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We investigate the intrinsic damping rate of Josephson plasmons in small tunnel junctions. The

effect of interactions between collective modes is calculated on the basis of the perturbative ex-

pansion. This expansion is valid for small values of Ec/E; (Ec and E; are the charging and

Josephson coupling energies, respectively). The rage of damping by quasiparticle excitation is de-

pendent on this ratio and is qualitatively different from the lowest-order term studied in previous

works. The relaxation time is roughly a quadratic function of frequency, which is peculiar to small

tunnel junctions. A small value of Ex/E; does not necessarily mean a long relaxation time owing

to the nonmonotonic dependence of the damping rate on frequency. These nontrivial properties

originate from the tunneling term, which depends on frequency and describes both the damping

and interaction effects.

KEYWORDS: quasiparticle excitation, perturbative expansion, tunnel junction, superconducting quantum

bit, Josephson plasmon, relaxation time

1. Introduction

The superconducting quantum bit (qubit) with use of a small tunnel junction is
a possible constituent element for quantum information processing.! Although there
are many other physical systems considered as candidates for quantum bits,? super-
conducting systems have an advantage in that existing techniques for semiconductor
technologies may be available for their fabrication. This may make it possible for an
integrated circuit with tunnel junctions to manipulate superconducting qubits.

One of the disadvantages of using superconducting qubits is that the relaxation
time is short compared with that of some other physical systems.? There is a possibility
that this originates from the significant influence of the surroundings. Several possible

causes of this have been investigated so far (phonon radiation,? dielectric loss from two-
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level states, coupling with electromagnetic modes,® and nonequilibrium quasiparticle
excitation®). Several experiments have shown that the lifetime of superconducting qubits
is still increasing.” This indicates that the extrinsic factors which shorten the lifetime
of qubits have not been removed so far.

Investigating the dependences of the relaxation time on several parameters would
be useful for clarifying the origins of the damping effect. In experiments, it has been
observed that the relaxation time increases exponentially with decreasing temperature
and then saturates at some temperatures (for the transmon qubit®® and flux qubit!?).
In another study,” Houck et al. investigated the dependence of the relaxation time on
frequency and suggested that the lifetime is affected by the multimode Purcell effect
because of the quadratic dependence accompanied by asymmetry.

In this paper, we theoretically investigate th intrinsic damping effect. In supercon-
ductors, quasiparticle excitation is inevitable at finite temperatures. We consider how
this effect influences the damping rate of Josephson plasmons (an out-of-phase collective
mode in the tunnel junction). In previous works, the effect of quasiparticle excitation
has been considered only in the lowest order.!’ We show that nonlinear terms in the
perturbative expansion bring about a nontrivial damping effect.

In §2, we give a formalism for the perturbative expansion of the tunneling term with
superconducting phase fluctuations across the junction. A difference between previous
works and our calculation is noted. In §3, the expression for the damping rate is de-
rived and numerically computed. It is shown that the parameter of the expansion is
Ec/E; = (charging energy)/(Josephson coupling energy). The perturbative expansion
qualitatively changes the dependence of the damping rate on frequency. In §4, a com-
parison between small and large tunnel junctions is mentioned, and a relation of our
theory to experimental results is discussed. In the Appendix, we estimate corrections
to the results in §3 by higher-order terms of the perturbative expansion, and discuss

the validity of our calculation. We set A = 1 in this paper.

2. Perturbative Expansion
We start with a noninteracting effective action for Josephson plasmons at the inter-

face between the superconductor and insulating barrier derived in §4 of ref. 12:

=3 20Dl )
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Here, we put ¢, = & [=(Pp — D)/ V2; dF ) indicates the phase fluctuation in the left
(right) superconductor| and omit the suffixes 1 and —, which indicate ‘at the interface’
and out of phase, respectively. We can put ¢ = (qo, ¢=, ¢y) = (o 0, 0) for small junctions.
(go = w; = 27T is the Matsubara frequency; 7T is the temperature and [ is an integer).
This is because finite values of ¢, and ¢, induce excitation at high energies, as discussed

in §5 of ref. 12. With this approximation,

_ (iwl)2 — Qz
DO(Q) b= _T’y‘

Here, Q, = /e, €. = 2¢*(1/7, + 1/Q™), and ¢, = —Q"R/e? (¢; is defined below,
Q% indicates the screening effect of the Coulomb interaction, and v, = 1/27d with the
lattice constant a = 1 and the width of the junction d).

