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Statistical mechanics of Perceprton learning

with noisy teacher”

Arata Honda

Abstract

We discuss the generalization performance of linear binary machines called
simple perceptrons based on on-line learning in this paper. The generalization
performance based on on-line learning is called the learning curve. The learning
curve is derived by statistical mechanics methods. The assumption that the
number of inputs and examples are sufficiently large derives the simultaneous
differential equation about the learning curve.

In this paper, we derive the learning curves of three algorithms based on
on-line learning method with noisy teacher, that is, we drive the differential
equation about learning rules and numerically calculate the learning curve. We
found that the learning curves of the Perceptron learning and the Adatron
learning are non-monotonic which is not traditional result while that of the
Hebb learning is monotonic. We analyzed why the learning curve behaves non-
monotonically using the eigenvalues of the system matrix and the corresponding
eigenvectors, that is, we analyzed the behavior around the convergence point.
The monotonicity of the Hebb learning is analyzed by asymptotic solution of
learning dynamics. Finally, we tried to improve the convergence of learning

using the system matrix. However it doesn’t improve.
Keywords:

Simple perceptron, on-line learning, non-monotonic learning curve, statistical

mechanics
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BHBH Ny FEHOWETH S, /Ny FHE & RSB RN A EGEE 5 2
BAVIAVEEDND Y, FEHHEE T 57200 A E ) OHIKXC, LHES %
BT DEENEILLUTCHEBRTZIENTES. AV T4 VEHRTIE, 5260
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MEEZEE2I 70 LT, MitfE2 A3 Z e cEla NG, /2, £A—&X =1
FRA—RERRTZHBEREIA—F—NRFGA—ZDAHAIZHALTEY, I70REI
EELBZWI EDPMETH S, “FH ORENFETD I ZaiREld, AJIXT hL
LAELG R MVOEERZTH O, il & EMED LR OKESMED FHRE R D
F =R =R XA=ZD—FITH 5 [14].

3.1 BERHNEH u,vDEA

et HFER D 728, AJIIRIE N — oo DR (B ZEHGIR) 252 5. &~
7 MVDRERIZMNLZRD T, REDEANSEZERZ PVDOREZIZLTDL DI
AR NS (FEMIAER. 1 iz 2R).

1Bl = VN, |J°| = VN, |lz| = 1, (3.11)

D VA | J|| EEZIA Ty TOR#EE L B2 T3 Y X0 ERTE
50T, PIE |T°) = VN o0& kER | L LTINEZERDOES EIERT
Y23 s Iabbs, |J7| =1"VN TH5.

AT e AEGTHTEORM 2T 5 NERBIEZhEh,

v =B-x™, umm=J" -z (3.12)

LEMRT 2 2 e NTE, BTFMRRIRIC B W T RBOEID S, u, v X 0, K
1, L E R™ O ZRGEH 7 A4 THERL [3] TE 2 (CEEFHHIE [15] 2 2R). HE
DERLIZBE VT AR MV EFEGHERT MV E T T A5MHEITHEE U 7Bl
A (2.010) IZB1 2 —EUE R BEITEIBRIZEWTHEBL LWL S EHRMEBL T
5DCTH5.



3.2 ZBEDIAFTIVRDODEH

T, FHMREER TS0, A=K —NFGRA =KX THDL,RODXAF I
2EEHT L., ZIZTIE, TOXAF I 7 AN R T B SRR 2 B
W2 31 5 | O Ic O S ER R TEL .

FT oW AREAZ2EHRT 5. A (2.05) Ofid%E kT 5.

Jm+1 . Jm—H = J".J" 4 (fm)2i13m Cx™ Qfme L™ (3.21)
N(I™? = N(I™)2 + (™) + 2f™mu™ (3.22)

ZDBBETIE 7, um ZHERERTH B DT, K (3.22) IZHEK LR TH D,
™ BT B ERI R SRR R > TV, 22T ||J|| ~ OWN), |z =1 &
WO EE AN XA F I 7 20EHIZDL>TL 5. X (3.22) ITOWT, File
AOHE—IHIZ O(N) TH Y, TNLSNOEHIZ O(1) TH B Z L AMEHREHE & 0
ATED. 2F0, X(3.22) o ™ B O(1) BT 2720121, Az 1d O(N) 1
ANEINRITNER SRV, £ 2T, BRIERZ AT Y 7 m 2kt N TIESEL
e U, MABOFERMt 2 t =m/N LB E, FEHBREEZRITHFTLLT
W2, RLHATY TR m 26 m+ Ndt (o552 F 25 L, FHEM t X
t+dt 275, 2O, dt BBUNETHBEDR N IZHLTIZOL) THEED, t 15
t+dt FTORMZIE E DD &, X (3.22) A%, BLFD &K 5 IZHEZ Ndt @A 72
AT 5 [14].

