γ）空血（即）＋兢ew軸如oJ肌財ⅣJβ0∫Gγ．

Tlmstherearetwokindsofweights，andMWIS’sforthesetwoweightswillbe

consideredinthe駐）1lowing．Tbamidconfusion，MWISwithrespecttoweight

wtl（・）isdenotedbyMWIS（wt＞）；MWISforwt（・）issimplydenotedbyMWIS
asbe良）re，FbranindependentsetQofG，thetop－1ayersetofQisde丘nedto

betheset（v∈QlnointervalxinQprqperlycontainsinLervalv）・Then
thefo1lowingtwolemmasareimmediateconsequencesofthede丘nitionsof

Wt，（・）andthetop－layerβet・

Lemma2．1g叩p朋e娩α坤1，即2，‥・，即た‡由α相加極印血まβe柑∂．乃e陀，

‡ul，即2，…，射た‡リリ盲（αれ〟ⅣJぶoJGvi）由肌血桓eれde花子βe舌げCwゐ0βe

び吻如何宜偽作聯C才ね血（・）ノ由∑た1加廟）．

もemma2．27Ⅵew吻如げα托血d甲eγもde㍑fβeまQげC何度偽作軍eCfねび叶）ノ

doeβ犯0壬e∬Ceed娩e餓mげ兢e軋′吻如び咋）げuer如eβ血塊eねp－g叩erβeまげ

（J．

Bytheselemmas，Wehavethe丘）1lowingTheorems・Theproo臨arerather

Straigh丑）rWardandsoareomitted．UnweightedversionofTheorem2・1is

in【14］・

Theorem2．1軸poβe肋α坤1，γ2，…，即γ）由餓〟l棚仲里摘．
7翫乃，（叫，即2，…，町）UU≡1（αれ〟ⅣJβoJCu宜）由α托朋ⅥⅦ㌻げG・
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Th餌代m2．2ムeまQわe明〟附芳村Gタ肌d～efAみe娩e桓㌢軸erβefげ

Q．7加A由α花〟椚坤り舶，両脚川柳ノ哀れ4Qn島由叩摘川昭
√1「C†い

Tbeorem2．3肘如d浦和C川田坤りなズαmdyげ∂タぴんe陀X＝

（∬1，諾2，・‥，∬γ‡肌dy＝‡裾馳，・‥，扉′

ズ∪此1（αm〟椚β0∫G∬豆）cα和陀0拍如c戌deび肋yUU言＝1（α乃〟椚柑G鋸）

抄肌yC加鹿βげ〟田方なげG∬毛α陀dげG慰j・

l

J

L

■j

門

、

FbrasetXofvertices，1etGxdenotetheinducedsubgraphofGdefined

？ntbes坤∈Ⅴ（鞘βOme油汀γαg哀れズco血血抽U呵Actu軸
InWhat丘）1lows，WeOnlyencounterGx，ssuchthatXisanindependentset

intheintervalgraphG・ThusGxwillbesomedigointunionofGv’s■

TheaboveTheoremsleadtothe払1lowingalgorithm，arOughsket血of

whichisas払1lows．

ProcedureM（H，S）
ifガ＝¢thenoutputβ・

foreadlMWIS（wt，）Xof励

〟（月五，ぶ∪ズ）

M（G，0）generatesthedesiredoutput・

NoteThat，intheprocedure，Histhei血ervalgraphcorrespondingto

circlegraphH・
恥sh珊thevalidityofthealgorithm，WeglVeOnemOretrivial1emma・

もemma2．3軸poβe此方＝‡仇，U2，…，てかβα陀豆廟e血ま血路
押由αれ〟肝鞘Gズタ〟＝叫軋）由肌〟椚古郡u帥＝1，2，…フた・
c。m脚β殉，∪たi〔α陀〟l描0∫G明ノ由肌〟附9げGズ・

Now，reC11rSiveuseofTheorem2・1ahdLemma2・3ensuresthatea血

outputisanMWISofG・RecursiveuseofTheorem2・2andLemma2・3
ensuresthateveryMWISofGisputoutbythealgorithm・Final1y，Theorem
2．3ensuresthattherearenoduplicates・

Next，Wedescribesomeimplementationdetai1払refBcientexecution

thealgorithm・LetDbethediagrarpfore（withrespectedtowtl（・）
similarly，1etDvbethediagram払rGv（withrespecttowtl（・））・Wt／（・）

of

）・

al1verticesarecomputed？anddiagramsDandDv，sareconstructedprlOr

20



to the execution of thealgorithm, in pre_processing phase･ The sentence in

thealgorithm for each MWIS(wt') X of H is replaced by the following three
sentences :

construct a diagram for H

for each st-path P on H

X - (vertexsetonP) n V(G)

Construction of a diagram for H is done as follows･ When H - G, D is

already constructed･ Otherwise, H - Gx for some X that is an independemi

set in G･ Consequently, ji is th～e disjoint union of intervalgraphs ( ev I

v ∈ x ‡･ Thus, a dia甲am for H can be obtained by combining diagraTs
Dv's ( v ∈ X ) in serleS･ The time complexity of making such a serleS

combination is dominated by the size of output set･ With these devices? the

time needed to generateal1 MWIS's of G is O(P) where P is the output size,

except for preprocessing phase･ To compute wi'(･) and to cons七ruct D and

Dv's, 0(n3) time sumces [14], [6】･ The overall time complexity is O(n3 + β),

space complexity O(n3).

2･4 For spider graphs and circular-arc overlap graphs

A IⅣperchord in a circle is an arbitrary connected丘gure in a circle with more

than one touching points (i･e･, iI加rsecting points with the enclosing circle).

Thus a chord isalso a hyperchord･ we assume thatunnecessary intersection

between hyperchords has been eliminated: two hyperchords intersects iff

t,heir touching points interleave (as in a circle graph). A spider graph is the

intersection gr叩h of such IⅣper血ords in a circle.

A circular-arc overlap graph is an overlap graph of arcs on a circle. With-

out loss of generality, - assume that no arc covers the whole circle･ Spider

graphs and circular-arc overlap graphs are super classes of circle graphs.

MWIS generation algorit,hm for circle graphs described so far can be utilized

to obtain output-sensitive MWIS瑠eneration algorithms for spider graphs and

for circular-arc overlap graphs･ we assun!e that the graphs aregiven with

the corresponding models･ Algorithm M(G, ¢) can be thought of to be an

MWIS-generationalgorithm for a circular-arc overlap graph, with a slight
modification= MWIS(wt') generation of e (executed inthefirst cal1 for pro-

cedure M(H, S), i･e･, when H - G, S - ¢) is done by the MWIS-generation

algorithm for circular-arc graphs described in [6] rather than that for interval

grapllS.

An MWIS-generationalgorithm for circular-arc graphs is reported in [6].
Un払rtunately) the description is ambiguous and seems to haⅦ a且aw. The

21



algorithm seems to construct one single directed graph ( diagram, in our

term ) and generate all paths･ This cannot lead to a correct generation

algorithm: for example, consider a cycle offive vertices with all weights
l. Instead, we cit,e [5】 which describesanencient algorithm for generating

maximum cardinality independent sets of a circular-arc graph) which canbe

easily converted to an MWIS-generation algorithm for a circular-arc graph?

wh.se running time is O(n2+@). Thus, the resultingalgorithm is of O(n3+p)

time.

In [14] a method is described for converting a circle model of a circle

graph to a (1inear) interval model ofanoverlap graph: put a light source

on the (enclosing) circJleand project each chord ont･o the tangent line (on

the opposite side of the circle) by the ligh七･ Apply the same method to the

hyperchord model for the spider graph to obtain a linear model･ Note that a

hyperchord v becomes an intervalwhich may con七ain several比inner points乃

which are projected-images of touching points of v in the originalmodel (two

of t,he images of～the touching points become the endpoints of the interval)･

Then, consider H to be the intervalgraph defined on the intervals (neglecting

inner points), and for a set of vert,ices X, Hx to be the indllCed subgraph of
G on t,he vertex set

(v ∈ v(H)暮X has x such ihaまinterval x contains interl'al v and

interval l'does not contain ar7,y "inner points" of inLem,al x)･

By this modification,algorithm M(G, ¢) certainly generates MWIS's of

t,he spider graph G. The ruming time is O(n3 + β), i･e･,output-sensi七ive･

2.5 Conclusions

ln this secti｡n we have shown that the DPalgorithm in [14】 can be ex-

tended to beanoutput-sensitive generationalgorithm for MWIS)s of a circle

graph･ We have extended the resultfurther to obtain output-sensitive gen-

erationalgorithm for MWIS,s of a spider graph and of a c/ircular-arc overlap

graph･ Chordal graphs admit similar output-sensitive generationalgorithm

払r MWIS's, which will be described in separate paper･

No output-sensitive generationalgorithm have been obtained so far for maxi-

mal independent, Sets of a circle graph and of a chordal graph･ These problems

deserve further study.
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3 A Competitiveness Coefncient of Online

