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Bandit Problem*
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Abstract

In cognitive radio networks, the detection performance of wireless channel
utilization is a key factor to improve the spectral efficiency. Cooperative spec-
trum sensing, with which a wireless channel is sensed by multiple cooperating
secondary users, is a scheme for reducing sensing errors in cognitive radio net-
works. In order to improve the performance of cooperative spectrum sensing, it
is necessary to form an appropriate coalition considering the sensing performance
of secondary users. In this thesis, we provide a coalition formation approach for
cooperative spectrum sensing based on the multi-armed bandit problem. This
approach eliminates the assumption that each secondary user knows not only
his/her own sensing performance but also other users’ performance. In the pro-
posed method, the sensing performance of secondary users are estimated only
from the information that secondary users can obtain and coalition formation
is performed considering exploitation-exploration trade-offs. Numerical exam-
ples show that the proposed method can reduce miss-detections and false-alarms
especially in a scenario where the number of secondary users is large and the

performance difference among secondary users is significant.
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lem, machine learning, variational Bayesian inference
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1. Introduction

In order to utilize limited radio resources, techniques for effectively utilizing fre-
quency bands called cognitive radio networks (CRN) have been proposed [1, 2]. In
CRN, the spectrum channel used by a primary user (PU) is sensed by secondary
users (SUs). While the PU can preferentially use his/her dedicated channel, SUs
can use the channel secondarily only during periods when the PU is not utilizing
the channel. It is important for CRN to eliminate the shortage of usable fre-
quency bands by allowing the SUs to opportunistically use the channel of the PU
without causing interference to the PU.

When an SU senses a wireless channel, sensing error occasionally occurs due
to multipath fading/shadowing. Sensing errors are classified into miss-detection
and false-alarm. The miss-detection is a sensing error that an SU mistakenly
regards the channel as idle despite the PU is utilizing the channel. The false-
alarm is that an SU mistakenly regards the channel as busy while the PU is not
utilizing the channel. Miss-detections cause collisions with the communication of
the PU, while false-alarms cause the loss of communication opportunities of SUs.

In order to improve the performance of the spectrum sensing of SUs, cooper-
ative spectrum sensing (CSS) has been proposed, where multiple SUs exchange
sensing results of a channel, and the state of the channel is determined based
on the exchanged sensing results [3, 4]. In terms of coalition formation for CSS,
game theory-based approaches have been proposed [5, 6], where the utility of a
coalition to form is calculated based on the sensing performance of SUs in the
coalition, and SUs act to maximize its utility. However, these approaches assume
that each SU knows not only his/her sensing performance but also other SUs’
one.

In this thesis, we propose a statistical coalition formation approach which
works without the information of sensing performance for SUs a priori. In this
approach, the sensing performance of SUs is dynamically estimated and coalition
formation is performed with the aim of reducing miss-detections and false-alarms.

Examples of this approach are as follows. Figure 1 shows SUs placed in an
unknown radio wave environment. Some SUs can detect the utilization of the
channel by a PU, whereas other SUs cannot detect due to obstacles such as

buildings. In this scenario, SUs can perform coalition formation according to the
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Figure 1: SUs placed in an unknown radio wave environment. Some SUs can
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detect the utilization of the channel by a PU. However, other SUs can fail to
detect due to obstacles such as buildings.

environment of wireless communication by learning the sensing performance of
other SUs. Figure 2 shows the mobility of SUs and SUs need to follow the change
of a radio wave environment. Also in this scenario, an SU can appropriately
perform coalition formation by learning the sensing performance at the place
after SU movement. Figure 3 shows SUs placed in a harsh environment. In this
scenario, the sensing performance of SUs can be degraded due to breakdowns.
Figure 4 shows a situation where some SUs join/leave the system. It is important
for the existing SUs to obtain the sensing performance of the new SUs.

The proposed approach is based on the multi-armed bandit problem. In this
approach, the sensing performance of SUs is estimated only from the information
that SUs can obtain and a coalition is formed using the estimated performance.
After a communication is performed by a formed coalition, the estimated per-
formance is updated using the data obtained through the communication. By
utilizing the framework of the multi-armed bandit problem, a cycle of estima-
tions, coalition formation, and communications is performed in order to reduce

miss-detections and false-alarms. The advantages of the proposed approach are
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Figure 2: The mobility of SUs. SUs need to follow the change of a wireless

communication environment.

Figure 3: SUs placed in a harsh environment. The detection performance of SUs

can be decreased due to breakdowns.



Figure 4: SUs join/leave. The existing SUs need to know the detection perfor-

mance of the new SUs.

as follows.

e This approach does not need the information of sensing performance of SUs

in the system a priori.

e This approach estimates the sensing performance of SUs dynamically and
performs coalition formation in order to reduce miss-detections and false-

alarms.

e This approach makes decisions based on the combinatorial multi-armed ban-
dit problem. Although the number of combinations of coalitions increases
exponentially as the number of SUs increases, the time and space complex-

ity of this approach increases linearly as the number of SUs increases.

e This approach estimates the sensing performance of SUs only from the data
that SUs can obtain. The expectation-maximization (EM) algorithm is used
for maximum likelihood estimation and the variational Bayes EM is used

to estimate the posterior distributions.

We evaluate the proposed method in comparison with a naive baseline ap-

proach based on the e-greedy strategy through three numerical examples with



different settings of the number of SUs and performance among SUs. The eval-
uations are conducted in terms of the cumulative reward, the detection proba-
bility, the false-alarm probability, the expected cumulative occurrences of miss-
detections and false-alarms, and the expected regret.

The organization of this thesis is as follows. First, in Section 2 we describe
related work, and in Section 3 we describe our model and formulation. In Sec-
tion 4, we propose the coalition formation policy based on the e-first strategy,
which is a baseline method of this problem. Then, we describe the disadvan-
tage of the e-first strategy and propose the coalition formation policy based on
the multi-armed bandit problem. Section 5 presents the numerical examples and

Section 6 concludes this thesis.



2. Related Work

Lo and Akyildiz have proposed a cooperative spectrum sensing model for cogni-
tive radio ad hoc networks (CRAHN) based on reinforcement learning [7]. In this
model, SUs learn a set of cooperating neighbors to improve the sensing perfor-
mance under correlated shadowing while considering cooperative sensing delays
and energy efficiency. Since SUs make sequential decisions on selecting cooper-
ating neighbors in iterations, the cooperative sensing problem is formulated as a
finite-horizon Markov decision process (MDP). Rewards are given when an SU
cooperates with other SUs with low cooperative sensing delay and low correlated
shadowing. Their model is similar to ours in the sense that both models adopt the
idea of adaptive coalition formation. However, their research focuses on reducing
cooperative sensing delays and correlated shadowing among a coalition, whereas
our model focuses on reducing miss-detections and false-alarms under a situation
where SUs do not know the sensing performance of SUs.

