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Estimation of Value-at-Risk for bank portfolio
by using Markov Chain Monte Carlo method*

Igor Zavialov

Abstract

Value-at-Risk models (VaR) are powerful tools for financial risk management
and are widely used by regulating authorities and market players. VaR models
come from the field of “worst statistics” and help to understand the worst loss
with a certain probability. Because of its relative simplicity, VaR models have
become popular among risk analysists working in a banking area. After the last
major financial crisis of 2007-2008, the regulators tried to modify existing mod-
els for risk assessment. VaR models were criticized by many researchers and new
modified models were proposed such as conditional VaR, Expected Shortfalls (ES)
and GARCH models. One of the major drawbacks of VaR models is low sensi-
tivity to the tails of the returns’ distribution. Mathematically speaking, VaR is
a quantile built on the Profit & Loss distribution. Ability to accurately calculate
worst outcome helps banks to keep the right amount of the allocated capital, i.e.
to cover all the losses if needed and not to break the one’s obligations. Moving
the focus from one particular bank to the whole financial system consisting of
many interconnected participants, the risks’ calculation become more difficult.
Regulators use the “systemic risk” term for distinguishing the risk responsible
for overall system stability. Defined simply as the probability of the whole sys-
tem’s default after breakdown of one of the participants, the systemic risk is
difficult to calculate. The main reason is complexity of the system links and
causal relationships between different nodes. Different mathematical theories,

including chaos and complexity theories can be applied for the understanding of

*Master’s Thesis, Graduate School of Science and Technology, Nara Institute of Science and
Technology, March 17, 2020.



the concept of systemic risk. However, in simple approach regular risk manage-
ment tools such as VaR can be used for systemic risk estimation which is implied
by Basel capital requirements, main regulation guidelines in the banking field.
The problem of less efficient work with tails of the distribution, is the signifi-
cant drawback of VaR models. In this work, I propose Markov Chain Monte
Carlo method (MCMC) for efficient sampling from the distribution. MCMC is a
powerful tool using Markov chains to create random walks while sampling from
the target distribution. To prove my approach I separate two different cases: 1)
one-asset VaR estimation; 2) VaR estimation from multivariate distribution for
portfolios consisting of several instruments. For the first case I do sampling using
Metropolis-Hastings algorithm (MH), for the second — Gibbs sampling. Result
is shown for the stock from S&P 500 data set, MCMC (MH) worked almost the
same with regular Monte Carlo method. For the multivariate case, I simulated a
situation of 3 instruments-portfolio with known Covariance matrix under the nor-
mality assumption of the marginal distributions. After calculating the conditional
probabilities, I ran Gibbs sampler and succeeded to achieve marginal distribu-
tions allowing further VaR calculation. MCMC methods proved to be applicable

for VaR estimation and flexible for tackling the tail estimation problem.
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1 Introduction

“Risk” is one of the most important concepts in finance. Financial markets fluc-
tuate every day, and it is difficult to predict where they will go tomorrow or in
one month. Even if one gets the idea of the future events, it is difficult to guess
what will be the market’s response to them. In the financial field there are too
many players involved with their different moods and strategies. Banks are key
players in these muddy waters, and they need to have guarantees of having low
risks in order to continue operation and serve their clients well. At the same
time, banks (hereafter by banks I mean commercial banks) are interesting to
maximize their profits. Here arises the optimization problem which not so easy
to solve. Good product strategy has to be combined with wise risk management.
“Risk is our business”, as said once Oswald Griibel, CEO at UBS. “All of life is
the management of risk, not its elimination”, another famous quote from Wal-
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ter Wriston, former chairman of Citicorp. But what does “risk” mean, indeed?

Philippe Jorion in [1] defines risk as volatility of unexpected outcomes which can
be the value of assets, equity, or earning.

The Federal Reserve Board has identified six types of risk:
1. Credit risk
2. Liquidity risk
3. Market risk
4. Operational risk
5. Reputation risk

6. Legal risk



General practice assumes that banks manage these types of risk on both a trans-
action basis and by portfolio.