Edge-Colorlng Algorithm
●

3.1 In七roduction

Given an undirected graph G(V, E), an edge-coloring is?n assignment of in-
dices l) 2) ･ ･ ･ ) n to the edges ofG such that no two edges lnCident on a vertex

have the same label･ The indices are referred as colors, and the smal1est value

of n for which such a coloring can be achieved is cal1ed the chromatic index

of七he graph･ The online coloringalgorithm is defined as follows. It is not

given all of input data in advance･ As soon as it isgiven an input data, it

colors the input data one after another･ It is notgivenanyfurtherinforma-

tion of input after it colors･ In general they use a competitive analysis to

analyze the onlinealgorithm) because an absolute performance for the online

algorithm dose often not make sense･ This is tJO COmPare COSt Of online algo-

rithm with that of ominealgorithm for the same family of input.data. The

o用血ealgorithm is analgorithm that deals with a family of input data all of

wbich are known in advance･ In this sec七ion l consider an edge-coloring game

of a graph by two persons who are an adversary andanedge-painter. The

former strategy is to add or to delete edges in七he graph successively･ The

strategy is cal1ed input･ Since the adversary makes a family of input･ On the

otber ha叫as soon as an edge is added in tbe graph, the latter has t｡ ｡｡1｡r
tbe edge･ Then it is never ch弧ged the color of edges colored. The latter is

notgiven anyfurther informat,ion of the adversary's･ We call the coloring

stJratJegies of the painter online edge-coloringalgorithm. A maximum ratio

which is a ratio between the number of colors used of an online edge-coloring

algorithm A for advers9ry's family ofinpu七and that of o乱ne edge-coloring

algorithm is cal1ed a competitiveness coe鮎ient of an online edge-coloring
algorithm A- It is betteralgoritlmthat the online edge-coloringalgorithm

has smaller value of this coemcient･ We analyze a determimistic online edge-

coloringalgorithm and a randomied online edge-coloring algorithm under
the followlng CaSeS･ The painter is allowed arbitrary amount of colors and

t

has to colorall of edges added in the graph･ For this case the online edge-

coloring algorithm was analyzed [20]･ In [2d] , the competitiveness coe抗cient

of arbitrarily deterministic online edge-coloring algorithm was proved that

it was greater than驚where k was maximum degree of the graph. But
for randomized online edge-coloringalgorithm the outcome was only shown

brie恥however the proof was imperfect･ In this section we have proved七hat

the competitiveness coencient of arbitrary randomized online edge-coloring

algorithm is greater than # where k is maximum degree.
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3. 2 Preliminaries

Here we wish to refer to some nota七ions about graph in [19】, and the graph is

undirectedand isallowed to have multiple edges except on special occasions･

Theorem 3.1 The chromatic number of arbitrary grlaPh G is equal to the

maximum degree of the graph or is greaier than ii [19]･

Theorem 3.2 The chromatic number of bipauite 9raPh G is equal io ihe

maximum de9ree Of ihe graph [19].

We consider a two persons game by an edge-painterand an adversary･

Let ll be a problem with a丘nite set l of input instances (fixed size), and

afinite set of deterministicalgorithms A･ For input i ∈ Iandalgorithms

a E A, let C(i, a) denote the cost ofalgorithm a on input i･Anedge-painter
wants to makealgorithms whose cost is smal1erandanadversary wants to

make input ins七ances whose cost is larger･ For probability distributions p

over l and q over A? let ip denote a randominput chosen according to pand

ap denote a random algorithm chosen according to q･

Theorem 3.3 (Yao's Minimax Principle 【23】) For all distribuiionsp over

l andq overA,

TeiAn E[C(ip, a)] ≦ rT6aIX EtC(i, aq)]

where E[X] is expectation ofX･

There are an oblivious adversary and an adaptive adversary払r adversary

of randomized online edge-coloringalgorithm. When the former dose input,

he cannot get the information that edge-painter had chosen colors for family

of input before･ When the latter dose input? he can get the information that

edge-painter had chosen colors for family of inpllt before･ Since the adaptive

advers予ry is strolnger than the other･ Lety a graph Go - (V,E,k) be the
beginnlng Of a graph G,暮Vl ≪ k, E - 0･ Adversary adds or deletes edges to

Go successively,under the following conditions : the degree of all vertices are

always less than k on the way of inputtingand once at least the degree of a

vertex is just k on the way of inputting. The adversaryknows the stra七egies

of the edge-painter･ When the adversary adds an edge, the edge-painter col-

ors t,he edge then the color is different from each of adjacent edges'･When
the adversary deletes edges? the edge-painter dose not anything･ The edge-

painter never血anges the color of the edge colored) and the adversary knows
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thelimitofdegreeofthegraph・Theedge－painter？saimistomakesmallus－

ingthemlmberofcolorsaccordingtothefamiliesofinputoftheadversary・

Theadversary’saimistogivethe払miliesofinputthattheratiobetween11S－

ingcolorsofonlineedge－COloringalgorithmandthatofo用・ineedge－COloring

algorithmismadelarge・LetGel，e2，…，eibeagraphjustafterinputeiaC－

COrdingtothe払mi1yofinputel，e2，‥・，ei，…・LetfA（el，e2，…，eM）be

thenumberofuslngCOlorsofdeterministiconlineedgeLCOloringalgorithmA

accordingtothe払milyofinputel，e2，・‥，eM，andjb（el，e2，・・・，eM）bethe

nurhberofusingcolorsofoptimalomineedge－COloringalgorithmaccording

tothehmi1yofinputel，e2，‥・，eM．

De鮎i七ion3・1A繭eγm血由如0乃肋ee勾e－COわわ乃タα如摘んmA由βα豆dね

あeC－－C叩pe抽即eβ鋸Cん兢αf陶α氾封ルm豆g豆eβげ吻粕まel，e2，…，e励

ん（el，e2，‥・，触トCxゐ（el，e2，‥・，e〟）≦0．

Aねd兢eco叩e舌血餓eββCOq節c励まげA，de榊ねdC怒f，由兢e豆頑mw托げC
β祝Cゐ娩αまA由C－COγ叩e苦痛眠．

Obliviousadversaryisthesamethathemakesa1lof払miliesofinput

PreViously，becausehehasnoin触encethatedgeMPaintercolorededgesbe払re・

Letfz2（el，e2，…，eM）bethemlmberofusingcolorsofrandomizedonline

edge－COloringalgorithmRaccordingtothefamilyofinputel）e2，・‥，eM，

thenthefR（el，e2，・・・，eM）istherandomvariable．

De負mition3・2勘0ゐ肋血βα血er開r訂αm犯血m豆zed川g豆粕ee卸－COgOr吻

α如摘んm月由βα戎dねみeC－C抑軍e抽即eβ視Cゐ娩αf伽α乃訂みm豆g豆eβ好物祝吉

叫ん（el，e2，‥・，eAオ）トCxん（el，e2，‥・，eAグ）≦0．

Aれd娩eco叩e抽ue乃eββCOq炉c戎e犯吉村孔de氾0ねdq宮上ク由兢e榔mw托げC
餓Cん娩αま月由C－CO叩pe地眠．

LetPbeaprobabilitydistributionofchoosing臨mi1iesofinp11t・

ThefA（el，e2，…，eM）andthe泉）（el，e2，・・・・，eM）arerandomvariablesunder

P・Fbradeterministiconlineedge－COloringalgorithm41etC笠becompet－
itivenesscoe組cientunderPanditisin丘mumofCsuchthat

叫ん（el，e2，‥・，e〟）トCx呵ゐ（el，e2，…，e〃）］≦0．

Yao’sMinimaxPrincipleimpliesthat

稽古≧聖nq左・
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The implication of this is as follows : the competitiveness of the best de-

terministic online edge-coloringalgorithm CAP, according to the probability

distribution P of choosing the worst-caBe families of inputs? is the infimum

of C雷1 of any randomized online edge-coloring algorithm according to the
oblivious adversary.

Definition 3.3 Fur an adaptive adversary a randomized online edge-coloring

algorithm R is said io be C-competitive such ihai for ihe family of inpui

el,e2, - ,eM made by the adaptive adversary･

E[fR(el,e2,- ,占M)卜C x Etfo(el,e2,- ,eM)] ≦ 0･

And the compe仙veness coeBicieni of R, denoted CAda, is Lhe injimum of

C such ihat lus C-competitive･

DeRnition 3.4 An online edge-coloring algorithm which dose not use greater

then h colors as much as possible is dejined as follow : when an adversary

adds the edge ei, the algoriihm mu8土color wiih the one of colors, (they are

colorl,COlor2, - ,COlorh_1 ) which are no去used yet on the adjaceni ed9eS io

ei, in Gel,e2,･･･,ei ･ Color in this section has linear order as follow colorl <

color2 < - , Ifnew color is used, it musL be smallest number that is noまyeま

used. A set of colors on edges incidentfrDm a VerteX V is deno舌ed Sv･

3.3 0nline edg&coloring problem

3.3.1 Deterministic online edge-coloringalgorithm

Lemma 3.1 Le舌A be a delerministic on.1ine ed9e-COlorin9 a190rithm･ For

this A, it is

fA(el,e2,･･･ ,eM)≧2k-1

accordin9 io lhe family ofinpuis el,e2,･ ･ ･ 'eM･

proof We prove it by reduciio ad absurdum･ We assume thai i舌is

fA(el,e2,･･･ ,eM) <2k-1

?ccording to any family of inpui for A･ Here we ihink that the family of input
iS aS follow･

1. Repeat k - 1舌imes adding (vl,Wl)･
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2･ Repeat k - 1 iimes adding (v2,W2).