Panahi and Ohtsuki have proposed a decision-making scheme for cognitive ra-
dio systems based on Partially Observable Markov Decision Process (POMDP) [8].
In this scheme, the channel utilization by a PU at each time step is considered
as the state, a sensing result by an SU is considered as the observation, and data
transmission, stop data transmission, and channel switching by an SU at each
time step are considered as actions. A reward is given to an SU when he/she
succeeds in communication, and a penalty is imposed on an SU when a collision
occurs with the communication of the PU. Since it is assumed that the state tran-
sition of the channel is Markovian and errors may occur in the spectrum sensing,
the behavior of an SU is determined by the POMDP to maximize cumulative
reward. Notice that their research focuses on the problem of communication con-
trol of cognitive radio networks, which is different from the coalition formation
problem in this thesis. Our model uses the design of rewards and penalties as

described in Section 3.



3. Model and Formulation

In our model, SUs form one coalition and perform CSS and communication uti-
lizing a wireless channel for each time step in 7 = {1,2,...,T}. Let N be the
number of SUs in the system and N be the set of all the SUs {1,2,..., N}. The
coalition consists of M SUs from N, where M is a predefined parameter repre-
senting the number of the SUs included in the coalition to be formed. We assume
that SU 1 must belong to the coalition since SU 1 leads coalition formation and
makes global detection decisions. That is, the formed coalition C; at the ¢-th time

step is expressed as
C,=C'U{l}, where C'C{2,...,N}and |[C'|=M —1.

Note that exactly one coalition is formed in the system, and the SUs not belonging
to the coalition formed by SU 1 do not form coalitions.

After the formation of the coalition C; at the ¢-th time step, CSS and a commu-
nication utilizing the channel are performed. The exchanges of control messages
and sensing results within the coalition are done via a common control channel.
The SUs aim to utilize the channel as many times as possible while reducing
collisions with a PU during the T time steps. The PU utilizes his/her dedicated
channel according to a Bernoulli process with parameter p (0 < p < 1). In other
words, the channel is busy with probability p or idle with probability 1 — p in
each time step. Note that p is the channel utilization by the PU. It is assumed
that the SUs do not know the channel utilization p.

The SUs perform CSS within the coalition C;. If the coalition regards the
channel as idle, the coalition tries to utilize the channel. On the contrary, if the
coalition regards the channel as busy, the coalition does nothing during the time
step. If the PU does not use the channel when the coalition tries to utilize the
channel, the communication of the coalition succeeds. However, if the PU uses
the channel when the coalition tries to utilize the channel, a collision occurs. If
the coalition does not try to utilize the channel when the channel is actually idle,
the SUs lose a communication opportunity at the time step.

We define /\]‘;’ (0< )\g) <1)and )\g) (0< )\](?i) < 1) as the detection probability
and false-alarm one of the i-th SU (i € N), respectively. Note that )\g) is the
probability that the i-th SU correctly regards the channel as busy given that the

7



channel is used by the PU at a time step. Note also that )\(Fi) is the probability
that the i-th SU mistakenly regards the channel as busy given that the channel
is not used by the PU at a time step. It is assumed that miss-detections and
false-alarms occur independently in time. Note that i-th SU (Vi € ') does not
know )\g) and )\g) for Vj € N. That is, each SU does not know the detection
probability and the false-alarm one of all SUs a priori.

The coalition estimates the channel state according to the k-out-of-N rule [9,
10, 11, 12] based on the sensing results of the SUs in the coalition. The coalition
regards the channel as busy if and only if at least k£ SUs in C; regard the channel as
busy, where k is a predefined parameter for CSS. Assuming that miss-detections
and false-alarms occur independently among the SUs, the detection probability
Ap(C;) and the false-alarm one Ag(C;) of CSS in the coalition C; are expressed as

Aoey= > TIA8 IT (1-9). o

CCCt,|C|>k ieC 1€C\C
arle) = Y TIW I (1-A9). @

CCC4,|C|>k icC 1€C\C
In the above equations, it is necessary to enumerate subsets of C; explicitly to
compute the values inside the summation operators one by one. Instead, by

using the following recurrence relations, Ap(C;) and Ag(C;) can be calculated in

computational complexity O(k|C;|) by a dynamic programming approach.

1, if [C| =0
0, if |C| >0and k=0
ADFNC\{i}, k—1)

+ (1 =X F(\,C\ {i}, k), Vi €C, otherwise.

fNC k) =

The goodness of the coalition formation in 7 is evaluated by the following
utility.

U(T) = aNs(T) — (1 = @) Nup(T), (3)

where Ns(7) is the number of successful communications in 7, Nyp(7) is the

number of collisions with the PU in 7, and « (0 < a < 1) is a known parameter
for adjusting the balance between Ng(7) and Nyp(7). When « is close to 1,



the number of successful communications accounts for a large percentage in the
utility. When « is close to 0, on the other hand, the number of collisions with
the PU accounts for a large percentage in the utility. This utility is based on the
research by Panahi and Ohtsuki [8] mentioned in Section 2. The expectation of
the utility E[U(T)] is represented by

E[U(T)] =) u(C), (4)
teT
where

u(C) = a(l = p)(1 - Ap(C)) — (1 = @)p(1 — Ap(Cr)).

If p, )\g), and )\g) are known, a coalition which maximizes the expected utility at
a time step u(C) maximizes E[U(T)].



4. Proposed Method

In this section, we describe two approaches for coalition formation. The first ap-
proach is based on the e-first strategy, which is regarded as the baseline approach.
The second one is based on the multi-armed bandit problem, which is shown to

be superior to the first one in Section 5.

4.1 Coalition Formation Policy Based on the c-first Strat-
egy

In order to maximize the expectation of the utility U(T) of (3), it is sufficient to
form a coalition that maximizes the expected utility u(C;) in (4). In our model,
however, each SU does not know /\g) and )\(Fi) of all the SUs. Thus, it is necessary
to perform coalition formation and the estimation of p, /\g) , and )\S) at the same
time.

The policy based on the e-first strategy [13] is one of the most naive approaches
to perform coalition formation and parameter estimation. In this policy, the
whole time steps in 7 are divided into the exploration steps {1,2,...,7"} and the
exploitation steps {7” 4+ 1,7"+2,...,T}. In the exploration steps, the coalitions
of M SUs are randomly formed to observe data necessary to estimate p, )\g),
and )\](?i). After the exploration steps, the coalition C,p, that maximizes u(Copt) is
searched by taking into account the resulting p, )\g), and AS), estimated from the
obtained data. In the exploitation steps, the coalition Cyp is formed to maximize
U(T).