NI = N@™)?2 + (F™)2 + 2™ ™ (3.23)
N(lm+2)2 _ N(lm+1)2 + (fm+1)2 + 2fm—|—1lm+1um—|—1

N(lm+th)2 _ N(lm+th71)2 4 (fm+th71)2 4 g fmANdt—1ym+Ndt—1, m+Ndt—1
(3.24)

X(3.23), X(3.24) 22 TRT. ZOL &, [ 2dl ZITEAT 272D HHN Ndt
Al (O(N) THHIZKEW) EITEINZDT, FHUIIB 1 HEREROME L ZThIZ
T2 P TEESMADIENTELILITERT D L,

N(1+dl)* = NI+ Ndt ((f2) + 21 (fu)) (3.25)
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dl f?
RIZRDEAF IV 2T 5. X (2.05) DL BEh»T 5L,
B-J""W'=B.J"+ f"B.x™ (3.27)
NI R = NIMR™ + f™™ (3.28)

BT B igEm & [FARIZ, BUNEERD dt OFIIZ AT Ndt ALY, 2l k> T R
dR, I D3 dl 2 Z Lzt T3k,

N(l+ dl)(R + dR) = NIR + Ndt (fv) (3.29)

Y755, EoT, ROXAF3I 2 AU,

dR _ {fv) — (fu) R
= = l ~ o <f ). (3.210)

X (3.26), X (3.210) 2’1 & ROXAF I 7 A% Gk T 28I HFEATH 5.
HAKI 7223/ B L TR (3.26), X (3.210) BN 2 T > ¥ ¥ TIUEY (fu),
(fv), (f*) 2 R I oBf e LTkdB ZenTEnid, X (3.26), X (3.210) 1& 5
FIZORZEIIL, A=K —=NRFTA=RTHZ REIIZHUZARRERE. Zh
SDRZRS T LIZL D, ROEMRN LT 2 RERNIZHR T DI LN TE 5.

3.3 7YY ITIEHOBITHER

Hanzawa, Ikeda & 3/8—t& 7 sa VBB 27 ¥ 2 TV % BUERIZ
HEUTWE [13]. BHINAEET VY TV O W TIEIER IO D BNE
BIRTH 2D, EBRINZEH U TWE 2O EMD)E D DENTIERW. TD72d, i
NI RO THIE T 2 M ERDH L. 22T, N—k 7T harvEHIIB 57 VY
YTV ORMTHPEH 217\, [13] L iR Z1TS . 72, —iic k< shTwn
2 3FHOANTEE TX MR YFEH 3] ZOWTDT VYV TV S RIS
HHETS.



28, AN TR erf (z) B & OMAHAZEBIE erfe(x) 1

2 x 9
erf(z) = ﬁ/o exp(—t~)dt, (3.31)
erfc(z) =1 — erf(z), (3.32)

Th5.
BIZLT V3 v TV (fo) 13AT] 2 T2 FEHE UTU IO LS IZEHR X
no.

(o) = / dwP () fo (3.33)
_ / du / d / dnp P, v) P(ng) fv (3.34)

22T, A (3.33) D () 3ZLDAN ¢ IZHT L fodT7 ¥ v TR R
LTWb. Iz ¢ OMEREE P(x) ZHWTERE L2 OXEBIZH 250, Z
NI NEHESTHS. WEN 500 2BEZXATWAEDT, ZOFETIHRIOMED TN
HTohHsd. L,z THREDS 0 & w0, D81, OB R O IRTAH Y A5
MRS HEEREHIIEE TS L, ZOMD I L E v L w ITESHMZ L LD
TE, ¥512, X (2.06)-KX (2.08) BT 2FHA fFIZEHEENDFEHE 0, HE 0% D
HADARIZ U S5BMH ) A Xng BERI NS0, X (3.34) F=2EHOHD
ATHELILEWTES. 22T,

P(u,v) = 27?3/@ exp <— (“’”)2_21 (v, “)T) (3.35)
- ( . i ) (3.36)
P(ng) = \/;T_J%exp (—%) (3.37)

THD. ANONLHip o IZEBICZEB BT T v VTV 25T 5.