By the assumption, Svl USv2 ∪- is a subset of( colorl, COlor2, ･ ･ ･ ,COlor2k_2

)･ A subsei of‡ colorl,COlor2, - ,COIw2k_2 ) is βnite, since there exist ad-

equate sequence xl,X2,･ ･ ･ ,Xk and Svぉ1 - SvD2 - - - Svsk ifthis repeaiing

are conLinued enou9h. And ihen ihi8 Pattern is disconnected. Ajier thai, next

followin9 edges are added.

3. Add (vxl,Wo).

4･ Add (vx2,Wo)･

5･ Add (v抑Wo).

Since it cannot color wiih ihe element of Sx,･ on ed9eS added form 3 io 5,

ihese need k colors withoui k - 1 colors element ofSxj･ For this family of

input, total of colors used is as follow I

(colors between l,xj, and w∬,. ) + ((て,31,Wo), (vx2,Wo),- ,(vxk,Wo))- (k -

1)+k-2k - 1･

But ihis is the contradiction of ihe assumption.･

fA(el,e2,･･･ ,eM) <2k-1.

Hence ii is

fA(el,e2,･･･ ,eM) ≧2k-1.

□

On the above step2, the continuing enoughis the maximllm

( 2kk二11 )
×(k-1)+1,

and the maximum number of vertices, for making the fami1ies of inputs of
tlle above, 1S

((2kkrll) ×(k-l)+1) ×2+1･
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Theorem 3.4 Let A be a deterministic online edge a190riihm･ Then

cAet ≧

pr..f We prove i舌by reductio ad absurdum･ We assume that it is Ciet <

竿. By the assumpiion, iまmust be made up a following equaiion (1) for
any family ofinputs el,e2,･ ･ ･ 'eM,

fA(el,e2,･- ,eM卜CAet x fo(el,e2,- ,eM) ≦ 0･ (1)

Le去el,e2,- ,eM be a family of input which are used by 2k - 1 colors-

algorithm of lemma 3･1･ Since Gel,e2,･･･,ei is bipartite graph, ihe chromatic

number is k from Theorr 8･2･ Since these only adds edges, it is fo(el, e2, - , eM) -
k for oB7ine ed9e-COlorm9 algorithm because of thai edge-painter can color

wilh the colors which are colored k-ed9e-COloring, (such that G has k colors

io colo, edges), ･to Gel,e2,･･･,ei･ These values are substituted for the left hand

of equation (1)･ Then ihe leP hand of equaiion (1) is contradiction of the

assumpLion :

(2k-1卜CAetxk>(2k-1)-(2k-1)-O

Hence

c.'!1'" ≧

2k-1

3.3.2 Randomi2;ed online edge-coloringalgorithm

Theorem 3.5 LeまR be an randomized online edge a190riihm･

Then C品bl ≧驚主

proof For prDVing Lhis Theorem we apply Yao,s Minimax Principle to ihe

compe肋eness coeBicient･ we prove ii by reductio ad absurdum･ Let CAbl be
any randomized ･online edge a190rithm R･ We assume that

(瑠l <
2k-1

From Yao?s Minimax Principle, there exis舌a deterministic online edge-coloring

algorithm according io any families of inpuLs chosen of a probability distri-

buLion, Then we think a family of inpui chosen of a probability distribution

asfollow,
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J・月甲eα壬た－1ま血eβαdd吻（叫，ぴ1）

β■月甲eαまた－1王宮meβαdd軸（即2，ひ2）

鞄兢eαββ視叩如れ，乱1∪乱2∪…由αβ鋸ゐβe柑（cogoγ1，COgOγ2，・，COわγ2ゐ＿2‡．

Aβ視あ如才扉‡coわγ1，COわγ2，・，COg肝2た－2由伽ね，β哀れCe娩eγ℃e∬由fα毎視αねβe－

ヴ祝e乃Ce∬1，諾2，‥・，∬た肌d嵐∬1＝乳∬2＝…＝乱諾ぁげ兢由門peα如gα柁
COね如祝ede氾0鋸gゐ．

ざ・4世r伽ちC九00βeた釘e摘（沼β戎陀娩e餓meダ和みαあ血封伽m机，即2，…，肌d

ddd吻eβ如mた靴γま豆ceβC加βe乃わw。．

イ・かegeねαggげ吻eβαdded毎β吻β伽mJね且

∂・月甲eαfeγ肌タゐ如闇伽mβ吻Jねβ吻J．

撒e乃鮎βeCOg卯等抑娩eた－1吻eβ，視血豆cんcomeo祝舌如mた脚ま豆ceβCゐ0－

βe乃，α陀αggC珊β由子edか仇訂deねm玩由如0乃g血e吻e－COわわぬgα如r鵡m．

戯作Ce抗eた眠γ触βCゐ0β印α柁αggCO開ぬねdび鵡γ和即和…†即諾ゐ・肋ce

娩eβee卸βα相和0壬coわ代dⅧ抽娩eeger柁用ねげgu彗，ぴe乃eedたcog椚ね

COgOγ鮎βe吻鮎e∬叩f伽鮎た－1cogoγ苫egeγ脚ねげ勤諾j・乃eれ伽ね払g
げcoわ得祝βed由αββggoぴご

在0わ得みe如脚もγ訂ゴ，肌dび諾jノ＋（（恥，ぴ0），（即諾2，Wo），・・・，（γ裾ひ。））ニ作－り十た
＝j紘一J．

動r仇封舟m豆g戎eβげか御ねcゐ0βe乃げα即℃あαわ豆員軸ゐか血如陀，娩ee符eCね一

知和βげcoわ柑祝βedげ肌封繭em五和由f豆co犯払ee‘わe－COgOγ吻α如γ鵡m由

2た－1・血d娩e得びeβね軸伽e鱒eCね知和げcog椚祝βedげq伊れe吻e－

COgOr如αわor鵡mか鮎βeみm豆鮎β好物uねc如β錯げ叩mあαみ血yd由か豆－

ゐ視軸氾，肌dひe鞘α独和知和ね娩eg叩ゐ娩αf由mαdeみ訂βf甲Jわβ豆棚和ま

蕗me・乃ecゐ和mαま豆cm祝mあer由ゐ。匝m乃eo陀mβ．β，血ce娩eβeタ用画mαde

α作物αr肋タγ印加か肌訂カm宮地げをゆ視ねc九0β肌Aβか卿由伽mβ吻J

ねβ＼α柁0†吻αddわタe勾eβ，豆f由eれ㈹タゐね祝βe肋ecog椚等。匝mcogoγ1ねcogorた

ゎyた一吻e－COgOr吻げαggげみm玄g豆eβげ卸視ねα柁玩0肌．血沈行頭椚ばね班e

桓画戒晦■α壬βf甲イ‥宮子由e犯0叫んね鋸βe娩ecoわ門伽mcoJorlわcogⅣた伽

αd血タe如β伽mβ吻Jねβ埴eγβeCO陀dβ軸e・撒eγゆ柁銑ee軍把Cね如乃げ

氾eCeβ甜叩COgO7苫由たげ豆f由q伊加ee勾e－COJoわわgα加わ兢mαCCO而血gね依e

娩eβe舟m豆g豆eβげ卸視ねcゐ0β用材αp和みαみ混封d由柄あ視如氾．仇der批e兢eβe

舟m豆払げ廟ね血脚げαア和あαむ物ゐ摘鮎如陀Pタ叩deねm血励c
O氾肋ee卸－COわわ喝α加ゎ娩m官ββα舌榔edひ溺れe∬ま印祝α知和ご

呵ム（el，e2，…，触）トq言×現ゎ（el，e2，‥∴，e〟）】≦0．
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⊂】

we subs肋te the above result for ihe equation, however, i舌is as follow:

Leftjide=2k-1-CAPxk,2k-1一堅ｺﾞ×k-0･
k

This is Lhe coniradicまion of ihe assumption, hence

CAbl ≧

2k-1

k

on the above step2, the ,continuing enoughis the maximum

( 2kkI11 )
x (k - 1) + 1(- Xwritten)

as same as the determinist,ic online edge-coloring algori七hm? and the maxi-

number of vertices, for making七he fami1ies of inputs of the above? lS

k-1

k-l

m11m

':t'__ 7-

e nough
(

)
X

た

x(k-1)+

)
the relation of

･)
× 2 + 1. Fhrthermore repeating at step5 are

. For a randomized online edge-coloringalgorithm R there is

c穿l ≦ cAda between (瑠I and CAda from the definition･ Le七

cobl be t,he hinimllm Of competitiveness coe岱･cient forall randomized on-

1ine edge-coloring algorithm according to the oblivious adversary) 1et Cada

be the minimum of competitiveness coe瓜cientforal1 randomized online

ed酔COloringalgorithm according to the adaptive adversary,and let Cdet
be theminimumof competitiveness coemcient forall deterministic online

edge-coloringalgorithm･ There are the relation of Cobl < cada ≦ cdet ･ Here

is Cdet -驚from Theorem3･4 and Theorem3･5･

Lemma 3.2 Let B be an online edge-coloring algoriihm which dose noi use

greater then h colors as much as possible･ The B only uses ihe colors from

colo,1 tO COlork for any family of inputs el,e2, - , eM,.[2]

proof We prove it by reduciio ad absurdum･ We assume ihai ihe algorithm

B colors ihe color2k tO SOme ed9eS. Let e - (vi,V,･) be the edge that were

colored color2k at jirst iime･ We consider the e. colored jus壬before a=his

time. We pay atteniion io the colors of edges gom9 0uまfrom'vi tO l'j , then

they must be colored all colors from colorl tO COlork by ihe property of the

a190rithm B･ This is that the summaiion of de9ree Ofvi and v3･ muSi be ai

least 2k - 1. But as ihe degrees of each veriex ar-o舌greater then k, a舌Ieast

the degree ofeither vi OrV,･ is k･帆en the edge e is added at this condition,
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斧J