Algorithm 1 shows the details of the coalition formation based on the e-first
strategy. In this algorithm, RANDOM(N,M) is a function that randomly forms
a coalition, where N is the number of all the SUs and M is the number of the
SUs included in the coalition to be formed. COLLECT(7) is a function to collect
the sensing result on the channel from the i-th SU. If the ¢-th SU regards the
channel as busy, it returns 1; otherwise, it returns 0. The returned values are
stored to s; = (sgl), s si™). COMMUNICATE(s,) is a function that tries to
communicate with the channel based on sensing results from the SUs belonging
in C;. If the coalition regards the channel as idle and eventually succeeds in

communication with the channel, it returns 1. If a collision occurs due to miss-

10



Algorithm 1 Coalition formation based on the e-first strategy

procedure COALITIONFORMATION(N, M, T, T', «)
Create lists CS[1,T"], S[1,T"], and Y[1,T"] to store Cy, s;, and y;
fort=1,2,...,7" do
C; <+ RaNDOM(N, M) > Randomly select M SUs from {1,2,..., N}
for all i € C; do
s COLLECT(7) > Collect sensing result of the i-th SU
end for
Yy <— COMMUNICATE(S;) > Communicate by taking into account s;
CS[t] + C,
S[t] < s
JURSE
end for
(p, Ap, Ar) < ESTIMATEEM(CS, S, Y) > Estimate p, )\g), and Ag) using
the EM algorithm
Copt < FINDOPTIMAL(N, M, o, p, Ap, Ar) > Find the coalition that
maximizes u(Copt) by taking into account estimated p, )\g), and )\g)
fort=T"+1,T7"+2,...,T do
Ci < Copt
st <= COLLECT(Cy)
Yy < COMMUNICATE(s;)
end for

end procedure

11



detection, it returns 2. If the coalition does nothing during the time step due to
the decision of busy, it returns 3. The returned value is assigned to y;.

ESTIMATEEM(CS, S, Y) is a function for the maximum likelihood estimation
of p, )\g), and )\}(f) by the EM algorithm [14] based on the data observed in the
exploration steps. The reason why the EM algorithm is required is that the actual
utilization of the channel by the PU at each time step is a hidden variable. To
be specific, the actual utilization of the channel by the PU is unknown when
y; = 3, i.e., the coalition does not communicate at the ¢t-th time step. There are
two possible reasons for the case of y, = 3. The first one is that the coalition
successfully detects that the channel is used by the PU. The second possible
reason is that a false-alarm occurs when the channel is idle. Details of how to
estimate p, )\g) , and )\g) by the EM algorithm are described in Algorithm 2 and
Appendix A. Note that, 7; in Algorithm 2 is defined as {¢t |t € T Ay = j} for
j=1,2,3 and 7;(i) is defined as {t | t € T; Ai € Ci}.

FINDOPTIMAL(N, M, «, p, Ap, Ar) is a function that finds a coalition C such
that u(C) is maximized with estimated p, )\g), and )\g). If N is small and the
cost of enumerating all coalitions consisting of M SUs is small, the optimal Cop
can be found by the brute-force search shown in Algorithm 3. However, if N is
large and enumerating cost is large, it is hard to find the optimal C,p by the
brute-force search. Algorithm 4 shows the heuristics to find C,p¢ such that Copy
is calculated in computational complexity O(NM). In this heuristics, the search
starts with the coalition C,p including all the SUs, and repeatedly removes the
i-th SU from C,pt such that Copt \ {i} maximizes u(Copt \ {7}).

12



Algorithm 2 Maximum likelihood estimation based on the EM algorithm.

function ESTIMATEEM(CS, S, Y)
p < 0.5
fori=1,2,...,N do
A 05, A9« 05
end for
while p, )\g), or /\g) change due to updating do
fort=1,2,...,T do
a<+logp+>_ e s\ log)\ + Zze(f (1— s log(l — A

b log(l —p) + > ice, st log )\ + > iee, (1 — )10g(1 )\(i))
re < 1/(1+exp(b—a))
end for

alp] + [Tl + X per 11
blp] < |Thl + ZteTg,(l —7¢)
p < alp]/(alp] + blp])
fori=1,2,...,N do
M) = pegio st + zm o st
DA] = g (1= 57) + X (1 = 57
A« alAY)/(a [A‘ >] +B[A)])
[A“ | = Cerw s’ + zteﬂ (1 —ry)sy”
DAY] = 2 ero (L= st) + X (L= 1) (1 = s,7)
A o)/ @] + o)
end for
end while
return (p, Ap, A\r)
end function

Algorithm 3 The brute-force search for C,p, which maximizes u(Copt).

function FINDOPTIMAL(N, M, «, p, Ap, Ar)
CS+—{Cu{1}|CC{2,....N}AIC'| # M — 1}
Copt ¢ argmaxe, og u(C)
return C,p

end function

13



Algorithm 4 Heuristics to find Cypt which maximizes u(Copt).

function FINDOPTIMAL(N, M, a, p, Ap, Ar)
Copt < {1,2,...,N}
while |Copt| > M do
CS = {Copt \ {i} | i € Copt \ {1}}
Copt <— argmaxee g u(C)
end while
return Cop

end function

14



4.2 Coalition Formation Policy Based on the Multi-Armed
Bandit Problem

The coalition formation based on the e-first strategy has two disadvantages. The
first one is that it is necessary to appropriately set 7" which represents the length
of the exploration steps in advance. If the length of the exploration steps is long,
the estimation of p, )\g), and )\g) becomes accurate, while the coalitions with low
u(Cy) are selected many times during the exploration steps. On the other hand,
if the length of the exploration steps is short, it is possible to perform coalition
formation many times in the exploitation steps with the coalition whose u(C;)
is estimated to be the maximum. However, the estimation of p, )\g), and )\(Fi)
becomes incorrect due to the shortage of the observed data. The second disad-
vantage is that coalitions are randomly formed in the exploration steps. In order
to reduce miss-detections and false-alarms occurring in 7, it is no longer neces-
sary to accurately estimate the sensing performance of SUs which are expected
to have low sensing performance.

The multi-armed bandit problem is an optimal-policy problem of considering
exploitation-exploration trade-offs [15]. In the simplest case called the Bernoulli
bandit [16], there are K slot machines each of which has one arm, and when a
player pulls the arm of the k-th slot machine, the given reward is 1 (resp. 0) with
probability Ay (resp. 1 — A\g). He/she does not know A, for each k. He/she can
pull arms T times and his/her aim is to maximize the sum of the rewards.

UCB-1 [17] and Thompson sampling [18, 19] have been proposed as policies
against the Bernoulli bandit, and the performance of them is theoretically an-
alyzed. In particular, Thompson sampling is developed for the case where the
reward follows a distribution belonging to exponential family [20], including nor-
mal distribution [21].

The procedure of Thompson sampling for Bernoulli bandit is as follows. Since
the conjugate prior distribution of the Bernoulli distribution is the beta distribu-

tion [14], for each decision making, the posterior distribution of A for each k is
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given by
p(D | )‘k)p()‘k)

p(\e | D) = P(D)
S[k](l )F[k]
f tS k:](l F[k]dt
= B(Ak; S[k] + 1, Flk] + 1),
where
Swab) = 2011 — z)b!

[ te=1(1 — tyb-tdt

In the above equations, D is the observed data, S[k| (resp. F[k]) is the number
of times that the reward obtained from the k-th arm is 1 (resp. 0), and §(x;a, b)
is the beta distribution [22]. It is assumed that the prior distribution of A is the
uniform distribution.

After calculating the posterior distribution of Ay for each arm, a sample is
generated from the posterior distribution for each k. Then, the arm which gen-
erates the largest sample is pulled. Finally, the reward obtained by pulling the
arm is stored in S[k] and F[k]. The pseudocode of the procedure of Thompson
sampling is shown in Algorithm 5.