Normally banks operate with the portfolios which contain different types of finan-
cial instruments — checks (aka futures, options contracts), securities (contracts
with a value), etc. The Association of Chartered Certified Accountants (ACCA)

has the following definition or a financial instrument:

A financial instrument is any contract that gives rise to a financial
asset of one entity and a financial liability or equity instrument of

another entity.

Profit of the bank in general depends on the riskiness of its portfolio [2]. Finan-
cial instruments with higher risk promise higher return with lower probability of
this return taking place. But because many financial institutes perform so called
accrued accounting, they achieve “reported profit” at the beginning of the pos-
session the instrument. Only to the end of its life cycle, due to poor management
and higher risks behind the instrument, bank suffers from the larger losses. Fi-
nancial crisis of 2007-2008 is the good example of such situation when subprime
mortgage market created a huge bubble after participating in multiple trading
cycles what finally led to the huge collapse of the financial system in US and
affected many economics globally.

Financial crises happen in human history regularly. Below are five of the most-

devastating financial crises:
e The Credit Crisis of 1772
o The Great Depression of 1929-39
o The OPEC Oil Price Shock of 1973
o The Asian Crisis of 1997
e The Financial Crisis of 2007-08

The common thing about these turmoils is that usually it is happening after
introducing or discovery a new phenomenon which revolutionary changes the so-

ciety. Investors and other market players are often conservative and slowly adapt



to changes. After new things come up, they are incapable to evaluate them prop-
erly and manage risks accordingly.

The highest pick of financial crisis is investors’ panic. Thomas J. Fitzpatrick
IV and James B. Thomson in [3] discuss the possible consequences of the large
participant failure. In Figures 1.1 and 1.2 you can see how the turmoil affected
key market indicators — LIBOR, USGG3M, and TED, and how the market was
affected [4].

The most dangerous consequence of financial crisis is a recession. Recession is a
general slowdown in economic activity. It usually follows by a downturn in the
business cycle, a reduction in the production of services and goods, and increased
unemployment [5]. If recession is stated for a long time (2 or more years), it
is called an economic depression. For example, economic depression happened
in United States in 1930s and has got the name of Great Depression. Last de-
pression began in 2009 in Greece. Greece’s GDP dropped at almost 20%, and
unemployment achieved the highest record, putting one in four Greeks out of
work [6].

Financial indicators can serve as a measurement tool for predicting and prevent-
ing future economic recession [7]. Thus, we can build a model for monitoring the
risks and preventing future turmoil.

The main goal of this study is to provide a framework for accurate risk estimation
in the current or simulated market conditions in order to prevent financial tur-
moil and economic recession. Additional importance to this research is brought
by recent forecasts about future recession. Recessions in modern times will hap-
pen rarely but can be more dangerous to the global economy [8].

The results of this work can find application in the bank regulation. Usually
provided by central authority institutions such as Central Banks, regulation is
including but not limited to injecting or removing liquidity, providing guarantees,
keeping banks’ accounts, storing emergency reserves, dealing with troubled assets
and recapitalising the banking system. Since last financial crisis in 2007-2008, the
regulation authorities are trying to improve their methods and requirement to the
participants of the financial system. The most famous regulation guidelines are
the Basel capital requirements. They set some limits on banks’ financial indi-

cators and benchmark investment portfolios. Current widely used set of rules is
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Figure 1.1: TED Spread, LIBOR, and USGG3M during financial crisis 2007-2008.

Bear Stearns fails —>!

-(March 2008)

=

Interbank
market freezes

|- (Fall 2007)
~market

| freezes

(Summer 2007)

_Commercial
paper

|
|
I
|
|
1

| | |

| <— Collapse:

* Lehman fails

e WaMu fails

* AIG bailout

* Merrill bought by BoA
* Money market freezes
(September 2008)

3-month
Libor-0IS spread

Figure 1.2: Key events and 3-month Libor-OIS spread fluctuation during the crisis

2007-2008.



called Basel III. But soon new set, Basel IV, will be introduced and gradually
will be adopted by financial institutions.