■．‾－－・■■・∴■7■＿’・■■■：■■ナ、■L■？ヨて‾岬可？平野間

娩ed耶e兢扉由αg柁吻たあecomeβた＋1・乃由豆β娩eco励Ⅶd戎c如犯射ゐe

和geq′α血eγ制r訂な如止乃eゆ柁娩eα如棚mβ血βe陀0ま祝βe娩ecogoγ2た
ね紺mee和郎．

FhmLemma3・2，Thorem3・1，Theorem3・4，andTheorem3・5）thecompeti－
tivenesscoe且cientofanonlineedge－COloringalgoritlmwhichdosenotuse

greaterthenh（h≦2k）colorsasmuchaspossibleis草誓

3．4　Conclusion

Wh肌edescribedthatthecompetitivenesscoefncientofa町Onlineedge－
COloringalgorithmi旨greaterthen呈崇，Wherekismaximumdegree，for
de七erministicorrandomizedonlineedge－COloringalgorithm・Wbwillpresent

newalgoritlm放）rOnlineedge－COloringalgorithminnextsection．
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4 0n-1ine edge-colorlng algorithms払r de-
●

gree bounded bipartite graphs

4.1 Ir止roduction

vertex- or edge-oloring of a graph is to asslgn COlors to vertices or edges in

s､血a way tbat no two vertices or edges with the same color are adjacent･
There seem to exist two types of coloring problems: nasslgnment maXimiza-

tion type" in which the number of avai1able colors is prespeci丘ed and the

objective is to maximize the number of vertices or edge8 that are asslgned

colors, and "color minimization type" in which the objective is to minimize

the number of colors used to color a11 vertices or edges･

In resent years, online versions of existing problems have been considered)

among them are tbe o血1ine versions of tbese coloring problems･

competitiveanalysis of vertex coloring problems of both color minimiza-

tion typeand of assignment maximization type are reported [20], [21]･

competitiveanalysis on edge coloring problems of assignment maximiza一

七ion type seems not to have been reported･ In tbis section we concentrate on

online edge coloring problems of this type in whi血the grapb is subjected

to opera七ions of botb edge addition and edge deletion such that at a町time

tbe graph has some speciaﾕproperties: 1) tbe graph is bipartite witb pre-

speci&ed bipartition, and 2) maximumdegree of vertices is not more than a

prespeci鮎d iI止eger k･ Such a property is related to assignment problems on

some switching network･ We consider only the case in which t,he number of

avai1able colors is eqllalto k.

AssignmeI止of colors to edges is done under tbe restriction that an edge

canbe (irrevocably) colored only at the t,ime it is added･ The added edges

can be left uncolored. Colors once assigned cannot be changed until the edge

is deleted. An edge which is decided to remain 11nCOlored at the time of its

additi｡n can not given colors afterward (until the edges is deleted)･

The performance of the overall output is de&ned to be the total number

of coloring operations actually done･

Asdet,erministicalgorithm have poor coppetitiveness coe岱･cients, we con-

centrate.n randomiedalgorithms. After showing that earnest (or diligent)
randomizedalgorithms have poor competitiveness coemcients, we propose

tw｡ 1azy randomiedalgorithms: one with competitiveness coefRcient去,

and ｡ne with larger ｡ompetitiveness coe抗cient (which is between去and喜)

but needs m｡re random bits than the former( one random bit per one edge

addition on thefly )irrevocably･
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4.2 Preliminaries

We aregiven two sets ofvertices U, V, U=Ⅴ - 0, empty initial edge set, afi-

mite integer k, and afimite sequence L - (tl, i2, - ), Ofoperations (edge addi_

tion or deletion) sudl that, at any time (that is , after operations tl, t2, ･ - , tj

are executed in this order, for any j), the graph is a bipartite graph with

biparf,ition (U, V),with degree-bound satisfied‥ degree ｡f each vertex is l｡ss

than or equal to k ･ Multiple edges areallowed.

We are to asslgn COlors to edges in the manner described below. When an

edge is added, a color can be irrevocably asslgned) and at any time? no two

edges with the same color can be adjacent to each other, where "irrevocably"

means that, until the edge deleted, the color cannot change (including from

colorless to colored, and from colored to colorless)･ The added edge can

remain colorless･ ( colorless edges can be adjacent to each other). The

measure of performance (or simply performance) we are to maximiz｡ is the

number of the times edge colorings are performed (i･e･, the number of coloring
operations performed).

For notationalsimplicity) edges between vertices u and v are denoted

simply by (u, v)･ For example, we say "add 3 (u, v) edges" to describe adding

3 different edges having the same end vertices u and v･ Such a description
wi11 cause no confusion.

The followlng Theorem is fundamental for our problem.

Theorem 4･1 [22] Ror a bipartite 9raPh, chromatic index is equal to the

maximum de9ree, Where chromaiic index is the minimum number of colors

needed to color all the ed9eS Of the 9ruPh. □

For a random variable X 7 the expectation of X is denoted by f(X)･
We cal1 a coloring algorithm to be online if thealgorithm has to execute

coloring notknowing the operations ( edge additJion or deletion ) to follow,

while an algorithm is ca11ed o乱ne if the aﾕgorithm can know the whole input
at the begin叩g Of the coloring of the &rst edge.

For arbitraryalgorithm H, 1et fH(L) denote the performance ofalg｡rithm

H for input sequence L, and let fo(L) d甲Ote the performance ｡f ｡fnine
optimalalgorithm for input sequence L.

A deterministicalgoritlmD is said to be C-competitive if there exists

a constant b such that for any (finite length) input sequence L, fD(Lﾄ
Cfo(L) ≧ b, where b is a constant independent of ILt ( the length or cardi-

nality of L )･ b may be dependent on lUl, lVl and k. The competitiveness

coe氏cient of D is the supremum of C such that D is C-competitive.

AIso for a randomied algorithm luet fR(L) deno七e the perf.rmance

ofalgorithm luor input sequence L･ Now fR(L) is a rand｡m variable. A
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十　十　十＋　　　　　十十
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日

日

口
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田；

目

日

日を

randomi6dalgorithmRissaidtobeCしcompetitiveagainstanObhvious

adversaryifhr叩inputseqpenceL，C（fR（L）卜Ch（L）≧b，Wherebisa
。。nStantindependentof困（maybedependentontUI，昭，k）・Theobhvious
competitiwnesscoefBcientisdefinedtobethesupremumofCsuchthatR

isC－COmPeti七ive・Inthehnowing，aSWeareCOnCernedohlywithobhvious

competitivenesscoe丘icients，theterm”obhvious乃winbeomitted・

LetPbeaprobabihtydistributionontheinputtoaprOblem・Fbra
deteministicalgorithmDhrtheproblem，definecompetitivenessofDunder

p，CE，tObethesuprerrmmofCsudltha七E（fD（L））～C抽（L））≧b，払r
ac。nStantbindepende血OftL卜

ThenextTheoremisIWedtodemons七rateanuPPerboundforcompe七i，

tivenesscoe拐．cieI血hrourproblem・

Th帥rem4．2β却
即伽C月＝哀れか叩AC£

Asthecase払rk≦1istrivial，WeaSSumethatk≧2・

4．3　Upperbound

Inthissection7WeglVearatherweakupperrboundofcompetitivenesscoef－

ficient払rtheedgecoloringproblemwestudy・

Th帥rem4．3肘明和柁dom宜zdo陀伽eedgecogoγ如αわ0潮m屈，C兄≦

穿，び九e柁X警吏塊壁旦

proor軸poβe紬伽陀血βねα珊血m宜zdαggO棚m月餓Cん紬砧＝

寄主＋∂か∂＞0・
meo間イ．g助恨助紳叩叩むαわ物d由摘加如花戸如卿βdo花

伽如鴫加代感βねαdeねm血怨ま豆cα如汚肋mガ摘Cん紬

q昌≧苧＋∂・
JβeまPαβ碑肌地軸規子召・eリ叩emCeqfop如如頑Ⅷeαmde－

βC伽タ．珊由輔棚ぬ励cた棚d由ぬc融αβ伸びβ・
勧亀＝1，2，‥・，れ1do兢eプbggo血れダニαdd吻e（叫け机）甜m引肌旅功た－1

伽eβ．撒e柁クβegeCま祝＊α汀削夕叫㈲…，恥1祝ゆm毎α壬・用れdom・Add

e卸（視＊湖＋2）■純血叫βegeC雄＊αmO陀g‡勘，祝2，‥・，恥1卜u＊醐帥血相

α壬仰dom，肌dαdde如（w＊＊，‰2）・蝕dg即抽eαg＝軸紺地卸α舶ク

抑eみ訂0帆撒由c抑画才eβ0陀eγ℃肌d・

鮎。αβyわβ加助脚r壁㌍棚由，紳肌yde納豆花油cα輌伽

β′，鮎叩∝埴肋mむerqrm由β召・e・鮎陀馴むer榊meβe桓α代榔
醐00わ叫泄′由夕柁αfer娩α…re押摘1クび助郷血e卸棚m∽陀
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color all ed9eS due to Theorem 4･1 and to the manner of ed9e addiiions and

deleiions･ Thus, iteratin9 the round suBiciently many times, we have thai
CDP′ ≦告主, a contradiction.