In order to apply the multi-armed bandit problem to coalition formation, a
selection of coalitions to form is regarded as an arm selection in the multi-armed
bandit problem. We can regard each coalition as an arm and simply apply the
framework of the multi-armed bandit problem. However, there are several issues.

The first problem is that the number of possible coalitions increases expo-
nentially since patterns of coalitions are generated as combinations of the SUs.
The second problem is that despite the fact that data on other arms is observed
partially when an arm is pulled, that observed data is not utilized. For instance,
when a coalition that consists of SUs {1,2,3} performs CSS and a communica-
tion, not only data on a coalition consists of SUs {1,2,3} but also information
on other coalitions sharing some SUs such as {2,3,4} and {2,3,5} can also be
obtained partially. In a naive approach which regards each coalition as an in-
dependent arm, data observed when another arm is pulled cannot be utilized.
This is an explanation of why it is considered that the classical framework of the
multi-armed bandit problem is less effective. Since one super arm is expressed

as a combination of simple arms, this problem is considered to be one of the
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Algorithm 5 Procedure of Thompson sampling for Bernoulli bandit.

procedure THOMPSONSAMPLING(T', K)
Create lists S[1, K] and F[1, K| to store the rewards gained from each arm
for k=1,2,..., K do
Slk] < 0, F[k] <0
end for
fort=1,2,....,T do
for k=1,2,..., K do
Sample Ay ~ B(Ay; S[k] + 1, F[k] + 1)
end for
kopt = argmax;, Ay
) <= PULL(kopt) > pull the kope-th arm and obtain reward 7y
(STK], FK]) <= (re, 1= 7)
end for

end procedure

families of the combinatorial multi-armed bandit problems [23]. Several studies
show that Thompson sampling also exhibits superior performance experimen-
tally even in the combinatorial multi-armed bandit problem, and its performance
is theoretically analyzed in simple cases [24, 25].

In the proposed method, a procedure to calculate the posterior distributions
of p, /\g), and )\g), to generate samples from the posterior distribution, to find
Copt Which maximizes u(Copt) and to form C,pt is done in order at each time step.
Algorithm 6 shows the details of the coalition formation based on the multi-armed
bandit problem.

In the calculation of the posterior distributions, we have to consider that the
actual utilization of the channel by the PU at each time step is a hidden variable,
as described in Section 4.1. The calculation of the posterior distributions of p,
/\g), and )\(Fi) is not as simple as in the case of Bernoulli bandit. For this reason,
the posterior distributions of p, )\g), and /\g) are calculated using the variational
Bayes EM [26, 27]|. The details of how to estimate the posterior distributions of
0, )\](Di), and )\g) by the variational Bayes EM are described in Algorithm 7 and
Appendix B. ¢(-) in Algorithm 7 is called the digamma function [22].
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Algorithm 6 Coalition formation based on the multi-armed bandit problem

procedure COALITIONFORMATION(N, M, T, T', «)
Create lists CS[1,T], S[1,T], and Y[1,T] to store C;, s;, and y;
fort=1,2,...,T do
(a[-],b]-]) < ESTIMATEVB(CS, S, Y)
Sample p ~ B(p;alp],b[p])
fori=1,2,...,N do
Sample A ~ BOALs a1, bAL])
Sample AL ~ S5 a[ AT, BIAG
end for
Cy + FINDOPTIMAL(N, M, o, p, A\p, Ar) > Find the coalition that
maximizes u(C;) by taking into account sampled p, )\g), and )\g)
for all i € C; do
R COLLECT(7) > Collect sensing result of the i-th SU
end for

st

Yy < COMMUNICATE(s;) > Communicate by taking into account s,
CS[t] + G,
S[t] < sq
Y[t] <y
end for

end procedure
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Algorithm 7 Estimation of the posterior distribution of p, )\Di , and )\F using
the variational Bayes EM.
function ESTIMATEVB(CS, S, Y)
alp] <=1, blp] - 1
fori=1,2,...,N do
a9 1, bAY) 1
a M 1, AP 1
end for
while a[p], b[p], a[)\g)], b[/\g)], a[)\g)], or b[)\g)] change due to updating do
fort=1,2,...,T do
e (0alp]) = 6(blp))

(a5 + bIAS)

- ZlECt( Sgl)
re < 1/(1 + exp(—n;)
end for

alp] = |Ta| + 3 yeqy e+ 1

blp] = [Tl + 2 peq (L —m1) +1
fori=1,2,..., Ndo

a[)\g ]+ ZteT( ) St )+ ztE’T( ) rts,g US|

bIAG)] el —s si) + 2ierori(l— si) +1
awﬂezm-@+ag« —ry)sy) + 1
bWWezgﬂme%>+zmm< —r)(1—s)) + 1

end while
return (a[-],b[])

end function
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Similar to the coalition formation based on the e-first strategy, it is necessary
to find Copt that maximizes u(Copt) in the coalition formation based on the multi-
armed bandit problem. We can use the brute-force search shown in Algorithm 3

if NV is small. Otherwise the heuristics shown in Algorithm 4 can be utilized.
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5. Numerical Examples

In this section, we evaluate the two approaches described in Section 4 by simula-
tion experiments. In these experiments, SUs form only one coalition in total and
perform CSS according to the policy for each time step in 7. After the formation
of the coalition C;, CSS and a communication utilizing the channel are performed.
The SUs aim to maximize the utility defined in (3) and to utilize the channel as
many times as possible while reducing collisions with the PU in time steps 7T .

We conduct simulation experiments under three scenarios. In the first sce-
nario, the number of all the SUs is small and the performance difference of the
miss-detection probability and the false-alarm one among the SUs is significant.
In the second scenario, the number of all the SUs is small and the performance
difference among the SUs is small compared with the first one. In the third
scenario, the number of all the SUs is large compared with the first one. In
each experiment, we performed 70 simulation runs by changing the seed value of
the random number generator. The evaluation measures defined below are the
average values of the 70 runs.

The performance measures of the cumulative reward, the detection probability
and the false-alarm one of the coalition, the expected cumulative occurrences of
miss-detections and false-alarms, and the expected regret are used to evaluate
the two approaches. The cumulative reward is defined in (3) and is calculated
from the number of successful communications and the number of collisions with
the PU until the ¢t-th time step. The greater the cumulative reward is, the better
the policy is. The detection probability and the false-alarm one of the coalition
at the ¢-th time step are defined in (1) and (2), respectively. The greater the
detection probability is, the better the policy is and the less the false-alarm
probability is, the better the policy is. The expected cumulative occurrences of
miss-detections and false-alarms until the ¢-th time step are calculated using the
detection probability and the false-alarm probability of the coalition until the
t-th time step, respectively. The less the values are, the better the policy is.

The expected regret is one of the evaluation measures of the multi-armed bandit
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problem and defined as

t t
Efregret(t)] =E | Y Xi(t) = > Xeg(t)| |
=1 =1

where X (t') is the reward obtained by pulling the optimal arm at the ¢'-th step
and X, )(t') is the reward obtained by pulling the arm selected by the policy at
the ¢’-th time step. In other words, the expected regret represents the difference
between the cumulative reward obtained by pulling the optimum arm for ¢ times
and the cumulative reward obtained by pulling the arm selected by the policy
until the ¢-th time step.