Next we take account of higher-order terms to investigate the interaction effect of
¢4. We consider the following term derived by integrating out electrons in the effective
action (with referring to Appendix A of ref. 12):

A o A 1 A A Aa 1 A A A A A A
~Trln(—G 1 4+W) = —Trln(—G_l)+§Tr[GWGW]+ZT1"[GWGWGWGW]+- . (2)
Here, we take account of only the tunneling term because other terms are irrelevant for
. [GE 0
the discussion of Josephson plasmons. G = ko is Green’s function of electrons

in superconductors,
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=t/ W Wb
BN2N.+1 % \4 9 W

WO = (BN?*)?5,0+

>

> O»
|
—_

/‘\

q1,492,93

1 1
Wq(l) = Wq + (/@NQ) Z 3'wQ1wQ2wq D R

q1,92
and w, = ipd,/v2 (8 = 1/T, N? is the number of sites on the interface, and N, is that

in the perpendicular direction).
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We consider a term proportional to ¢? in eq. (2):
1
So ::§Tr[GWGW]
t/2 _t12
Z QP (q)pgtp—q + —

A1 ﬁNg Z Q( QI=Q2>Q3)¢q1¢qz¢q3¢ Q1—q2—q3

q1,92,93

BN?

q1,42,43,94,05
(3)
Here, Q¥ (q) = Q1(q) — Q3(0) =: /1", Q™ (g1, 2, ¢3) = [4Q1(g3) — @3(0) — 3Qs(q1 +
q3)]/4, and Q(ﬁ)(CI1>CI2,CJ3,Q4,QS2) = [6Q1(¢3)+10Q1(q1 +¢2+¢3) —Q3(0)—15Q3(q1 +¢2)] /16
with Qs(q) = ﬁ—}vg . (NLH) S THGE, o 7GR s+ GE, L 7GE 7] and Q1 (q) =
ﬂ—]{ﬂ ok (Nf—i—l) pO Tr[Gk+q Cle & +Gk+q ClGﬁ@]. Then the term that describes the
interaction effects is written as Sy = Sy — >~ €;¢0,0—4/4 [the second term on the right-
hand side is already included in eq. (1) and excluded from S;], and the effective action
is written as Seg = S + S7. We calculate the damping rate on the basis of this action.
Hereafter, we assume that the two superconductors of the Josephson junction are the
same, namely, App = A} pe¥2r = A; Aj 5 and ¢pp are the amplitude and static
phase of the superconducting order parameter, respectively.
Here, we mention the relationship between previous theories and our formulation.

If we neglect the dependence of Q®®.Q®W Q© ... on ¢ = (g0, q) and ¢, on g, then

s [ O~ LB (1 -1
50+SI—/0 dr %(87’) (¢ !¢T+§¢T+”')

i N
h 1 [0¢ E; -
[ ar | — [ L) 21— cose,
/0 T 8EC<8T> —1—4( cospy,)
Here, we use the relations ¢, = 4/]2\[—5 foﬁ dre“ "¢, €; = E;/N?, and ¢, = N?E¢. This

action is equivalent to the Hamiltonian of the small tunnel junction, which is used

to describe the competition between the phase and number fluctuation of the Cooper
pair.’® We show below, however, that the dependences of Q™ on ¢, which are neglected

in the above simplification, have nontrivial effects on the damping term.
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3. Damping Rate of Josephson Plasmons
3.1 Imaginary part of the self-energy
The interaction effect is obtained by calculating the self-energy term II(g) in the

propagator:

D(q) = [Do(q)™" — ()]
= —2¢, [(iw))? — O + 2¢.11(q)]
We decompose II(q) by the order of S; as II(¢) = >, II;(¢). Then II;(¢) are given by
I1,(q) = 2882 T1y(q) = 2852 _T1,(q) Dy(g)Thy (q), .. with InZ; = [ Dée=(—5,)/Z,
InZy = [[ Dpe™05}/Zy — (InZ1)?]/2, ... (Zo = [Dgpe=>°). (This derivation follows the

method described, for example, in ref. 14.)