⊂]

We cal1 ap algorithm earnest (or diligent) if it colors added edges･ whenever
possible (of course at tbe time of edge addition).

We show that earnestalgorithms have poor competitiveness coelLcients.

Theorem 4A For any earnest a190rithm R,
CR-0.

proof We show thai eαmest a190rithms (with all r-domization) are surely

9uided to undesirable situaiions which oB7ine algorithms can avoid.

Consider the followin9 input: (only 6 vertices are involved)

Add (ul,Vl) k-2 iimes, add (ul,V2) two times,

add (u2,V2) k - 2 times, add (u2,V3) two iimes,

add (u3,?ﾉ3) k - 2 times, delete all the edges (ul,V2) and (u2,V3),

add one (ul, Vl) (call･ this ed9e e* for later reference), add one (ul,V2),
add one (u2,Vl), add one (u2,V3), deleie e*.

Now any earnesi a190rithm has colored ed9eS in such a way ihat colors

ass%9ned to ed9eS incident to ul and colors ass%9ned to ed9eS inciden=o v3
to9ether existin9 all the colors available.

Input continues as follows: add (ul, V3) (call ihis ed9e e**), delete e**, add
e**J delele e**∫1.1

Any earnesi algorithm cannot color e**′ thus miss%ng arbitrarily lar9e

?umber of times･ On the other hand an oB7ine a190rithm c?n (non-earnesily)
之9nOre PreCeding ed9eS and concenirute on e**) resulting m only a consiant

number of misses.

□

4･4 Lazy Algorithm I

The previous section concluded that earnest algorithms are poor in competi-

tiveness coefEcients･ In this section and in the section to follow) we glVe lazy
algorithms whose competitiveness coefBcients are not o.

This section deals with the one which requires fewer random bits than

the algor地m glVen la叫with tbe cost of less competitiveness coe鮎ients.

Thealgorithm will color edges with laziness of雲, that is, wi11 try t｡ ｡｡1｡r

each added edge with probability喜, a8SWing that the intended c.1.ring isal_

ways possible･ To facilitate such a scheme) each vertex w ∈ uul′ is attached
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十十5

日

ヨ巨

arandomv恍tOrAwofsizekwhidlisde払edasfolkws．Lethlbethevector

（1，1，…，i10，0，“‥，0）（therrumberofO，sisL喜」andthemlmberofl’sare「il）

andlethlbethecomplementofhl，thatis，有ご＝（0，0，．‥，0，1，1，…，1）・

Next，WePreSentanalgorithmwithcompetitivenesscoencient去inwhich

thenuIIiberofrandombitsusedisequaltothenumberofvertices（indepen－

dentofthenumberofedgeadditions）．

Fbreachw∈UUV，AwischosentobeeitherhlOr前eqpal1yprobably
andindependentlyofthechoice駐｝rOthervertices・

AkoeadlVerteXWisattadheda（notrandom）Ⅵ血orBwofdimensionk，

eachentryofthevectorbeingeither乃marked乃or刀nonmarked乃・

Tbedgoritbmis創ヨ丘朋ows・

AlgorithmAI

Addi七ion：Iftheoperationisadditionofedge（u，V），thenselecta”non－

markedHentry，Say七hearthentry）inBu）andtllrni七日marked？，・Al80Select

an”nonmarked”entry，Say七heb－thentry，in仇，andturnit”ma止ed”・If

thea－the血tryofAuandtheb－thentryofAuarebothl，thenHtrytocolor乃

thecurrentlyaddededge（u，V）．EIsedecidetoleavetheedgeuncolored・Note

thatdegree－bouhdednessimpliesthatthereekistnonmarkedentriesinBu

andβv．

Deletion：Iftheoperationisdeletionofedge（u，V），thendlangetheper－

tinententriesofBuandBvh：Om”marked”to”nonmarked”，Wherepertinent

eI血iesofBuandBvaretheonesmarkedbythecurre血tlydeletededge（u，V）

（atthetimeofdgeaddi七ion）・　　　　　　　　　　　　　　　　口

Clearly，then止m心erofrandombitsneededisIUUVIindependentofthe

number（times）ofedgeadditions・

NotethatselectionofnonmarkedentryinBwisarbitraryaslongasit

doe＄nOtdependonthechoiceofhlOrhl・Selectingtheen七rywiththeleast

indexamOngnOhmarkedentrieswilldo・

Lemma4．1拘red卵αd繭由ね，兢ep叩わαわ血封娩αま統ecαβeガ軸ねcogor’’

極如中現・

Proof耶ばダ和げ怨みy肌祓れタ伽肌m占eγかがeβ鮎脚0肌エeまちみe

兢eオ娩叩e相加柁α陀dみeαd助0和げe勾e（叫けムefα＊一統e花物肌dむ＊一統

e陀的げ既納d銑，代印eC壬如軌α柁娩eβeg鰐fdeれ壬わ田舟川聖㌘如循ち「
αdd血相げ（叫U）ノ．α＊抑銅＊α作動dかαggC如由eβげゐ1α陀d九1かAwな・

耶棚伽肌mみerげcα脚げA祝（α＊）±ん（わ＊）＝1由0陀eかげ妨げ兢e㍑肌わer

げαggp脚蕗gecαβeβ．
［］
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Theorem 4･5 CAl -旦4'

proof As "try to color " case happens wiih probability去, competitiveness

coeBicient cannot exceed喜･ To show ihat equality holds, it suBices to prove

ihat when ihe a190rithm "irys io color " it always succeeds in colorm9･ Eor

each verte3 W in U u V, ihe number of colored ed9eS amon9 incideni edges

ofvertex w is less than or equal to the number ofl ,s in Aw･ Thus when "tryfn pn7n,y. )) J",.,, ^J"^.肌L^▲_ｰ) / ､...L_

to color " case occurfor ed9e (u,V), less than

ed9eS Of vertex u are colored and also less than
]ｺlｰｰｰJv} t"''L'VtL'H tJJt'lJ OILIしL'u/t=lbt'

ed9eS Of vertex v are･colored･ Only 2(｢書ﾄ1) colors are used around veriex

u and v in total･ So newly added ed9e (u,V) can be colored. □

ed9eS among ihe incideni

ed9eS amon9 the incideni

i

]

i

5

t

i

]

‡

弓

l

l

∃

謹

ﾖ

斗

]

1

号

j

4･5 IJaZy Algorithm II

Another lazyalgorithm is as follow.

Algorithm A2: With probability喜, decide w血etber or not to try to col｡r

the added (new) edge (in ot血er words, wi七b probability喜, decide to leaⅦ the

edge lmCOlored)･ If仙e decision is "to try to color" and if coloring is possible,
tben color tbe edge with t血e least color index possible.

[ｺ

Note that the one r弧dom bit is needed a七the time of ea血edge addition.

Theorem 4･6喜<cA2 ≦去･

proof CA2 ≦喜, as probability of atiemptin9 tO COlorin9 does not eTCeed喜I
To prove that喜` < cA2, We Will show that for each ed9e addiiion ihe

probability that ihe added ed9e is colored is 9reater than喜･ Let b,･ be any edge

addition operation in the input and let the ed9e added be (u,v). If ihe added

ed9e (u, V) can be colored %fl intend to, we call the situation "positive". One

the oiher hand, ifthe ed9e CannOt be colored even ifwe iniend to, we call the
situation Mne9ative H.

We caluculate the probabiliiy of occurence of "ne9ative" cases.

Let Euv denote the set of ed9eS incidenil to vertex u or v at that time.

Then, the prvbability of "ne9ative" i8 nOt 9reater than the probability of k
or more edges in Euv bein9 "tried to color", that is

=言-k((芸) (喜)仰り,

where t皇LEuv卜
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For any舌≦ 2(k- 1), the value is less than喜･ Note thaまforま≦ k, the

probabiliiy of "negative" is O. Thus situation "positive" occurs with probabil-

ity greater than去･ So ihe probability of "try to color" and at the same time

"posiiive" is 9reater than去･

We have shown thal each added edge can be colored with probabiliiy more

than去･ This proves that CA2 >喜･ □

4.6 Conclusion

We have presented two lazy randomized edge coloringalgorithms bothwith

non-zero competitiveneβs coe瓜cients･ Unfortunately) thesealgorithms are

poor against adaptive adversaries (their adaptive competitiveness coefRcients

areO).

For practicalassignment problems, difFerent criteria for optimality from

the one described in this manuscript may be possible･ Devisingalgorithms for

different, criteria on edge c/oloring problems and for vertex coloring problems

deservefuture study.



5 Applica七ion ofTransitive Graph for Bdu_

cation Support system

5･1 Introduction

Tbere are actua11y a require subject and an optional subject, etc., and i七

is the very severe one to studyal1 the subjects thoughthe studen七s have to

study a lot of subjects from entrance to graduation in an academic education.