5.1 The Small Number of The SUs and The Large Perfor-

mance Difference

In this section, we consider the scenario where the number of all the SUs is small
and the performance difference among the SUs is significant. Table 1 shows the
configuration of the parameters. In this configuration, the detection probabil-
ity and the false-alarm one of the SUs {1,2,3} are superior to those of the SUs
{1,4,5}. Therefore, the optimal coalition which maximizes the expected utility
in 7 is {1,2,3}. The coalition of the SUs {1,2,3} gives Ap({1,2,3}) = 0.969
and Ar({1,2,3}) = 0.0310. Besides, the coalition of the SUs {1,4,5} gives
Ap({1,4,5}) = 0.784 and Ap({1,4,5}) = 0.216. Since N is small, the brute-
force search shown in Algorithm 3 is used as FINDOPTIMAL(-), and we set 7"
equal to 10, 20, and 30. Since the probability of occurrence of collision with the
PU, represented by p(1 — Ap(+)), is smaller than the probability of successful
communication, represented by (1 —p)(1 — Ag(-)), we set a to a small value (0.2)
to punish the collision with PU.

Figure 5 shows how the cumulative rewards for two policies change with time.
This figure shows that the policy based on the multi-armed bandit problem can
achieve more cumulative reward than the policy based on the e-first strategy.
In the policy based on the e-first policy, the increasing speed of the cumulative
reward changes at the 7"-th time step. This is because the coalition C,p that
maximizes u(Copt) is estimated and formed immediately after 7" from the data

obtained until 7". By contrast, in the policy based on the multi-armed bandit
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Table 1: The configuration for Experiment 1. This configuration assumes that
the number of all the SUs is small and that the performance difference among

the SUs is significant.

Symbol Value Description
N 5 The number of all the SUs
M 3 The number of the SUs in the coalition to
formed
k 2 The predefined parameter for the k-out-of-
N rule
p 0.5 The channel utilization by the PU

/\g) (0.7,0.95,0.95,0.7,0.7) The detection probability of the SUs
)\g) (0.3,0.05,0.05,0.3,0.3) The false-alarm probability of the SUs
Q@ 0.2 The parameter for adjusting the balance be-

tween Ng and Nyp

problem, increasing speed of the cumulative reward grows the fastest among the
four curves. This trend suggests that the policy based on the multi-armed bandit
problem learns a coalition C; which has a high u(C;) as the time step increases.

Figure 6 shows how the detection probability of C; changes with time. In this
figure, for the policy based on the multi-armed bandit problem, the detection
probability of C; grows as the time step increases. By contrast, for the policy
based on the e-first strategy, the detection probability of C; is low until 7", and
then increases after 7”. This is because the coalition Cop that maximizes u(Copt)
is estimated and formed immediately after 7" from the data obtained until 77.
Moreover, the reason of the high detection probability for large 7" is that many
observation data can be obtained when 7" is large. Figure 7 shows how the false-
alarm probability of C; changes with time. In this figure, for the policy based on
the multi-armed bandit problem, the false-alarm probability of C; declines as the
time step increases. On the contrary, for the policy based on the e-first strategy,
the false-alarm probability of C; is high until 77, and then decreases after T". It
can be explained in the same manner as the detection probability.

In both Figures 6 and 7, we observe that the e-first strategy provides better
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Figure 5: The cumulative rewards against the time step in Experiment 1.
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Experiment 1.
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Experiment 1.

performance than the policy based on the multi-armed bandit problem at the
T’-th time step. This is because the policy based on the e-first strategy ignores
miss-detections and false-alarms occurring in the exploration steps. By contrast,
the policy based on the multi-armed bandit problem aims to maximize U(T)
while considering exploitation-exploration trade-offs. Figures 8 and 9 show the
expected cumulative occurrences of miss-detections and false-alarms, respectively.
These figures show that the policy based on the multi-armed bandit problem is
superior to the policy based on the e-first strategy in terms of miss-detections
and false-alarms.

Figure 10 shows the expected regret against the time step. In this figure, the
regret of the policy based on the multi-armed bandit problem increases logarith-
mically after 100 steps. We can consider that the number of times a coalition

except for the optimal coalition is formed declines as the time step increases.
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Table 2: The configuration for Experiment 2. This configuration assumes that
the number of the SUs is small and that the performance difference among the

SUs is smaller than that of Experiment 1.

Symbol Value Description
N 5 The number of all the SUs
M 3 The number of the SUs in the coalition to
formed
k 2 The predefined parameter for the k-out-of-
N rule
p 0.5 The channel utilization by the PU

/\g) (0.9,0.95,0.95,0.9,0.9) The detection probability of the SUs
)\g) (0.1,0.05,0.05,0.1,0.1) The false-alarm probability of the SUs
Q@ 0.2 The parameter for adjusting the balance be-

tween Ng and Nyp

5.2 The Small Number of The SUs and The Small Perfor-

mance Difference

In this subsection, we consider the scenario where the number of the SUs is small
and the performance difference among the SUs is smaller than that of Experi-
ment 1. Table 2 shows the configuration of the parameters. In this configuration,
the detection probability and the false-alarm one of the SUs {2, 3} are superior
to those of the SUs of {1,4,5}. Therefore, the optimal coalition which maxi-
mizes the expected utility in 7 is {1,2,3}. On the one hand, the coalition of
the SUs {1, 2,3} gives Ap({1,2,3}) = 0.988 and Ar({1,2,3}) = 0.0120. On the
other hand, the coalition of the SUs {1,4,5} gives Ap({1,4,5}) = 0.972 and
Ar({1,4,5}) = 0.028. Since N is small, the brute-force search shown in Algo-
rithm 3 is used as FINDOPTIMAL(-). 7" is set to 100, 200, and 300. The reason
why the values of T” is larger than those in Experiment 1 is that many observed
data are required for estimation due to small performance difference among the
SUs.

Figure 11 shows how the cumulative rewards for two policies change with time.
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Figure 11: The cumulative rewards against the time step in Experiment 2.

We observe no difference between the two approaches. This trend is different from
Figure 5. The reason of this is that the performance difference among the SUs
is smaller than that of Experiment 1 and that the SU selection does not improve
the detection and false-alarm probabilities for the resulting coalition.

Figures 12 and 13 show the detection probability and the false-alarm one of
C; against the time step, respectively. These figures show that both the policies
improve the detection probability and false-alarm one of the coalition over time.
However, the fact that the detection probability changes from 0.980 to 0.986 and
the false-alarm probability changes from 0.020 to 0.014 shows the improvement
is small. This is simply due to a small performance difference among the SUs.

Figures 14 and 15 show the expected cumulative occurrences of miss-detections
and false-alarms, respectively. We observe no difference among the two ap-
proaches in terms of the expected rewards. On the other hand, these figures
show that the policy based on the multi-armed bandit problem is superior to the
policy based on the e-first strategy in terms of miss-detections and false-alarms.
Although there is only a small effect, we can claim that the policy based on

the multi-armed bandit problem succeeds in reducing miss-detections and false-
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alarms since it considers exploitation-exploration trade-offs.