We consider the case of S; = %{25}\72 > aranas @ D@1, 92, 3)Par > Pus 1 —a—a5 DY
neglecting Q™ (n > 6) in eq. (3), and calculate the self-energy within the second order
of this Sy: II(q) = 1 (q) + ITa(q). With the use of €;(q)/t"* = Q1(q) — Q3(0),

1 1
I (q) = 35N? 2;: 5l6i(a) + €(a1)] Do(ar) (4)

and

Ma(0) =5 (73 ) 2 160+ )+ (@) + e+ 0+ @ Dola) Do) Dul =4~ s ~ )

BN?

91,492

+(iﬁ)2;%@@+@@M%W+Q@ﬂ%@ﬁMﬂmmm)

q1,42

(5)

Here, we neglect the ¢ dependence of @Q3(¢). This approximation is supported by a

numerical calculation which shows that ImQ%(w) is smaller than ImQ%(w) by one order
of magnitude.

The damping rate in the noninteracting case (without the effect of Sy) is written as

€c ect’z —ImQ¥F(w)

o = ——Ime w I . 6
o= g )= g O = SRt - Qo) )
Here Q2 = e.Reeff(w) + ieImef(w) and Q° = e .Reef’(w) (the suffix R means ‘retarded’,

i.e., the analytic continuation iw; — w 4+ i0). We investigate how this term is modified

by taking account of the interaction term S;. This is written as

eJmIT? (w
= — gl () - 207w = 1+ ] )

by neglecting the shift of Q (the real part of II#(w)). The contribution from the first-
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order term [eq. (4)] is

The second-order term [eq. (5)] is decomposed into four parts: ImIl¥(w) =

Imllf (w) + Imlf(w) + Imllf(w) + ImIl%(w). Here, ImIlE (w) =

€2 ~ ¢ 2 ~
s Im(T? 32, 4, Dara2(9)]. R{H)lﬂgb(@ = sram[*5- 32, €5(@1) Darg2 (),
€jIme;*(w 2 ~
ImITE (w) = WR@[% > i D1.42(q)], and ImITE (w) =
ejlmef(w)

svr— 12> 0.0 Do(@2) Do(—q2) Do(qr). [The dependence of Reef(w) on w is negligible

compared with that of the imaginary part; and therefore, we write Reef(u)) as ;.

Dy1.42(q) == Do(q1)Do(g2) Do(—q—q1 — o). Tm[...] and Re]...] mean taking the imaginary

and real parts after performing the integration with analytic continuation in |[...],
respectively.|

Hereafter, we assume that the system is at low temperatures: T < A. For the range

of frequencies in which vy can be omitted in the denominator (i.e., |w —n8| > Yo_m-1)0

with n = +1,43),"

eImIlf (w) EZ, {1 +9-2/2 g—2/2 1+ g40/2 gio/2 }
Qv ©12(sinhQ/27)2 | (w— Q)2 (w—30)2  (w+Q)?  (w+30)2 (’ )
9

Q. 2(sinhQ/2T)2 |w? — 2 (w—20)2 -0  (w+20Q)2—-Q2|’
eImIlY (w)  EZ(cothQ/2T)? 14 1 1
Q. B 3 2(cosh$2/2T)? | w? — Q2

(11)

+1 L+ cothQ)/T 1 N 1
2 cothQ/2T ) | (w—29Q)2 — 02  (w+2Q)2 -2 | [’

and

eImlfy(w) —E2 0\? Q/T
. a7 ) M G| (12)

Here, g1, = Yornasinh(w/2T") /[y,.sinh(w + n2)/2T.