In order to maintain financial stability, financial institutions and Central Banks
usually perform set of simulation algorithms known as stress testing. These simu-
lations allow to put a financial institute (for example, bank) to the strict economic
condition and calculate the possibilities of its recovery or default.

Stress testing along with other techniques compose the risk management policy.
One of the reasons Central banks perform them is to analyze and monitor so-
called systemic risk.

The definition of systemic risk as given by Federal Reserve Governor Daniel

Tarullo:

Financial institutions are systemically important if the failure of the
firm to meet its obligations to creditors and customers would have sig-
nificant adverse consequences for the financial system and the broader

economy.

In other words, systemic risk is defined as the probability that the default of one
institution will make other institutions default. On practice, it is difficult to cal-
culate systemic risk because of its pure theoretical nature. This is the reason why
banks and authorities usually operate with simpler and more easy to calculate
models.

One of the most famous and widely used models for risk calculation is Value-at-
Risk (VaR). VaR models are a general measure of risk developed to equate risk
across products and to aggregate risk on a portfolio basis. For a given portfolio,
time period, and probability p, the p VaR can be defined as the maximum pos-
sible loss which can happen with probability 1 — p with the observed data over
the given period and for given portfolio. Figure 1.3 is taken from [9] and shows
the example for VaR calculation for the given returns (Profit & Loss probability
density function).

In this study I mainly focus on VaR estimation using it as my main Risk Man-
agement tool. There is no standard solid approach to estimate value-at-risk for a
portfolio so that it corresponds ideally to the economic background and reflects
the risk of portfolio accurately. I do research into various VaR estimation models

and propose new method for VaR estimation.



This thesis is organized as follows. Chapter 2 provides theoretical aspects of
the risks and VaR. Chapter 3 analyzes the related work and existing literature.
Chapter 4 sets the problem and main research question of this work. Chapter 5
provides methodology and research design. Chapters 6 and 7 give an overview of

the results and make a conclusion.

Line at -0.82 means 5% The curve represents a
Value-at-Risk is 0.82. hypothetical Profit-and-Loss

probability density function. It has
mean one and standard deviation
one, but fatter tails than a Normal
distribution. The 5% VaR point is
1.82 standard deviations below the
mean, versus 1.64 for a Normal
distribution.

Blue area to the right
of the line represents
95% of the total area

Red area to the left of under the curve.

the line represents 5%
of the total area under
the curve.

Figure 1.3: The 5% Value at Risk of a hypothetical Profit & Loss probability

density function



2 Theoretical Framework

Second only to its macrostability responsibilities is
the central bank’s responsibility to use its authority
and expertise to forestall financial crises (including
systemic disturbances in the banking system) and to

manage such crises once they occur.

GREENSPAN (1997)

In this chapter I am going to introduce some of the mathematical aspects of
systemic risk and Value at Risk.
Term “systemic risk” can be applied not to the financial context only. In general,
such risk is based on the network structure and complexity of the system where
vulnerability of one component can lead to entire system collapse. The key distin-
guish of systemic risk from other types of risks is that it leads to a huge potential
threat to the system while is based on complex web of interacting elements [10].

There are four major properties of systemic risk [10]:
1. Transboundary;
2. Highly interconnected leading to complex causal structures;
3. Nonlinear in the cause-effect relationships;
4. Stochastic in their effect structure.

Lucas et al. [10] separates systemic risk from the conventional risk management
and classify it as dynamically changed phenomena which can be studied in such
natural sciences as those of chaos, order, and self-organization, as well as method-
ologies of complexity science. Systemic risk can produce ripple effects beyond the

domain where it occurs. The main problem is to predict whether a system will



suffer a collapse.

In this research we consider market dynamics as a set of assets values which
fluctuate continuously and represent Wiener processes (geometric Brownian mo-
tions):

dR = —Rdt + dw (2.1)

where R is the asset’s value, and dw — Wiener process noise.
Then we can introduce interaction between fluctuations of 2 different assets’ val-

ues (R1 and R2) in a single portfolio:

de = (-Rl + Oleg)dt + dw1 (22)

dR2 = (—RQ + OéQRl)dt + dwg (23)

After adding more assets (financial instruments) to the portfolio we will have
more complicated, multivariate Profit & Loss distribution.