And for the educated side, it is true to want the students to master a lot

of subjects if possible･ Especial1y there are many subjects reiated to among

each subject･ If the students do not mwter them to some degree, obtaining

deep expertise is dimcult and they cannot graduate from the specialsubject

inthe professionaleducation･ Tlms) the sy8tem that is the mas七er of the

credit of each s-ﾕbject and golng on to school is a nonreversible system if

student dose not get neither repeating a year nor mastering units･ Here, we

propose a directed graph hy showlng each subject aboutJ the credi七earnlng

system from entrance to graduation by ver七ices) and showlng the relations

among each subject by the arrow･ In addition, we show as the directed st_

graph where entrance is vertex s and graduation is vertex t) and we propose

the method for the decision of the reqdred subject for the credits toward
graduation acquisition,

on tbe other叫the generation problem concernlng the graph is to
触dal1 subgraphs with a specialcharacterwith thegiven graph, and the
some kinds are fl] - [71 that has been considered about various classes in

the graph Taki, Masuda and Kashiwahara [24] thought about equivalence

by a structuralset with graph G and another structwalset in other graph
H same as the fami1y of the ver七ex set.

This time) it was theore七ical1y shown here to be able to apply transitive

character in the graph to an educationalsystem･ Explanation of Sect. 5.2

defines several terms and notations･ Sect･ 5･3 describes the relation between

transitive graph and the directed st-graph･ In Sect･ 5･4) it is described that

the method for the decision of the required subject for the credits toward

graduation acq11isition isminimalst-separa.torinthe directed st-graph, and
describes払e conclusion in Sect. 5.5.

5･2 Preliminaries

Here, to show the relation for the subjects from entrance to graduation by

vertices and edges, the term and the d血ition concermng the graph are
described･Asdescribedinthe foregolng paragraph, entrance and graduation

■

are shown a vertex s and -ertext, respectively･ And when the arbitrary
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ver七i｡es show the subjects from entrance to graduation, the relationsamong

the subjects are shown by edges･ Then the acquisition subject relations from

entrance to graduation can be graphed･

Here? a directed graph is called a digraph that is distinctfromundirected

graph,and just a graph is as both types･ An lmdirected edge between vertices

u and v is denoted by (u,v). A directed edge from u to l, is denoted by

(u - v)･ For a graph G, V(G) and E(G) denote the set of vertices and

edgeB, reSpeCtively, of G･ Therefore, the graph is denoted by G-(V(G),

E(G))･

In a directed graph? a directed walk is a sequence of verticesand edges

(t'1,el,1'2,e2, ‥. ,ek,Vk.1) s11Ch that ei isanedge h:om vi tO Vi･1 for i=1,2,

,k･ A directed walk is called a directed path if no vertex appears more than

once. A directed walk is called a directed cycle if no Ⅶrtex appears more

than once except that thefirstand last vertices are the same･

In a directed graph G) if the number of edges coming into vertex v is O,

then v is cal1ed a source of G. On the other hand, if the number of edges

going o11t Of乍) is O) v is called a sink of G･

De触ition 5.1 A directed st-9raPh is a digraph with disiinguished verLice s
andt.

Dennition 5.2 An acyclic graph is a digraph thaL has no direcied cycle･

De触ition 5.3 An si-path is a simple direcLed path siariin9from s and end-

wLg ai去in a direcied st-graph･

De触i七ion 5.4 A digraph is said to be transitive ifthe existence oftwo edges

(u -即) and (v - w) implies ihe existence ofed9e (u - W).

DeRniti.n 5.5 An undirecied graph is comparability graph if the edges can

be oriented so thai the resultan去digraph is iransiiive･ (Figure 7)

DeBniti.n 5.6 A set of veriices in a 9raPh is called an independent vertex

set if no two vertices in ii are mutually adjacent･

Definition 5.7 An independeni vertex set is called maximal ifit is coniained

in no oiher independent vertex set･ For undirected 9raPh G-〝(G),E(G)),

a mamial independent verlex.set is abbryviated to MIS(G) ･
MIS(G) =(S I S is a max-al independent veriex set ofG‡
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d e d e

Figure 7: Ttansi七ive graph and comparability graph.

De丘nition 5･8 A sei ofvertices in a directed st-9raPh is called a path inde-

pendeni vertex set if no two vertices in it are on the same si-paih, and ihe

relaiion of such vertices is called ihe paih independence.

Definition 5･9 A path independent veriex set which is not contained in any

other path independent vertex sei is called a mam･mal path independent vertex

set (MPI, for shori)･ For a directed st･9ruPh H-〝(H),E(H)), a maximal
paih independent verte∬ set is abbreviaied io MPI(H).

MPI(H) …†S L S is a maximalpath independent vertex set ofH)

DeAnition 5･10 For direcied ed9e (u - W), ii i8 Called short cui ed9e if
there exist iwo directed ed9eS (u - v) and (v → w).

DeBnition 5･11 An st-path which dose not do conjiuence and diver9enCe

?mon9 Paths at all is called an independent st-paih (Ist-path, for short). Thai

昔S, Ist-paths do not share any vertices and edges.

DeAnition 5･12 An st-separutor of a directed st-9ruPh whose removal dis_

connects all directed paihs fTVm S tO t in ihe st-graph is a set of vertices.

Definition 5･13 An st-separuior is called a minimal st-separator if it has

no proper set of st-separator in the st-sepwator.

DeRnition 5･14 An si-sepanaior is called a minimum si-separator if it has
minimum number of elemenis amon9 0f ih6m.

5･3■ Relation between a directed st-graph and a com-

parability graph

Here) we discuss what kind of graph can be used as st-directed graph to

explaln the relations of the acquisition subjects aboutal1 processes from en_

trance to graduation) though it is clear to be able to graph the acquisition
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subjects relation from entrance to graduation by defining the foregolng Para-

graph･ For studeI止s, the school year progresses by the acquisition of each

subject from entrance to graduation as previously described if they do not

get neither repeating a year nor mastering units. And they become a spe-

cial subject end. This is a nonreⅦrsible system･ Meanwbile, subject A is

required for subject B master among them. When there is a relation that

subject B is required for subject C, i七is di拐二cult to master C if no subject

A do master. That is, ifA - β and β - C, tben A - C. Tbis is transitive

relation･ Here, we pay attention to this transitive relation, and the structure

of graph related to the subject is discussed･

If a graph G is a c,omparability graph, the edges canbe oriented so that

the resultant digrlaph is transitive･ Furthermore, such an orientation is cal1ed

a transitive orientation.Let G'be the graph obtained from G by a transitive

orientation. Eliminate all short c11t edges of G'.Let Vsource and Vsink be the

set of sources and sinks, respectively, of the resultant digraph･ Create a new

so11rCe S and add edge (s - x) for each xsource･ Similarly, create a new sink

t and add edge (y - t) for each ysink･Let G′′ be a st-graph obtained from

G′ by above procedures. (Figure 8)

a b c

grapb G

d e

a b c

transitive graph G'

t

st･graph G"

Figure 8: Graph G, transitive graph Gl, and st-graph Gn from G/･
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Corollary5・1凡才アナ（C′′）⊇財∫g（C）．