The above results show that the first- and second-order terms are proportional
to Eq/Q = \/Ec/E; and (E¢/Q)? = Ec/E;, respectively. This indicates that the
expansion is valid for small E¢/E; such as the transmon qubit.>® 6 Higher-order terms
other than the above terms are discussed in the Appendix.

In the case of |w — | ~ ~,, although this range is very narrow at low temperatures,
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a self-consistent calculation is required. From eq. (7), the solution is written as
- Ec
To = .
2/2sinh(Q2/27)

with the second-order approximation as above. Then, at low temperatures, g is pro-

portional to exp(—£2/2T) and decreases slowly as compared with vq o exp(—A/T).
The relaxation time at w = € is very short as compared with the results in the range
of |w— Q| > 4., as shown in §3.2; for example, 1/9q ~ 8.68 x 107* us in the case
of Ec = 0.01 and T = 0.06 (even in this case, the peak in the imaginary part of the
propagator around w ~ €2 is well defined because g ~ 0.0038 in the unit of A = 1).

3.2 Numerical calculation

We take the superconducting gap as the unit of energy (A = 1) and fix Q to
/A = 0.10. The relation between our definitions of E¢ and E; and those of previous
works'® (E(, and E')) is given by E¢ = 2E(, and E; = 4E',. Then /EcE; = \/8E_E,
and Q/Ec = \/2E,/E, = 10 for E';/E. = 50 in a typical case of the transmon qubit.

The results shown below are calculated in the range of |w — | > 7,,'7 as noted in the

previous subsection.

As shown in §3.1, the finite values of ImII*(w) originate from the existence of 7,
in Dy(q). The rate of damping by quasiparticle excitation without the interaction of
Josephson plasmons is written as follows from eq. (6):

/°° de 20771 — el (€ + |w|)e + A?
A 2T [1+ e—(€+\w\)/T](1 + e—E/T) \/(6 + |w])?2 — A2\/2 — A2
O(lw| — 2A) [l¥I=2 qe € w|—e w| —€)e — A?
—1—7“ ‘2 )/A o <tanhﬁ+tanh‘ 2|T ) \/(\w|(‘— |€)2 —)AQ\/EQ—AQ )
with the approximation Re[@Q1(q) — @3(0)] ~ @Q1(0) — Q3(0). The second term is impor-

_ Qsgn(w)
T = Atanh(A/27)

tant only for the excitation across the superconducting gap and is omitted below for our
discussion around w ~ €. The dependences of 1/, on w for several temperatures are
shown in Fig. 1. The calculated result for 1/, is shown in us by setting A =2 x 107
eV. 1/, is proportional to exp(A/T') as expected from the above expression.

The interaction between Josephson plasmons changes the above behavior (we con-
sider the effect of ImII; the real part only gives the shift of  and is omitted). The
dependences of 1/4, [eq. (7)] on w for several values of Ex are shown in Fig. 2. For
small |w — Q|, 1/7, is roughly proportional to (w — Q)?; however, asymmetry around

w = () exists. This asymmetric behavior becomes prominent with increasing E- and T,
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Fig. 1. Dependences of 1/, on w and 7. This quantity is shown in microseconds with A =2 x 10~4

eV.
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Fig. 2. Dependences of 1/4, on w and E¢ for (a) T = 0.06 and (b) T = 0.12. 1/, is also shown

for comparison. This quantity is shown in microseconds with A = 2 x 10~ eV. The graphs plotted

are restricted to the range in which |w — Q| > 10+, is satisfied.

which is easily seen if we graph ~,/7, as in Fig. 3. This behavior can be understood

from the expressions for ImII? in §3.1. Equations (9)-(11) show significant frequency

dependences although these terms vanish with decreasing temperature. On the other

hand, egs. (8) and (12) retain constant values. This explains the temperature depen-

dences. Equation (9) provides proportionality to (w — Q)?, and this results from the

fact that Josephson plasmons contain a damping term caused by quasiparticle exci-
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Fig. 3. Dependences of v, /7., on w for several values of E¢ and T for (a) T = 0.06, (b) Ec = 0.02.
The graphs plotted are restricted to the range in which |w — | > 10+, is satisfied.