In this work we consider only risk related to the portfolio. Having this assump-
tion, we can focus on the models which have a good reputation and wide use,
such as Value at Risk models. In the future research I am going to consider the
transition from the static conventional model to more complex dynamic model.
Value-at-Risk models are one of the most trusted risk assessment tools for risk es-
timation. Bank regulation (e.g. Basel III/IV capital requirements) permit banks
to use VaR to analyze potential risk within the financial institution, portfolio, or
asset [11].

In general, VaR (VaR,) is a statistic which addresses the question of when (a
time period), how likely (a confidence level o) and how much (a loss amount R
or loss percentage) the financial institution can loss within the financial asset. It

can be formulated [1], [12] as
Pr(R < —-VaR,) =« (2.4)

In other words, VaR is defined as the predicted worst-case loss R with a specific
confidence level « (for example, 5%) over a period of time (for example, 1 day).
Standard VaR has three components:



o time period,
« confidence level («),
« loss amount (or loss percentage) (R).

For example, if a portfolio has a one-day 1% VaR of $10,000, that means that
there is a 0.01 probability that the portfolio will lose in value more than $10,000
over a one-day. In other words, a loss of $10,000 or more on this portfolio is
expected on 1 day out of 100 days (because of 1% probability).

Sometimes in risk management the notation of (1 — «) can be used, e.g. 99%
VaR instead of 1% VaR.

But VaR has one significant drawback. At some situations VaR can ignore what
happens in the tails of distributions.

Consider an example where we are tossing a coin and bet on it. If head comes
up, we win $100, if tail — we lose $100. Consider the bet on the fact that heads
will not appear 7 times in a row. From Combinatorics we know that having them
in a row can be in 1 case out of 128, e.g. ratio is 1:127. We will win more than
99.2% of time, which exceeds 99% threshold. 99% VaR is equal to zero, but we
are exposed to a possible $12,700 loss [13].

To overcome the problem with tails, more advanced VaR methods were proposed
such as Expected Shortfall or CoVaR [14].



3 Review of the Literature

After financial crisis of 2007-2008, it became obvious that traditional risk man-
agement tools do not work efficiently. Some researches claimed for considering
new models where we can pay more attention to the correlations between the
nodes across complex systems, see, for example, [16]. One of the problems is
that announcing an early signal about rising in systemic risk might affect market
behavior and change its dynamics. However, such indicators can be available
for regulative authorities only. Together with Lucas et al. [10] they call for new
models from the theory of chaos and order, and complexity science, as well as
agent-based models (ABMs).

Even though systemic risk is difficult to approach, some works try to propose
models for its estimation while considering correlations between bank asset port-
folios and even different markets on the national level. For example, see [17].
However, I leave systemic risk modeling for a future work. In this work I am
trying to approximate VaR assuming it is the main contributor to the systemic
risk.

VaR in risk management is relatively new approach. It was introduced first in
1990s, but it might have been used for a long time by the companies without
public announcement. After it became known to the world it has got a lot of
critics because of inaccurate prediction on tails and lacking the sub-additivity
property. But because of its simplicity, VaR is commonly used and said to be
very popular method within the industry.

VaR can be seen as a percentile, thus we are particularly interested in the tails
of the Profit & Loss distribution. One of the parametric approaches focusing on
tails, is Extreme-Value theory (EVT). EVT extends the Central Limit theorem
and good in measuring unexpected rare events. See, for example, [15]. But EVT

is usually inaccurate for the center of distribution, that is why some researches
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call this approach semiparametric [1].

Because VaR in some situations is weak in accurate prediction of tail events,
some more advanced methods were proposed. Tobias Adrian and Markus K.
Brunnermeier proposed so-called CoVaR method which stands for conditional
value-at-risk [14]. Each institution contributes to the systemic risk by the dif-
ference in the CoVaR conditioned on the distressed condition and the CoVaR
in the median state of the institution. This approach showed good accuracy in
prediction of the financial crisis 2007-2008 for some of the stocks.