Figure 16 shows the expected regret against the time step. In this figure, the
regret of the policy based on the multi-armed bandit problem increases logarith-
mically after 300 steps. The number of times a coalition except for the optimal

coalition is formed declines as the time step increases.
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Table 3: The configuration for Experiment 3. This configuration assumes that

the number of all the SUs is larger than that of Experiment 1 and Experiment 2.

Symbol Value Description
N 50 The number of all the SUs
M 5 The number of the SUs in the
coalition to formed
k 3 The predefined parameter for
the k-out-of-N rule
p 0.5 The channel utilization by the
PU
Y (0.7,0.95,0.95,0.95,0.95,0.7 x 45)  The detection probability of the
SUs
AY 0 (0.3,0.05,0.05,0.05,0.05,0.3 x 45)  The false-alarm probability of
the SUs
o} 0.2 The parameter for adjusting the

balance between Ng and Nyp

5.3 The Large Number of The SUs

In this subsection, we consider the scenario where the number of SUs is larger
than those of the first and the second numerical examples. Table 3 shows the
configuration of parameters. In this configuration, the detection probability
and the false-alarm one of the SUs {2,3,4,5} are superior to those of the SUs
of {1,6,7,...,50}. Therefore, the optimal coalition which maximizes the ex-
pected utility in 7 is {1,2,3,4,5}. The coalition of the SUs {1,2,3,4,5} gives
Ap({1,2,3,4,5}) = 0.995 and Ap({1,2,3,4,5}) = 0.00454, while the coalition
of the SUs {1,6,7,8,9} gives Ap({1,6,7,8,9}) = 0.837 and Ar({1,6,7,8,9}) =
0.163. Since N is large, the heuristics shown in Algorithm 4 is used as FINDOP-
TIMAL(-). In this experiment, we set 7" equal to 200, 300, and 400. The reason
why the values of T” is larger than those in Experiment 1 is that the number of
SUs is greater than that of Experiment 1.

Figure 17 shows how the cumulative rewards for two policies change with
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Figure 17: The cumulative rewards against the time step in Experiment 3.

time. Compared with Experiments 1 and 2, there is a large difference between
the two policies. The reason is that the number of SUs is larger than that of
Experiments 1 and 2. Although it is not necessary to accurately estimate the
sensing performance of all the SUs as in the second disadvantage described in
Section 4.2, the policy based on the e-first strategy tries to estimate them. Hence,
it requires long exploration steps and many miss-detections and false-alarms occur
due to coalition formation with low u(C;).

Figures 18 and 19 show the detection probability and the false-alarm one of
C; against time step, respectively. These figures show that both policies improve
the detection probability and false-alarm one of the coalition over time. Unlike
Experiment 1, the detection probability and the false-alarm one of C; at the T'-th
time step by the policy based on the multi-armed bandit problem are superior
to those by the policy based on the e-greedy strategy. This is because the policy
based on the e-greedy strategy forms a coalition consisting of randomly selected
SUs in the exploration steps. By contrast, the policy based on the multi-armed
bandit problem forms the coalition consisting of SUs which are expected to max-

imize u(Cy).
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time step in Experiment 3.

Figures 20 and 21 show the expected cumulative occurrences of miss-detections
and false-alarms, respectively. These figures show that the policy based on the
multi-armed bandit problem reduces the expected cumulative occurrences of miss-
detections and false-alarms to one third as compared with the policy based on
the e-first strategy.

Figure 22 shows the expected regret against time step. In this figure, the regret
of the policy based on the multi-armed bandit problem increases logarithmically
after 400 steps. We can claim that the policy based on the multi-armed bandit

problem works effectively even when the number of SUs is large.
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Figure 22: Regret(t) against the time step in Experiment 3.
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6. Conclusion

In this thesis, we considered the decision making about how to perform coalition
formation under uncertain environment in cognitive radio networks. In our model,
each SU does not know not only the channel utilization by a PU but also the
detection probability and the false-alarm one of all SUs. The SUs aim to utilize
the channel as many times as possible while reducing collisions with the PU.

We proposed two approaches for coalition formation. The first approach is
based on the e-first strategy, which is a baseline. The second one is based on
the multi-armed bandit problem. In order to adapt to an uncertain environment,
both policies collect data and perform coalition formation and the estimation of
unknown information at the same time.

In order to compare the performance of the two policies, we conducted nu-
merical experiments, and calculated the performance measures of the cumulative
reward, the detection probability, the false-alarm probability, the expected cumu-
lative occurrences of miss-detections and false-alarms, and the expected regret.
In the scenario where the number of all the SUs is small and the performance
difference among the SUs is significant, we observed that the policy based on the
multi-armed bandit problem succeeds in reducing the cumulative occurrences of
miss-detections and false-alarms since it considers exploitation-exploration trade-
offs. In the scenario where the number of all the SUs is small and the performance
difference among the SUs is small compared with the first one, we observed no
difference between the two approaches in terms of the cumulative rewards since
the SU selection does not improve the detection and false-alarm probabilities for
the resulting coalition. In the scenario where the number of all the SUs is large
compared with the first one, we observed that the policy based on the multi-
armed bandit problem works effectively even when the number of SUs is large.
Numerical examples show that the proposed method can decrease miss-detections
and false-alarms especially in a scenario where the number of SUs is large and
the performance difference among SUs is significant.

Future work is to extend the model so that SUs can form multiple coalitions.
In our model, SU 1 leads coalition formation and all other SUs passively coop-
erate. In order to allow SUs to form multiple coalitions, issues on the selection

of leaders to lead coalition formation, information sharing about the sensing per-
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formance of SU inferred, and assignment of SUs to improve overall throughput

should be considered.
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Appendix

A. Maximum Likelihood Estimation of p, A](Di), and

A by the EM Algorithm

In this appendix, we summarize the maximum likelihood estimation by the EM
algorithm in order to estimate p (the channel utilization by the PU), )\g) (the
detection probability of each SU) and )\g) (the false-alarm probability of each
SU). In the following, (p, )\](31), e )\](DN), )\g), . ,)\%N)) is denoted by 6.

The observed data that can be used for estimation are C;, sgi) and ;. C; is the
coalition formed at the ¢-th time step, and sgi) is the sensing result of the i-th SU
at the ¢-th time step. When the SU regards the channel as busy, sii) = 1. When

) =0. Y is the communication result of the

the SU regards the channel as idle, sgi
coalition at the ¢-th time step. If the coalition tries to utilize the channel and the
communication is successful, y; = 1. If the coalition tries to utilize the channel
and a collision occurs, y; = 2. If the coalition does not try to utilize the channel,
yy = 3. In the following, (C;, sﬁi), y;) at the ¢t-th time step is denoted by @, and
(@1, ..., 27) is denoted by X. In addition, {t |t € T Ay, = j} is expressed as T;
for j =1,2,3 and {t |t € T; Ai € C,} is expressed as 7;(i).