tation, namely, v, in Df(w) (i). Equations (10) and (11) give negative and positive
values for w < Q and w > 2, respectively. This causes the asymmetric behavior around
w =2 (). This term has its origin mainly in the internal structure of the interaction vertex
between Josephson plasmons, namely, the frequency dependence of €; (ii). These two
effects [(i) and (ii)] are not included in the conventional ¢* theory and are peculiar to
systems in which the bosonic degree of freedom is constructed from fermionic degrees

of freedom.

4. Summary and Discussion

In this paper, we calculated the damping rate of Josephson plasmons by quasiparticle
excitation on the basis of the perturbation expansion. We investigated the properties
inherent in small tunnel junctions by calculating the dependences of the damping rate
on frequency and temperature without extrinsic effects. The damping rate is found

to be roughly proportional to 1/(w — )2

around w ~ ) and asymmetric for w <
and w > (). These are caused by the interaction between Josephson plasmons, as is
confirmed by varying E¢. Previous works did not take account of interaction effects
and considered only 7, as the effect of quasiparticle excitation.

The quadratic dependence of the relaxation time on frequency is peculiar to the case
of small junctions. The narrow dimension of the junction restricts low-energy excitation

accompanied by spatial variation. (£}, is large when q # 0 as estimated in ref. 12.) On

the other hand, for a large junction, the dependence of €, (Josephson plasma frequency)
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on g (wave number) is important and the summation ﬁ > o s replaced by the integral
Ik %. In this case, the damping rate in eq. (7) from the second order [eq. (5)] is written

as

2e ImTI (g, w) = me2Qsinh(w/27) // d*q1d?q, Zsl,sz,s3zi1 6(w + 51801 + 82042 + 538—g1-¢2)
) = 12 (2m)" sinh(Qy1/27)sinh(Qye/27)sinh(Qy_g1_g2/2T)

From this equation, we can summarize the differences between small and large tunnel

junctions as follows: The 1/(w — Q)? behavior of the damping rate is smoothed away
owing to the integration. The damping rate is proportional to exp(—£/7’) in contrast
to A, x exp(—A/T) in §3.

In experiments, exponential decay was observed in a restricted range of tempera-

89 and it is quantitatively consistent with our calculation in the corresponding

tures,
range of temperatures. The relaxation time reaches a constant value with decreasing
temperature. This may originate from extrinsic effects that are not included in our the-
ory. The observation of w dependences may be helpful in clarifying the origin of this
behavior. For example, if the relaxation is caused by nonequilibrium quasiparticles, as
suggested in ref. 8, the dependence of the relaxation time on frequency will be the same
as those of the calculated results in this paper.

Characteristic w dependences similar to our calculated results were observed in ex-
periments, and this behavior has been attributed to the multimode Purcell effect.® Our
calculation shows, however, that the damping effect by quasiparticle excitation gives
rise to the same w dependences in the relaxation time. By measuring the dependence
of the relaxation time on temperature, it should be determined whether the observed w
dependence originates from the intrinsic effect by quasiparticle excitation or extrinsic
(Purcell) effects.

The transmon qubit has been said to have a long coherence time because of its
insensitivity to charge noise.”'® This is based on the small values of E¢/E; and is
considered to be true as long as compared with the Cooper pair box (E¢/E; ~ 1).
Our calculation shows, however, that the rate of damping by quasiparticle excitation is
dependent on E;/Eqs. This dependence varies with the frequency. The relaxation time
is long for small values of E¢/FE; at a frequency close to 2. On the other hand, this
tendency is reversed with increasing detuning (Jw — €2|). This behavior may be used to
judge whether the observed damping rate originates from the intrinsic effect.