3.3.1 NRN—E7 OVvEBICSITDZT7 VY Y TIVEHORBITHNER
N—=t 7 bayZEOGE, T TVEED IS (f) BT (fu) X

(fv) = MO(—u(v+npg))sgn(v + np)v) (3.38)

n /OO p /0 p /OO dnpg . ( u2—|—02—2Ruv>e ( ng
- v U Vex — X — S 9
VT )y S V2meg, O\ 20— RY) P

—L/—de/oodu > dng b ex <_u2+v2—2Ruv)eX (_
27v1 —R? J_ 0 oo /2105 P 2(1 - R?) P

(3.39)
[e%¢] 2 2
n n5 (14 0%) Rnp
- _B\-T" "B fe | o8B
2T /—oo A exp ( 20% ) o ( V2(1— R?
nR /°° ( n2B ) ng
— dnge ——= Jerfc | —————— 3.310
27‘(’0‘3 B OXp J2B /2(1 o R2 ( )
77
— 3.311
—1 — (3311)
u ) 3.312
Y > m - 75 (3.312)

LERHEEN, R ORI LS. (f2) &

2 2 0 00 2 2
) n n u np + Ru ny
= — —_—— f —_—_— R ——

<f > 2 - 2wop /—oo du /—oo s xp < 2 ) - ( 2(1 - R2)) o ( 20%)

(3.313)
YEAMEENDS, COMMRTOEFTHIAETERL. 22T, A (3.313) KA %

LR erf(-) 2 u DB E UCTIHFAY TT 4 7 — KL, 9 IRFIHATIE
s

(T TF
/1 — R?+ 0%
N 772;{3
3m(1— R?+0%)\/1 - R?>+ 0%
772R5

5m(1 — R?2+0%)%\/1 — R?+ 0%



,'72 R’?

_|_
Tr(1— R%2+0%)3\/1 — R?+ 0%

LAl (3.314)
Im(1 — R%2+0%)*\/1— R+ 0% '
2 5 2 p2n—1
—1\"n2 R2n
=T+ L™ _— (3.315)

2n—1)m(1—R2+0%)" =

CEtRE S NS (REMIETE%. 282 2 ).

3.3.2 EITHIR [13] & DL

T, fIICE L2 7 Y Y TV 2 Tkeda S [13] OEBRIIZRD 72
T VY TN ORI O WTHIEERZ B 2485, 28, Ikeda 5DT VYTV
FHOEHIE 0% = 1.0 L UTERE —D oS L, BUEMIZKROTE D, UFO#EHR
2> TW5.

(fv) = —0.4nR + 0.28n (3.316)
(fu) = 0.28nR — 0.4n (3.317)
(f*) =~ —0.24n*R + 0.5° (3.318)

LR TRD AR 0 = 1.0 ZRALTHEL 72 (M3.1, 3.2, [3.3). 2D
SR 13 OT v Y IV EERERTH S L\ D Z L RN 5.

03 0

0.2 0.4 0.6 0.8 1 e 0.2 04 0.6 0.8 1

3.1 (fv)y DML [13] O 3.2 (fu) OfEMEE [13] O LHE
(0% = 1.0). (0% = 1.0).
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T Tt e e LU

B33 (f*) OffifRy [13] DI (o = 1.0).

3.3.3 ANTEREBICBIIBZT YV TINEHOREFTHER
BHAIDIGEDT vV TIEYIILAT D & D I G R TE 5.

(fv) = (nsgn(v+np)v (3.319)

/ dv/ du/ dnpP(u,v)P(ng)v
g

_y / e /_ du /_ dnpP(u,v)P(ng)v (3.320)

= (3.321)
/21 —|—0]23)
(fu) = (nsgn(v + np)u (3.322)

= / dv/ du/ dnpP(u,v)P(np)u
/ / du/ dnp P(u,v)P(np)u (3.323)

S — (3.324)
VoL (1+UB)

(f2)y=n (3.325)
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3.34 F7HMOVEBICBSITDZT7 VY Y TIVEHORITRER

TREMNOVEBEDOGEDT VYV T IVEEIEA T O & D ICHEIIZEIE TE 5.

(fv) = (=nuwO(~u(v +np)) (3.326)
= —77/_ dv/ du/ dnpP(u,v)P(ng)uv
_n/_nB dv/ du/ dn s P(u, v)P(ng)uv (3.327)
n (1— R?)? nR? 0% (1 - R?)
_'%\/Fi7?TFE; - (1%_GB> vqijﬁaqjgg—%R<fu>(332&
(fu) = (=nu*O(~u(v + ng))) (3.329)
0 00
= —17/ dv/ du/ dnpgP(u,v)P(ng)u?
_77/_"3 dv/ du/ dngP(u,v)P(ng)u? (3.330)
i —1)m R n_R(-R
el 2n—1 1—R2+UB)nTil Ty\/1—R?+0%
nR3 o? 1
* s <1 +f;%> V1—R?+ 0% (3:331)
(1%) = (Pu*O(—u(v +np))) (3.332)
= (- —u’O(~u(v +np))) (3.333)
= —n{fw) (3.334)

3.4 ETEHER

TG ET 2 K B BRI D EL M2 MR T 5720, ZD2DFHEKIZONWT
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