General methods for VaR estimation include methods based on historical data,
such as generalized autoregressive conditional heteroskedasticity (GARCH) mod-
els [23], and modeling via copulas [24]. GARCH models have the following number

of features [1]:
o Put more weight on recent information;
o Assume that variance of returns follows a predictable process;

e Provide parsimonious model with few parameters that seems to fit data

well.

GARCH models have become a mainstay of time-series analysis of financial mar-
kets.

For combination of VaR forecasts, penalized quantile regressions can be used [25].
Some of the new approaches include portfolio optimization with entropic VaR, [26]
and even using advantage of quantum computing [27].

For this work it is particularly interesting to take a look into recent advance in
using MCMC sampling for VaR estimation [28]. Though, they have shown effec-
tiveness of MCMC comparing to other methods, choosing proposal distribution
may depend on underlying data structure and may not be obvious choice. How-
ever, Guidelines for proposal distribution selection are given.

On practice, the basic methods for VaR estimation are used [29], [30]:

1. Historical method
The historical method simply re-organizes actual historical returns, putting
them in order from worst to best. It then assumes that history will repeat

itself, from a risk perspective. Example of VaR calculation using historical

11



method is shown on Figure 3.1

Distribution of Daily Returns
MASDAQ 100 - Ticker: QQQ
300
260 -+
=
1
- 200
s
5
2 150
z
5 The worst 5%
g' 100 1 o daily returns
= are -4% to -8%
" \
v \
0 -

9% 7% -5% 3% -1% 1% 3% S% 7% 9% 11% 13% 15%

Figure 3.1: Example of Historical method for QQQ index: With 95% confidence,
we expect that our worst daily loss will not exceed 4%. Source: [30]

2. Variance-Covariance (Gaussian) method
This method assumes that stock returns are normally distributed. In other
words, it requires that we estimate only two factors - an expected (or av-
erage) return and a standard deviation - which allow us to plot a normal
distribution curve. Table 3.1 shows correspondence between different VaR
confidence levels and low bound of Standard Deviation. On the Figure 3.2

we plot the normal curve against the same actual return data.

3. The modified Cornish-Fisher method
This method utilizes a different distribution for the distribution of losses to
better account for the possible fat-tailed nature of downside risk [31], [32].
It also provides a modified VaR calculation that takes the higher moments

of non-normal distributions (skewness, kurtosis) into account through the

12



Confidence # of Standard Deviations (o)

95% (high) -165x 0
99% (really high) -233x0

Table 3.1: Corresponded VaR as lower bound (#) of Standard Deviation for given

Confidence

Distribution of Daily Returns
NASDAQ 100 - Ticker: QQQ

300 +

mm Q00 Actual Daily Returns
250 -

= A "Normal” Distribution
200 +

Instead of actual
150 - returns, here we
look at the
"worst" 5% (or
100 + worst 19%) of the
normal curve

Frequency (out of 1,387 actual returns)

0% 7% 5% 3% -1% 1% 3% 5% 7% 9% 11% 13% 15

Figure 3.2: Example of Gaussian method for QQQ index. Source: [30]

use of a Cornish Fisher expansion, and collapses to standard (traditional)

mean-VaR if the return stream follows a standard distribution.

4. Monte Carlo Simulation
A Monte Carlo simulation refers to any method that randomly generates
trials, but by itself does not tell us anything about the underlying method-
ology. Monte Carlo simulation on the QQQ based on its historical trading
pattern. In our simulation example, 100 trials were conducted (see Figure
3.3). The worst five outcomes (that is, the worst 5%) were less than -15%.
The Monte Carlo simulation therefore leads to the following VAR-type con-
clusion: with 95% confidence, we do not expect to lose more than 15%

during any given month.
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Monte Carlo Simulation
100 Random Trials
(using historical volatility of QQQ)

20 -
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Figure 3.3: Example of Monte Carlo Simulation method for QQQ index. Source:
30]
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4 Statement of Problem

In this research I am planning to find new method for VaR estimation. General
problem of the VaR models is that they are poor at the tail events prediction.
Instead of building a parametric model, I will do sampling from existing historical
data of the stock market prices.