For further comparison with experiments, it is required to include the interaction

with external fields because the manipulation of qubits cannot be carried out without
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this. In this paper, we fixed the frequency of Josephson plasmons (£2) and varied the
probing frequency (w). In experiments, however, these roles are reversed; the cavity
frequency is fixed and the qubit frequency is varied. The latter variation is implemented
by applying a flux to the junction and making the difference between the static phases
finite (¢ # @gr). Therefore, a theory including the difference between phases would

reproduce a more precise experimental situation.
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Appendix: Higher-order terms

In this appendix, we consider the higher-order terms omitted in §3. These are clas-
sified into the following three types: (a) the terms of ¢" with n > 6 in eq. (3), (b) the
self-energies IT, with n > 3 in §3.1, and (c) the terms Tr[GWGWGWGW] + --- in
eq. (2).

Firstly, we consider the case of (a). If we take account of the third term in eq. (3)

and write it as

2 (1 \? 3 5
S§6) = @ (W) Z {g‘fj (Q3) + gej(ch +q+ Q3):| ¢Q1¢q2¢QS¢Q4¢Q5 —q1—92—9¢3—q4—G5

q1,92,93,94,95

with the same approximation as in §3.1, then the calculation of II; can be performed

as above and the result is

eI (w)  EZ 2 1+ (a2 + g-2)/2
M, 1692 | (tanh$2/27")? (sinh2/277)2

This term is a correction to eq. (4).

For the calculation of II,, we use the approximation €;(q) =~ ¢;(0), which is valid
in order to obtain the most divergent term, as discussed in §3. Then we put S; =
_% q1,42,43 ¢ql¢q2¢q3¢—ql—q2—q3+% qu,qQ,qS,qzl,qS ¢q1¢q2¢q3¢q4¢q5¢—ql—q2—q3—q4—q5a and

the result is written as follows:

9+2/2

e ImIT2 (w) E2 B 0 T1490/2 g_9/2 1+ gya/2
)

O :12(sinhQ/2T 20T M) (w02 T wo302 T wtQ)?

Z 1+2952/3 29s2/3 + gsa/6 gs4/6
SOQ2 sth/QT (w+ s0)? (w+ 3s0)2 (w+5s0)2 ]

These results for IT indicate that the predominant term does not change from 1/(w—2)?

and its coefficient is corrected by powers of E¢/€). Therefore, the results in §3 do
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not change qualitatively and are quantitatively valid in the case of transmon qubits
(EC < E J).
Secondly, we consider the case of (b). The same argument as above is also applied

to the higher-order terms given by
5  [1 [Dhe(=S)"
dDo(q) |n! [ Dgpe—%
(n > 3) with S; = S — >°_€j¢q0-4/4 [S2 is given by eq. (3)]. In this case, it is also

shown that the predominant term around w ~ € is proportional to 1/(w — ©)?, and in

,(q) =~ 2

the calculation of higher-order terms its coefficient becomes smaller with the expansion
parameter Ec/Q = \/Ec/E;.

Finally, we consider the case of (c¢). The argument for the cases of (a) and (b) is made
with only the calculation of bosonic propagators. The case of (c¢), however, requires a
calculation with fermionic degrees of freedom. It can be shown that there are a self-
energy correction to G, and a vertex correction to Q1 3(¢) owing to the fluctuation Dy(q).
For example, if we calculate the self-energy correction in a one-loop approximation, the

result is
—7pe. cothat — tanh2 e+ 0 —A
20 e+ Q)2 —-A2 | —A €40

fore>A—Qore< —A— and

IR

—mpe. cothak + tanh 2 [e—Q  —A

20 J(e—Q2-A2 |\ A -0

for e > A+ Q or e < —A + Q. This indicates that the self-energy is ineffective within

Im>F(e) =

the superconducting gap; for /A < 1, the effective range of energies is small (A >
e>A—-Qor —A <e< —-A+Q), or for Q/A ~ 1 the self-energy is proportional
to exp(—2/T). Therefore, these effects do not change the properties of Gy, and Q13(q)

used in §3, at least qualitatively.
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