We introduce a hidden variable z; as the actual utilization of the channel by
the PU at the t-th time step. This is because when y, = 3, i.e., the coalition
does not communicate at the ¢-th time step, there are two possible reasons. The
first one is that the coalition successfully detects that the channel is used by the
PU. The second possible reason is that a false-alarm occurs when the channel
is actually idle. Therefore, if the channel is actually busy at the ¢t-th time step,
z; = 1; otherwise z; = 0. In the following, (z1, 22, ..., 27) is denoted by Z.

Let ¢(X,z | 8) be the log likelihood for complete data. Since z; is observed
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if yy =1 or y, = 2, it is given by

(X, z]0)= Zlng<a3t;Zt | 6)
teT

Zlogp(a:t, 2t =10 | 9)
teh

+ Zlogp(azt,zt =11]0)

teT2

+ Zlng(wt,Zt | 6).

teTs

The first and second terms in the right hand side of the above equation are yielded

as
ZIOgP(wt;Zt =0 ‘ 9)
teTh
() sii) () 1— sg)
_Zlog[u_p)H(A;) (1) ] 5
teT1 1€Ct
:Z [log(l —p)+ Zst log/\ + Z log )\g))] :
teT1 1€Ct 1€Ct
Zl()gp@?t;zt =1 | 0)
teT2
() si” () l—sgi)
s [ T () (1) ] o
teT2 1€Ct
—Z logp+23t log)\ +Z log )\g))] :
teT2 1€Ct 1€Ct

When y; = 3, noting that z; is unknown, it is necessary to consider the case of
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z; =0 and z; = 1, and we obtain

Z log p(@i, 2 | 0)

teTs
= log [p(x;, 2 =0 0)" " p(w, 2 = 1] 6)*]
teTs
= Z (1—2) [log p)+ Zst 2 log/\ + Z log )\g))]
teTs3 e 1€Ct
-I—Zzt logp+z log)\ +Z log )\g))] :
teTs 1€Cy 1€Cy

Hence, the log likelihood for complete data is given by

(X, z]0)
= Z llog(l —p)+ Z s, 1og )\( Dy Z log /\(i))]
teTy 1€Cy 1€Cy
+ Z log p + Z s 1og /\g) + Z(l — M) log(1 — )\g))]
teTz 1€C: 1€Cy
+Z 1—2z) |log(l—p —l—Zst log)\ +Z log )\g))]
teTs 1€Cy 1€Ct
+ Z 2 |log p + Z s log )\(Z + Z ) log(1 )\(i))] .
teTs3 1€Cy 1€Cy

We use the EM algorithm [14] to find z and € to maximize the log likelihood.
First, each element of @' is initialized with an arbitrary value which satisfies the

constraint. In the expectation step (E step), p(z; | @, 8') is calculated by

p(mta 2t ‘ 0/)
Zke{o,l}p(wh w=k]| Ol)’

where p(xy, z; | 8') can be calculated with (5) and (6). Let r; be p(z; = 1 | x4, 6').
Note that 1—r; = p(z; = 0 | x;,8'). Then, the expected value of the log likelihood

p(zt | wt70,) =
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with respect to z is given by

Ex[0(X,2]0)] X,0]

= Z [log(l —p)+ Z sf) log /\g) + Z(l — sti)) log(1 — )\g))]

teTh 1€Ct ieCy

o3 ogp s 1o 4 31— ) o1 Agn]
teTs 1€Cy 1€Cy

+Z (1—r) |log(1—p +Zst logA”—i—Z log )\(i))]
teTs 1€Cy 1€Cy

+ Z ry |log p + Z sy log )\ + Z log )\g))] .
teTs 1€Cy 1€Cy

From here, Ez [{(X,z | 0) | X, @] is expressed as L(0). In the maximization
step (M step), @ which maximizes L(0) is calculated by the method of Lagrangian

multiplier. First, p is calculated as follows.

R S RO T e FO SR

teTy teTg teTs P teTs P

where

[p] = ‘75‘ + Zrb

teTs
= |Ti| + Z(l — ).
teTs
When the number of times the PU uses the channel is n and the number of times
the PU does not use the channel is m, the maximum likelihood estimator of p is
n/(n +m). This is an explanation of why we can interpret a[p] as the expected
value of the number of times the PU uses the channel and b[p| as the expected

value of the number of times the PU does not use the channel.
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Next, )\g) is calculated as follows.

0 y o1 ; 1
——L(0) = S(Z) — — (1 — S(Z) -
a)\g) ( ) Z ( t )\(Z) ( t )1 . )\]()Z)

1T D
@1 @y 1
+ Z Ty (st NG (1—s )1_)\(¢)>
— D D
=0,
G) a[)‘]()l)]

D — i K
A+ bAY]

where ' ' 4
a[)\g)] = Z s Z rest?,
teT? teT
AGT= D =s)+ D n(i—s).
te7l® terld

Similarly, )\g) is calculated as follows.

9 @ 1 @y 1
a)\g) ( ) Z ( t )\g) ( t )1 _ )\g)

—
@ 1 ONER.
+ Z(l—rt) <3t W_“_St )1_)\(2-))
teT F F
=0,
(2)
i a[)\ ]
)\%) — F

al M)+ b

where (4) (4) (4)
a[Ap'] = Z S+ Z(l—n)st )
teT teT?
A = Y (=) + D 1 —r)(1—s).
teT® teT?

After the M step, @' is updated by 6 obtained in the M step. A local
optimal solution can be obtained by alternately repeating the calculation of
Ez [((X,z]0)] X,0] at the E step and the calculation of 8 at the M step.
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B. Estimating the Posterior Distributions of p,
)\g), and )\g) by the Variational Bayes EM

The purpose of this section is to develop the estimation scheme for the poste-
rior distributions of p (the channel utilization by the PU), )\g) (the detection
probability of each SU) and )\(Fi) (the false-alarm probability of each SU).

Let q(p), q()\g)), and q()\g)) be the posterior distributions we want to de-
rive. Since p, Ag), and )\S) are parameters of the Bernoulli distributions and
the conjugate prior distribution of the Bernoulli distribution is the beta dis-
tribution, we assume that ¢(p), q()\g)), and q()\g) ) are the beta distributions.
That is, q(p), g(AD). and g(A\Y) are B(psa ], blp]), B alA],6[AD)), and
ﬁ()\](?i); a[)\g)], b[)\(Fi)]), respectively. Here, a || and b[-] represent parameters of the
beta distribution followed by variables written in square brackets. The probability

density function of the beta distribution is given by

J/’a_l(l o x)b—l

B(a,b)

B(z;a,b) =
where

0

(@)L(b)

B(a, b) = / L1 par

B(a, b) and T'(x) in the above equation are called the beta function and the gamma
function, respectively [22].
Let p(X, Z, 0) be a joint probability for complete data. The log likelihood of
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p(X, Z,0) is defined as

logp(X,Z,0) =logp(X,Z | 6)+logp(0)

=> llog(l —p)+ > s log A\ + > (1 — ") log(1 — Agp)]

teTh 1€Cy i€Cy

+ Z log p + Z S 2 log )x + Z 1og )\(i))]
teT2 i€Cy i€Ct

+Z 1—2z) |log(l—p —l—Zst log)\ +Z log —)\g))]
teTs 1€Ct 1€Cy

+ Z 2 |logp + Z s log )\(Z + Z ) log(1 /\g))] .
teTs 1€Cy 1€Cy

It is assumed that a prior probability distribution for parameters P(8) is a uni-
form distribution.