Among non-parametric solutions for VaR estimation using sampling, Monte Carlo
method is the most popular. However, it suffers from inefficient sampling, espe-
cially on complex, multivariate distributions.

In this work I will propose Markov Chain Monte Carlo approach and will see if

it can provide more efficient sampling and give better prediction near the tails.
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5 Methodology

In this study I propose Markov Chain Monte Carlo (MCMC) method for sam-
pling from Profit & Loss distribution for consecutive VaR estimation.

Markov chain Monte Carlo (MCMC) is a method to generate samples from a (of-
ten intractable) distribution (called target distribution) by constructing a Markov
chain who’s stationary distribution is the desired one [18§].

See example of MCMC on Figure 5.1 [20]. It shows MCMC for estimation of the
posterior pdf for the Cauchy distribution parameters. The dashed curves in the
top-right panel draw the results of direct computation. The solid curves are the
corresponding MCMC estimates using 10,000 sample points. The left and the
bottom panels show marginal distributions.

In this work the values sampled via random walks representing a Markov chain
with stationary distribution equal to the target distribution of stock returns.
The original formulation of MCMC was made by Metropolis et al. (1953). Later
these ideas were formulated into Metropolis-Hastings (MH) algorithm [19].
MCMC is a powerful tool for sampling from and computing expectations with
respect to very complicated high-dimensional probability distributions. Accord-
ing to “Computing in Science & Engineering” journal, MCMC is one of the top
ten most powerful mathematical algorithms of the XX century [21].

Standard Monte-Carlo method has the following form:

Bf)] = 3 S (5.0
xi~piaid.

But p might be too complicated to sample from which lead to inefficient or useless
sampling. Possible solutions can be importance sampling or rejection sampling.
But on practice it is difficult to work with high dimensional distributions (for

example, to choose a proposal distribution to sample from). MCMC can be more

16



efficient.

Intuitively, MCMC works within the following procedure:
1. Start sampling somewhere
2. Move around looking for the region with higher probability
3. Walk around these regions

Sample decision is made according to the random walk which represents a Markov
process. Generated samples consist a Markov chain, A Markov chain is a stochas-
tic model describing a sequence of possible events in which the probability of each
event depends only on the state attained in the previous event.

Markov chains which work in MCMC algorithm should satisfy the Ergodic theo-

rem:

) e Y O T N S I

I

Figure 5.1: MCMC for estimation of the posterior pdf for the Cauchy distribution

parameters. Source: [20]
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Ergodic theorem

If (Xo, X1,...,X,) is an irreducible (time-homogeneous) discrete Markov Chain

with stationary distribution 7, then
1 n
— > f(X) n =% E[f(x)] (5.2)
=1

n:

where = ~ p for any bounded function f: X — R
If, further, it is aperiodic, then

P(X, =z|Xo = x9) n — 5% m(x), Vo, 29 € X (5.3)

I adapted MH algorithm for the task of VaR estimation.

Design of the experiment:

1. Try MCMC sampling (MH algorithm) from stock returns distribution;

2. Calculate VaR;

3. Compare with existing methods.

The above experiment is set for one-asset VaR estimation. On practice, banks
operate with combined portfolios consisted of many positions. Value at risk is
formulated based on so-called position vectors which indicate open positions for
the portfolio with addition of some economical benchmarks.

To calculate VaRs we need to know Profit & Loss distribution. It is easier to
find VaR of each marginal of the total distribution dictated by a position vector.
In the banking business, analysts are often able to calculate covariances between
the different components of a position vector, or, in other words, portfolio instru-
ments. In the situations where we know conditional probabilities between the
variables but cannot understand the structure of multivariate distribution, Gibbs
sampling can be a useful technique.