Proor動γ血如e氾血ま眠r孟e∬α肌d脚ね∬ゐま氾αgγ呼んG，宜f由れ0ま柁αCゐ－

α抽伽m脚ね∬αねuer舌e∬み肌dかmuerね∬ゐわ脚fe∬α豆乃娩eβ叩九G′．

撒e†ゆ柁，ま‡由乃0£陀αCゐαわge伽m眠rね∬αね脚まe∬む肌d伽m脚まe∬むね

靴γね∬α血統eタγ呼九C／／・乃由由meα柁娩αちα乃封如0玩d甲e氾de乃ま眠γ舌豆ceβ玩

鮎ダr呼んC血乃0まeぬま0柁βαmepα娩J恥m即erね∬βね眠rね∬ま血統叩γ呼ゐ

G′′・乃視β肌αr摘用r訂ege汀もe氾ま好朗了β（C）由α陀ege汀もe乃ま扉叩α兢立花桓e和一

d帥f眠rね∬βe柑G′′・九αd成如れ，gefムみe肌αr旭川r封egeme氾柑朗了β（C）．

エeまc占e肌α舶m叩附加∬ぴた豆cゐdoeβ乃0ま毎わ喝ねム豆氾娩eタγ呼ゐC．乃帥夕

偽印℃e∬由ま肌氾0豪血卸e循de犯まαまgeαβfo陀e眠rまe諾血ムげ眠rね∬C．ムefdあe

紬Cゐα脚f弧血統eタ用pゐC′，娩eγ℃e∬由子αd夏作Cfede勾e伽muerfe∬Cわ

眠rぬd，Ⅳ伽m脚ね∬dね眠rね∬C・乃e†ゆ柁，豆舌由陀αCたα抽かm脚舌e∬

eね即erぬdor伽m眠rぬdわ即er才e∬C虞犯肋egγ叩ゐC′′．鈍化，兢eタ7叩ゐ

C′′由mαde伽m娩eタ門画C′軸dege如タβん卯f用吉吻eβげ娩egr呼ゐ飢陀d

αdd吻Ue祀e諾βα陀d眠rね∬まね娩eタr叩ゐG′．乃由由me肌肋αちα柁αCゐα抽

脚まe諾。帥mα乃αγ独和叩眠rね∬哀乃兢eタ門画C′由娩eβαmeαβα柁αCゐα鋸e

即erfe∬e∬C呼まverfe∬£肌d即erね∬子宮乃〟ほタ門甲九C′′．

撒eγ所｝柁，娩e陀e∬由まα乃β若ゃα娩pαββ吻ゐ0肋眠γね∬Cα氾d靴γね∬d豆相

続eg叩ゐC′′・βec仇βe娩由co乃ぬね伽αγ摘用叩ム肌dα舶mγ封脚ね∬Cメ

〟PJ（G′′）⊇財Jぶ（G）．　　　　　　　　　　　　　　　　　　　口

Corollary5・2財即（G′′）⊆〟Jβ（G）．

Proof助r肌訂古び0脚如eβαα柁d靴rね∬あ犯Ofeぬ如タ0乃娩eβαmeβまザα娩

盲乃αgr呼たG′′，宜f由御子reαCゐα抽伽muerね∬αわ脚fe∬あ肋d伽m脚まe諾

みね脚ぬα血兢eタγ呼んG′′・乃eγ的陀，夏子由moま柁αC九α抽伽m靴rfe£αね

眠rぬむ肌d如m眠rfe∬あね脚£e∬α哀れ娩egγ叩ゐG′．乃由由meα乃娩αち

娩eβeね柑靴r触βα肌舶α柁豆氾如e柁de和才血統egγ甲良C．撒視β肌αr旭川γ封

egeme陀まげ〟PJ（G′′）▼由肌egem納まげα虞犯極印d帥f靴rね∬βefげ娩eタ叩九
G．

九αdd摘叫ge舌舶用みeα乃α融和柑egeme花王げ〟打（C′′）．エeまeみe肌

α沌加r封即er£e∬ひ最cん血eβ乃0日eわ関わ胴血統eタr叩ゐG／J・乃印，兢e陀

e∬由fα吏geαβ才0乃e脚fe∬0乃兢eβ肌eβ毎ん兢哀れ〟靴．エeりあe馳Cゐ肌

αγはmry脚ぬ・肋ce豆ま由柁αCゐα抽陶m即erね諾eわ眠rfe∬′肝。匝m

眠rぬ∫わ附加∬e戎陀娩eタγ叩九C′′，娩eγ℃e霊戎βまαd如cねde如伽muer£e∬

eね恍rfe∬∫，肝伽m即erまe∬∫わ眠γね∬e血統eg†呼んC′．

乃eゆ陀，娩e柁e∬由まα成代Cねde顧みe如e餓Uerね∬eα花山erまe∬∫．乃eβe

如0研汀血eαmd眠rね∬′血統eタr呼んGα代作O子宮れd甲e氾de庇

βec肌βe兢由co托β由由陶肌αrみ血相眠γま既e肌d肌αγはmr封眠γf鰐J，

〟打（C′′）⊆財Jぶ（G）．　　　　　　　　　　　　　　　　　　　口
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Ftom Coro11ary 5.1 and Corollary 5.2, we obtain the following leⅢ皿a 5･1･

Lemma 5.1 : If a 9raPh G is a comparubility 9rlaPh, theTle e∬ist a directed

acyclic si-graph with maximal paih independeni vertex sets ihat is equal to

ma£irTWl independent verte∬ sets of G.

Because a directed st-graph is an acyclicfimite graph) it has &nite number

of st-path with丘nite length. Forall of st-paths, wegive numbers (s - 1 -

2 - - - n - i) t,o vertices in the order of the s?quence from vertex s to
vertex t on each st-paths. Because all of the vertices ln graPh H except vertex

s and vertex t correspond to graph G, the vertices in graph G are numbered

l, 2,. ‥ , n in the･same w野. Each elemen七s ofMPI(H) dose not contain any

two arbitrary vertices of the vertices) which are numbered l) 2) ･ ･ ･ ) n in the

graph月一, at the same time･

Corollary 5.3 IfMPI(H)-MIS(G), a 9raPh G can be oliiented･

Proof From MPI(H)-MIS(G), there exist undirected ed9eS between any

two ar･bitrary vertices which are numbered l,2) ･ ･ ･?n in the graph G･帆en
these edges are oriented towarld from small number io large number which put

on boih ends point of each ed9eS, it can be oriented to be Lrqnsitive (Relation

< juls ihe transition for dll positive inte9erS)･ Eor two vertices a and b

which two diHereni st-path or more in graph H passe.s, ii is assumed that iwo
diHerent st-path pl and p2 Which sa舌isjies ihe followmg conditions exist･

For numbering vertices on pl, (ihe number of vertex a) < (the number

of vertex b), and

for numbering veriices on p2, (the number of vertex a) > (the number of

vertexb)･

Ai ihis time, the 9raPh H has a paih from vertex a io vertex b and ihe

graph H also has a paih伽m vertexb to vertex a･ This is a GOntradiction io
the graph H beirtg acyclic, because ihe graph H has a directed cycle･ There-

fore, all of edges in ihe 9raPh G can be orienled io be transitive･ □

From Corollary 5.3, we obtain the following lemma･

Lemma 5.2 If there exist a direcied acyclic st-graph with maximal paih in-

dependen舌vertex seis which is equal to maximat independeni vertex sets of a

graph G, the 9raPh G is a comparability graph･

FromLemma 5.1 and Lemma 5.2, we obtain the fbllowing theorem･

Theorem 5.1 : There e∬ist a directed acyclic sま-9raPh wiLh ma∬imal path

independent vertex sets which is equal to maximal independent verie∬ sets of

a 9rlaPh G iH ihe 9raPh G is a comparability 9raPh1
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5･3･1 St-separator in st-graph

The structure of the graph was described in the forgolng ParagraPh. There

are some日ubjects of necessity at least to complete the course of study in spe-

cial subjec七though there are various subjects in the curricul､1m. These are

offered as requlrlng OPtional subjects according to the subject or the depart-

■ ●

ment･ Here, various subjects (vertex vi(i-1,2,- ,k)) from entrance (vertex

s) to graduation (vertex t) are caught as directed strgraph･ At this time,

among the vertex sets that separate s and t, the minimal set is requlrlng

optionalsubjects･ That is, the method offinding the reqlurlng OPtional sub-

ject is offered by catchingminimal st-separator as requlrlng OPtional subjects
Llこ

in the directed st-graph･ Moreover, student only has to点nd minimumst-

sepqrator from among the minimalst-separator for the master of the required
subjec七to graduate in addition.

Here, we define the st-path degree p(vi) which is the number of st-path

that passes vertex vi (i-1,2,･ ･ ･ ,k) in directed st-graph. It is the same as

cutting p(1'i) st-Pathes from the directed st-graph to remove vertex vi in the

directed 8t-graPh･ Therefore) the separation of B and舌becomes possible. It

is the same as the exclusion of st-path from vertex s to vertex舌to remove

the vertex v･ So! if this repeats a similar operation about st-path of the

remainder) all st-path from s to t will be cut because it is limited for the

number of st-path･ The set of these excluded vertices becomes st-separator.

It is trivial that the set of adjacent vertices ofvertex s ( or vertex t ) is also
st-separator.

St-separator generation process:

Now) there are p st-pathes in the directed st-graph, and at this time,

the maximumvalue of the sﾄpath degree is Maxp(vil) - α1. (However, the

vertex with α1 is not necもssarily one･ Make any one of these vertices with

some α1 VerteX Vil'and七o same) If this vertex vil is excluded, α1 Sﾄpathes are

excluded･ When the maximum value of the st-path degree is Maxp(vi2)- α2

for (p-α1) st-Pathes of the remainder, α2 St-Pathes are excluded if this vertex

vi2 is excluded･ Hereafter) when the maximum value of the st-path degree

is Maxp(vij)-Cy,･ (j - 1, 2,... ,n) for st-pathes of the remainder and vertex

vi,･ (j - 1,2,- ,n) is excluded, all sｾ-path from s to t will be excluded if

the similar operation is repeated･ This set of vertices, which are exchlded,

becomes st-separator･ □

By the way, for.αj (j - 1,2,... ,n), it is the maximum value in each

operation of tbe aboⅧ-mentioned generation process at that time) so the
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maximum number st-pathes are c11t by removing vi3･･ Therefore, remdving

one vertex of the ma女imum st-path degreeineach operation was to remove

maximum number st-pathes at that time, conti-ing this operation is foﾄ

lowlng that the maximumvalue α,･ st-pathes were excluded by removing

the minimum number of vertices. Obtained st-separator is lmiq11e tbough

removed st-path is differenもbecause of how to choose the vertex with maxi-

mumst,-path degree in each operation･ That is) these vertex sets areminimal

st-separat,or･ The following Corollary is obtained･

corollary 5.4 The vertex wiLh the maximum value of ihe st-path de9ree is

an element of minimal st-separator･

By the way, there might be two or more vertices with the maximum
value of the st-path degree of the same value in the directed st-graph･ These

are assumed to be vi and v,･ nowI And they are vi ∈st-PathRl, Vi ∈st-

pathPm1 1)i ∈st-Pa七hPn7 V3･ ∈st-PathPk) V3･ ∈St-PathPland v2･ ∈st-PathPm･

That is) when two vertices viand vj are in st-pathPl and st-pathl?m,and v2･

is in st-pathPk) the v3, is the vertex of st-pathPk? St-PathPl and sﾄpathPm･

Moreover, when vertex v,･ 1S remOVed, st-pathPl, St-PathPk,and st-pathｴ㌔

are separated to 8 and舌by vertex vj thoughst-pa七hPk is not separated to

sand舌by vertex vi eVen if this vertex vi is removed thoughvi is the top

of st-pathRl and st-pathPm(Figure 9, 10, and ll)･ Therefore, the following

Corollary lS Obt･ained･

Figure 9: Position of vertex vi and vertex vjln St-Path･
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Corollary 5.5 mLen the verte∬ with the maximum value ofLhe same si-paih

degree exists, ihe vertex on st-path with such only one the vertex is an element

of minimal st-separator･

Ftom each element vertex v3･with the maximumⅤalue of the st十path

degree in the above-mentioned process, p(vi) st-Pathes are cut by excluding

vj for element v3･ Of minimalst-separator･ That is)al1 st-path is separated to

s and t by a minimum number of elemenもs･

LerTma 5･3 The element of minimu? si-separator is ihe verまex with the

rTW∬mum Value of the st-path de9rm m eaCh operation of the st-sepwator

9eneration process･

Proof Now, if st-separaior obtained by ihe above-mentioned process is not

minimal st･separator, there exisi st-separaior as a proper subseまin this st-

separator･ That is, there will be the vertex as si-separator besides ihis proper

subset. By the way, because ihe ver舌ex, which had been obtained for each op-

eration by ihe genertLtion process, was the vertex lha舌ihe number of sま-paih

in ihe directed st-graph was limited with ihe maxi?u.m value of ihe st-path de-
gree, all si-paih frorTH tO t WaS Cui withoui remammg･ This is conLradiction

that there is the verte∬ as st-separator besides this proper subset･ﾛ

The following theorem is obtained from Corollary 5A) Corollary 5･5and

lemma 5.3.