We use the variational Bayes EM [26, 27| to find ¢(Z,60) that minimizes
Kullback-Leibler divergence with p(Z,0 | X). By using a coordinate descent
method, an equation for updating the probability distribution we want to obtain
is given by

log ¢(z;) = Eq(x#j) [log p()] + const,
where z,; is a collection of random variables except for x;. The sum of all terms
which are not related to the random variable that we are focusing on is expressed
as const in the equation.

Initially, a [-] and b [-] are initialized with arbitrary random positive values. In

the variational E step, we calculate ¢(Z) using ¢(0) as
log q(21) = Eye) log p(X, Z,0)] + const
= Eqyp) [(1 = 2) log(1 — p) + z log ]
+ ZEqug’)) [(1 — zt) {Sf) log AW + (1 — 5" log(1 — Ag?)}]

i€Cy
+ ZCEq(AS)) [zt {sgl) log A% + (1 — s{) 1log(1 — Ag))}] + const.
1€Ct

In order to calculate the above equation, the expected values of log z and log(1 — x)

where z follows the beta distribution 5(x; a,b) are required. These expected val-
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ues are calculated by

1$a—1(1 —:L’)b 1
1 dr =
A TR

— )"z

( )aa (a,b)
= %log B(a,b)

= %(log I'(a) +logI'(b) — log I'(a + b))
= w(a) — w(a + b),

1 $a_1(1 _ l’)b_ b1
/0 B(a.b) log(1 —z)dz = @ b / 8b "1 —2)" e

B(a,b)

(a b) 8b

0
=% log B(a, b)

aab(log ['(a) +logT'(b) — logI'(a + b))

= 4(b) — é(a + ).
The logarithmic derivative of the gamma function is called the digamma func-
tion [22] and is defined by

v(a) = - logT(r) =

Specific values of the digamma function can be calculated using numerical li-
braries such as boost/math/special_functions/digamma.hpp for C++ and
scipy.special.digamma for Python.

Thereby, the expected value of log p(X, Z, ) with respect to ¢(p) is calculated

as
Eqp) [(1 = z) log(1 — p) + 2 log p]

= (1= 2) (b (blp]) — ¥ (alp] + blp])) + z(¥(alp]) — P(alp] + blp]))
= z(¢(alp]) — 1(blp])) + const.

Next, the expected value of log p(X, Z, @) with respect to q(A( )) is calculated
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as

=z {5l (@ (alr§)) — v (aDr§) +B1AY)))
+(1 =) (v (051) = v (a1 +600E) ) }

Similarly, the expected value of logp(X, Z,0) with respect to q()\g)) is cal-

culated as
E o [(1 — 2) {Sgi) log )\(i) +(1- (i)) log(1 — )\(i))}}
Q()‘F )

-2 {0 (v < ) = () + A >>
oo (o ) o (1 161}

As a result, q(z;) is expressed as follows.
log q(z;) = mz; + const,

exp(n:2¢)
Zke{m} exp(n;k)’

Q(zt> =

where

e = (Y(alp]) — (blp)))
+ s (0 (1) = @ (alET+0005))

ieCe
2o =) (0 (0A57) — v (BT + 05T ) )
— Z st <w <a[)\¥)]) — 9 (a[)\(Fi)] + b[)\g)]))

1€Cy
_ Z(l — sgi)) <¢ (b[)\g)D — (a[)\g)] + b{)\?)})) .

In the variational M step, we calculate (@) using ¢(Z). Let r; be Eq.,)[2] =
q(z = 1). Note that 1 —r, = Eg.)[1 — 2] = q(2: = 0). Then, q(p) is calculated

o1



as follows.

log q(p) = Eq(z) [logp(X, Z, )] + const

=) log(1—p)+ > logp

teTh teTs
+ Eq(z) Z(l — 2z) log(1 — p) + Z zlog p| + const
teT3 teTs
= <\7§| + Z?}) log p
teTs

+ (|71| + Z(l - Tt)) log(1 — p) + const,

teT3

(p) = —2llalel = Dlogp + (blp] — 1
Jo exp((alp] — 1) logt + (b[p] — 1
pa[ﬂ]—l(l _ p)b[p]—l

= fol ta[p]fl(l _ t)b[p}*ldt
= B(p; alpl, blp)),

where
alp] = |T2| + ZTt + 1,
teTs
blp] = [Ta] + D (1 —r) + 1.
teTs
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Next, q()\g) ) is calculated as follows.
log q()\g)) =Eyz [logp(X, Z, 0)] + const
= Z (sgi) log /\g) +(1- sgi)) log(1 — /\g))>

teTy”

+ Eq(Z) Z 2t <S§i) log )\g) + (1 — Sgi)) log(l — )\](;))> -+ const
teT

= Z ng‘) - Z Ttsgi) log )\g)

te7l® terd

" =)+ re(1— i) | log(1 — AY) + const,
! D

teTy” teTl)

exp (0]~ 1)log Y + (A — 1) log(1 A

[ exp ((a[/\g)] “Dlogt + (BAD] — 1) log(1 — t)) "

(AR 11 (1 Ay

= fol ta[)\](;)]—l(l o t)b[)\](;)]ildt

= B a1 ARD),

g\ =

where ‘ A .
a[)\g)] = Z SEZ) + Z rtsﬁ") +1,
t€7—2(i) t€7—3(i)
b[)\g)] = Z (1-— sgi)) + Z ri(1 — s,gi)) + 1.
teT? teTd?
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Similarly, q()\(Fi)) is calculated as follows.
log q()\g)) =Eyz) [logp(X, Z, 0)] + const
= Z <s§i) log /\g) (1— s log(1 /\(i)))

te7?

+ Ey(z) Z (1—2) <s§i) log /\g) + (1 - sti)) log(1 — )\(Fi))> + const
teTV

= Z s+ Z (1=7)s" | log )\S)

te7” te7y"

+ Z (1-— sgi)) + Z (1—r)(1— sii)) log(1 — )\(Fi)) + const,
teT® ter)

exp ((alA] = 1) log AL + (bIAY] — 1) log(1 = A{))

fol exp ((a[/\g)] —1)logt + (b[)\(FZ ] —1)log(l — t)> dt

_ ()\g))a[A(Fi)]—l(l _ )\g))b[A(Fi)]—l
fol ta[Ag)]—l(l _ t)b[,\(;')]th

= B oA 0D,

a[/\g)]:Zst +Z (1—=r)s? +1,

g\ =

where

teT? te7y"
b[)\(F’)] = Z (1—s")+ Z (1—r)(1—=s")+1.
te7? te7y?

The posterior distributions of p, )\D , and )\ that minimize Kullback—Leibler
divergence with p(Z,0 | X) can be calculated by alternately repeating the cal-
culation of ¢(Z) at the variational E step and the calculation of ¢(€) at the
variational M step.
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