Gibbs sampling is a modification of MCMC. Instead of sampling from the joint dis-
tribution, Gibbs sampler generates a sample from conditional distributions [33].
Consider the case of two variables (X,Y). To generate a “Gibbs sequence”, first

we fix the initial value for one of the variables:

Yy =y, (5.4)

18



Then we generate new values from

X~ (Y] =) (55)

Y.~ F01X; = o) (5.6)

We can obtain parameters of conditional distributions from the covariance matrix,
under the normality assumption of underlying marginal distributions (and, thus,
the joint distribution), using the following theorem [34].

If x is a N-dimensional vector which can be partitioned as follows

1
v = |1 with sizes 7 (5.7)
T2 (N — q) x 1
and accordingly mean p and variance > are partitioned as follows
= FL with sizes a1 (5.8)
12 (N—gq)x1
DITEEDY N —
= | =" TP with sizes 174 ax 2 (5.9)
Y1 Yoo (N=q)xq (N—gq)x(N—q)

then the distribution of z; conditional on xs = a is multivariate normal (x; |

A

x9 = a) ~ N(fi,>) where

=+ S35 (a — po) (5.10)

)IESD JIPREED ) Dt (5.11)
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6 Results

For testing different VaR models we took an open data set stockdata from R
package “huge” with stock prices of S&P 500 companies from 2003 to 2008 [22].
The data is collected for 1258 trading days and represents the 452 stocks’ close
prices. I took stock price of eBay company for numerical calculation of VaR. The
fluctuation of the price of this stock can be seen on Figure 6.1.
I calculated returns using formula
St — St—n
Stn
where S; is close price at day ¢, and h is holding period.

R= (6.1)

Histogram of returns can be seen in Figure 6.2. Distribution of the returns de-
pends on the chosen holding period i.e. the time for which company’s shares were
on balance of the investor’s portfolio, before the day on which return is calcu-
lated. For short holding periods (1-3 days) the distribution of the returns is close
to the Gaussian distribution. I decided to perform our analysis on the holding
period of 40 days.

For the eBay stock we calculated VaR at 90%, 95% and 99% confidence levels
using historical, Gaussian, Cornish-Fisher, Monte Carlo (MC), and MCMC meth-
ods. Ordinary Monte Carlo method depends on the size of sampling we perform.
The bigger the sampling set, the better MC approximates the target distribution.
I tried MC method on 100 and 500 samples generation. Figures 6.3a and 6.3b
show the resulted histogram of sampling from the returns’ distribution for Monte

Carlo method with sampling size of 100 and 500 respectfully.

MCMC estimation depends on the step size, number of iterations, and starting
point. In this work I decided to start from “0” point. My experiments showed
that if I do sampling for not very long time (for example, 100 iterations for 1298-
sized data set), then MCMC often shows better result comparing to ordinary
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MC. But for longer runs both methods approximate target distribution equally
good. Figures 6.4a and 6.4b show the resulted histogram of sampling from the
returns’ distribution for the Markov Chain Monte Carlo method with sampling
size of 100 and 500 respectfully.

I noticed that MCMC analyzes fat tails better and often set VaR slightly higher
if there is a case. For example, look at the histograms of sampled values using
both methods with 100 iterations on Figure 6.5a, and for number of iterations
500 on Figure 6.5b.

I found that when using step size = 0.12, my MCMC estimator converges well.

80
I

60
I

stockdata$datal, stock_num]

40

T T T T
200 400 800 800 1000 1200

=

139 EBAY

Figure 6.1: Fluctuation of the Ebay stock price.
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Figure 6.2: Histogram of returns for eBay stockholders with holding period of 40
days.

The MCMC convergence for 100 and 500 iterations can be seen on Figures 6.6a
and 6.6b respectfully.

MCMC performance can be compared to other methods (historical, Gaussian,
Cornish-Fisher, and ordinary Monte Carlo) on Figures 6.7 and 6.8 for 100 and
500 samples/iterations respectfully.