Theorem 5.2 (Ma∬imum st-paih degree - Minimal st-separator･) The vertex

with the maximum value of the si-path de9ree is a? elemeni of minimal st-

s eparato r･

An actl1alalgorithm is described based on above･

Here, st-path matrix S- [si3･] is de丘ned･ Then si,･-1 if there is the vertex

v3･ in the st-pathPi) Sij-O if there is not the vertex v3･ in the st-pathPi･ The

sum of the each row of the st-path matrix shows the number of st-path that

passes the vertex. of the row.

Algori七hm

` st-path matrix S.

'vm is maximum sum ofrow of S･

` matrix Sm is except st-path including the maximum sum of row of the

veI･teX.
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5．4　　Conclusion

Therefore】thefo1lowlngtheoremwaspresentedforthegraphwhenthestruc－

tureofthegraphrelatedtothesubjectwasdisc11SSedwiththestart，andvar－

ioussubjectsubjectsfromentrancetograduationwerecaughtasst－directed
graph，andtheⅦliditywasproven．

（1）wehaveshowntha七thereexistadirectedacyclicst－graPhwithmax－

imalpathindependentvertexsetswhichisequaltomaximalindependent

ⅦrteXSetSOfagraphGiffthegraphGisacomparabilitygraph・

（2）wehaⅧalsopresentedMaximumst－Pa七hdegree－Minimalst－SeParatOr

theorem，andpropo8edanaCtualalgorithmbasedonit．

Eachsubjectismadethevertextouse七his払rtheeduca七ionalsupport

SyStem，andtherelationsbetweensubjectsareconnectedbyedges．The

relationsamongthesesubjectsshowatransitiverelationofapplyingtheshort

Cutedges・Then〉ifminimalst－SeParatOrisobtainedbyusingthedirected

St－graPh，theelementsbecomesarequiredsubjectsineducationalstudy．A

flexibletosomedegreeasubjecteducationisnatura沌・Omtheviewpointof
educationthoughthereareminiml皿St－SeParatOr，andminirmlmSt－SeParatOr

it7tOO・Itisareasonforthisnottoobtainminirrmmst－SeParatOrb11ttO
Obtainminimalst－SeParatOr．
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6 Conclusion

ln chapter l, we provided a necessaryand sufBcient condi七ion for a digraph

to beanMIS-diagram for an undirected graph, and then showed that wealso

presented a simple method for obtaining MWIS-diagrams from MIS-diagrams

for positively weighted cases. Based on these results, we can generate e臥

cientlyall MIS's or MWIS's of cocomparability graphs. As mentioned before,

every intervalgraph is a cocomparability graph･ Tlms, our results are exten-

sions of the pertinent parts of Refs. [4] and [6]･

In血apter 2, we have sbown tbat tbe DP algoritbm in 【14】 can be ex-

t,ended to be an out,put-sensitive generation algorithm for MWIS's of a circle

graph. We have extended the result further to obtain output-sensitive gen-

eration algorithm for MWIS's of a spider graph and of a circular-arc overlap

graph. Chordal grapbs admit similar output-sensitive generation algoritbm

for MWIS's, which will be describedinsepara七e paper.

No output,-sensitive generationalgorithm have been obt,ained so far for maxi-

mal independent sets of a circle graph and of a chordal graph. Tbese problems

deserve further study.

In chapter 3, we have described that the competitiveness coef邑cientJ Of

any online edge-coloringalgorithm is greater then驚主, where k is maxi-
mum degree, for deterministic or randomized online edge-coloringalgorithm･

we have presented newalgorithm for online edge-coloring algdrithm in next

chapter.

In chapter 4, we have presented two lazy randomized edge coloring algo-

rithms both with non-zero competitiveness coe抗cients. Unfortunately, these

algorithms are poor against adaptive adversaries (their adaptive competitive-

ness coe鮎ients are O).
For practicalasslgnment PrOblems, different criteria for optimality from

the one described in this叩anuSCript may be possible. Devisingalgorithms for

different criteria on edge coloring problems and for vertex coloring problems

deservefuture study.

In chapter 5, we provided two theorems､, and after that we have pre-

sentedanalgoriもhm for ed11Cation support system that students have to take

required credits from entrance to graduatidn in a college･ It is discussed an

st-digraph that entrance and graduation are vertex sand vertex t respec-

tively and subjects from the entrance to the graduation are vertices･ Then,

if there areminimal st-separators of the st-digraph, those are the required

credits from entr弧Ce tO graduation. We propose a method to decide the

required credits for graduation.
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ALGORITHMS FOR INDEPENDENT SET

IN SOM丑KINDS OF GRAPHS AND ITS

APPIJICATIONS

(ある種のｸﾞﾗﾌにおける独立集合を求める為のｱﾙｺﾞﾘｽﾞﾑ

とその応用)

多喜正城

内容梗概

この学位論文において､ある種のｸﾞﾗﾌにおける､独立鳳点集合に関する
ｱﾙｺﾞﾘｽﾞﾑと､それを用いた､教育ｼｽﾃﾑ-の応用について述べている｡
この学位論文は､ 5章からなり､第1章では､極大独立頂点集合に関する

生成間題を取り上げ､第2章では､最大重みを持つ独立頂点集合に関するｱ

ﾙｺﾞﾘｽﾞﾑについて､いくつかのｲﾝﾀ-ｾｸｼｮﾝｸﾞﾗﾌに関して述べ､
第3章及び､第4章では､ﾊﾞｲﾊﾟ-ﾀｲﾄｸﾞﾗﾌの辺をｵﾝﾗｲﾝで彩色し

ていくｱﾙｺﾞﾘｽﾞﾑについて述べている｡そして､第5章では､独立鳳点集
合に関するの応用として､教育ｼｽﾃﾑに関する1解答を提供している｡各

章の関連について､それぞれ､独立集合という共通の課題から議論している｡
各章の概略をここで述べる｡

第1章､頂点βから頂点かに至る単純有向道st-path上の頂点集合(s､舌
を除く)と､無向ｸﾞﾗﾌGの極大独立集合(MIS)の族が-致するとき､ G

のMIS-diagramという.ここでは､無向ｸﾞﾗﾌがMIS-diagramであるため

の有向ｸﾞﾗﾌに対する必要十分条件と､無向ｸﾞﾗﾌがMIS-diagramを持った
めの必要十分条件は､ GがCo-comparabilityｸﾞﾗﾌであることを示す.さ

らに､正の重みを持っ場合に､ MIS-diagramは､重み付MIS-diagramを得る
方法も示している｡

第2章､頂点数がnl最大重みを持つ独立頂点集合の頂点数の総和をβ
としたとき､ circle-graphの最大重みを持つ独立頂点集合を重複なしに､列
挙するｱﾙｺﾞﾘｽﾞﾑが､ 0(n3+β)の時間ｵ-ﾀﾞであることと､それが､他
の交ｸﾞﾗﾌにも応用することができることを示している｡

第3章､辺の色付け(入力)が予め判っている時の方法を､ ｡別ine辺彩
色ｱﾙｺﾞﾘｽﾞﾑ､それに対し､予め判っていなくて､辺が追加されるたびに

彩色していく方法を､ online辺彩色ｱﾙｺﾞﾘｽﾞﾑというo online辺彩色ｱﾙ



ｺﾞﾘｽﾞﾑの使う色と､ off-1ine辺彩色ｱﾙｺﾞﾘｽﾞﾑの使う色との比の最大値

を､ online辺彩色ｱﾙｺﾞﾘｽﾞﾑのcompetitiveness係数という｡･使われる色の

最大数kとしたとき､ competi七iveness係数が驚主となることを証明.
第4章､上記の辺彩色をﾊﾞｲﾊﾟ-ﾀｲﾄｸﾞﾗﾌで行い､たを制限したと

き､ competitiveﾑess係数が､去≦competitiveness係数≦喜になるｱﾙｺﾞﾘｽﾞ
ﾑを与えている｡

第5章､上記で考察されたことから､ MISが､ st-grapbであることを用
い､頂点sを入学､頂点tを卒業として捉え､入学から卒業までに提供され

るｶﾘｷｭﾗﾑの中から､極小な選択科目を選ぶことが､ st-graphの極小st-

separatorを求めることと-致することを述べた6

keywords :

independent set, comparability graph, in七ersection grapb, competitiveness

coemcient, education support sys七em
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