Finally, to check the Gibbs sampling for multivariate case, I assumed that

bank holds a portfolio of 3 instruments. I also assumed that he Profit & Loss

distribution of this portfolio sets the following Covariance matrix between the 3
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variables:

2 1 0
Y=|1 3 15 (6.2)
0 1.5 4

Then we are going to sample from the joint normal distribution with zero mean

and covariance matrix X.
(01,05,03) ~ N(0,%) (6.3)

To set up a Gibbs sampler with Markov chain choosing based on the conditional

probabilities we use the Theorem (14), (15) to calculate
61 ’ @27 @3a

62 ’ 617@?”
O3 | ©1,0,.

It returned that
2,3 = 0.41025640, — 0.15384620; (6.4)
which leads us to the conclusion that
O | 05,05 ~ N(0.41025640, — 0.153846203, v/1.589744) (6.5)

The same way I received the following expressions for other conditionals:

fiop3 = 0.50; + 0.3750; (6.6)
0y | ©1,03 ~ N(0.50; + 0.37503,1/1.9375) (6.7)
fisj2 = —0.30; + 0.60, (6.8)

03| 601,05 ~ N(—0.30; +0.60,,/3.1) (6.9)
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Finally, I did the sampling according to Gibbs algorithm (5.4-5.6).

From the sampling we can take a record of each marginal component and build
its own distribution. You can find the according histograms on the Figures 6.9a,
6.9b, 6.9c¢.

After having sampled values for the marginal returns, we can easily calculate VaR

for each component as a quantile.

Partly, these results were presented at the IEICE-NC2019 conference at Oki-

nawa, in June 2019.
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Figure 6.3: Histogram of returns after MC sampling.
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(a) Sampling size = 100
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Figure 6.4: Histogram of returns after MCMC sampling.
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Histogram of MC samples (100 samples out of 1258-dataset)

6
N
3
2
.
0
[ T T T T 1
08 04 02 0.0 02 04
Histogram of MCMC Samples (100 Steps on 1253'dataset)
5
4
3
2
-
0
f T T T T 1
08 04 02 0.0 02 04
(a) Sampling size = 100
Histogram of MC samples (DUU samples out of 1Zb8-dataset)
.
o _
-
2
o
o [hedh
T T T T T 1
06 0.4 02 0o 0z ua
Histogram of MCMC samples (500 steps on 1258-dataset)
o
4 —
N
2
.
Joalllla o m W
-06 0.4 02 0.0 02 04

Figure 6.5: MC and MCMC methods’ sample histograms.

(b) Sampling size = 500
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Figure 6.6: MCMC convergence for 100 and 500 iterations.
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Figure 6.7: MCMC performance in comparison with other methods (historical,
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Gaussian, Cornish-Fisher, and ordinary Monte Carlo) for 100 sam-
ples/iterations.

VaR Historical VaR Gaussian VaR Cornish-Fisher VaR Monte Carlo VaR MCMC

Figure 6.8: MCMC performance in comparison with other methods (historical,

Gaussian, Cornish-Fisher, and ordinary Monte Carlo) for 500 sam-
ples/iterations.
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Figure 6.9: Histogram of parameters ©,, ©5, O3 which represent marginal Profit

& Loss distributions for every single portfolio instrument.
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7 Conclusion

Overall, we can conclude that MCMC can be used for VaR estimation. But in our
experiments, the method did not show better performance compared to existing
methods.

However, general methods such as historical or Gaussian can be applied to one-
asset VaR calculation. In case of the structured portfolio, some modifications
of MCMC such as Gibbs sampler showed the potential in VaR estimation. This
application of Gibbs sampler was tested in this work. But I assumed that joint
Profit & Loss distribution has normally distributed marginals. 1 did it for sim-
plification of finding of conditional distributions. However, this assumption can
be lifted for general MCMC application.

As part of our future work, we will consider more complicated multidimensional
input based not only on one stock price fluctuation but on more complex market
indicators. It is proved that MCMC sampling is effective for sampling in multidi-
mensional space. We can apply Machine Learning method on the Profit & Loss
domain. Moreover, we can consider other MCMC estimators rather than MH or

Gibbs sampler.
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