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Abstract

Quantization, that transforms continuous-valued signals into discrete-valued ones,
plays a crucial role in the operation of networked control systems (NCSs). There are
two issues associated to the quantization of signals: the quantization errors and the
communication rate constraint of the channel. In order to diminish the effects of these
problems, this thesis focuses on the design of dynamic quantizers that minimize the
performance degradation due to the quantization errors under the communication rate
constraint. The quantizer design problem is formulated as a nonconvex optimization
problem, then, it cannot be solved by conventional optimization methods. Thus, in this
thesis, design methods based on metaheuristics are proposed. By numerical examples
the effectiveness of the proposed methods is verified and a comparison is carried out
among the design methods based on different metaheuristics. Besides, an optimal
expression for the design of the quantizer is numerically studied and an event-based
switched-type dynamic quantizer is introduced.
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Chapter 1

Introduction

1.1. Networked Control Systems

In recent years, the networked control systems or NCSs have been receiving a lot of
attention from researchers and manufactures due to the their many advantages and
potential applications. In a NCS the plants, controllers, sensors and actuators are
physically separated and connected to each other via communication networks as it
is shown in Figure 1.1. A characteristic feature of the NCSs is that the communication
network is shared and multiple control systems can be operating over it at the same
time. Moreover, the NCS can be connected to the companies intranet or even to the
internet allowing any type of data to go through them, not only control signals.

The NCSs have several advantages. The elimination of the unnecessary wiring and
the use of network technologies reduce the system’s complexity and make it very easy
to add or withdraw controllers, sensors or actuators. Thus, NCSs make the systems
very flexible and scalable. Additionally, by using a network to connect the elements of
the control system, the costs of installation and maintenance are greatly reduced. The
NCSs connect the cyber space to the real world making the tele-operation of systems
very easy to implement. Examples of NCSs are found in industrial automation, con-
trol systems for automobiles and aircraft and the control of large distributed systems
like smart grids, transportation and water distribution networks. They have a lot of
potential applications like disaster prevention systems, hazardous environments mon-
itoring, domestic robots, space and terrestrial exploration, tele-operated systems and
many others.

1



Figure 1.1: General structure of an NCS.

Although, NCSs bring many advantages to the systems, they have several problems
associated to them, like the delay in the transmission of data, jitter, package looses,
quantization errors and limited information bandwidth [1, 2, 3]. This thesis focuses on
the last two of these problems.

In NCSs, the control and sensor signals are transmitted through the communication
network. These signals need to be quantized in order to be sent through a digital
channel. The quantization is the process in which the continuous-valued signals are
transformed into discrete-valued ones. The device that performs the quantization of
the signals is called quantizer. In general a quantizer is composed by a certain number
of quantization levels M and a constant distance between the quantization levels called
quantization interval d. Figure 1.2 shows an example of quantizer. When the effects
of quantization are considered in the design and operation of a control system, we are
in the presence of a quantized control system. Figure 1.3 shows how an open loop
quantized system works.

There exists limitations in the amount of data that can be transmitted per unit of
time in the networked control systems, these limitations are known as data rate con-
straints. Since the quantizer is supposed to send data to the plant in each sampling
time, the data rate constraint of the channel limits the number of quantization levels in
the quantizer. Each quantized signal is transformed into a chain of bits by a encoder in
order to be transmitted. The amount of bits generated by the encoder depends of the
amount of quantization levels that the quantizer has. These bits should be sent before
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Figure 1.2: Example of a finite-level quantizer (M = 6). Where u is the continuous-
valued input and v is the discrete-valued output. The yellow area represents the range
of the quantizer and the blue one is the saturation area. In order the quantizer to work
properly, u(t) should be always inside the range of quantizer. For example the value of
u1 gives a quantized value v1 inside the quantizer’s range, but the value u2 inside the
saturation area gives a quite smaller quantized value v2.

another sampled signal arrives to the encoder. Then, the system will work properly
only if the if the amount of bits that can be sent through the channel during a sampling
time interval is more or at least equal to the amount of bits generated by the encoder
due to one quantized signal.

Besides, a finite number of quantization levels may cause the saturation of the
amplitude of the quantized signal. The saturation happens when the input signal’s
amplitude is bigger than the maximum value that the quantizer can transformed. What
happens in this case is usually that the quantizer assigns to the quantized output the
maximum value that the quantizer can produce. In consequence there may be a big
difference between the input and the output of the quantizer. Such saturation problem
has the potential to destabilize the systems [4, 5].

Since nowadays there are networks that transmit data in gigabits per second, the
data rate constraints may not look like a big problem. But remember that the NCSs are
shared networks and the effects of congestion and bottle necks will affect the perfor-
mance of the system [6, 7].

3



Figure 1.3: Structure of an open loop quantized control system. The quantizer Q
transform the control signal u in the quantized signal v. Then, v is transformed in
a chain of bits by the encoder E in order the be sent trough the channel and it is
reconstructed on the destination by a decoder D.

1.2. Quantizer Design for Networked Control Systems

The difference between a signal and its quantized version is known as quantization
error. The quantization errors are reflected in the output of the plant causing the degra-
dation in the performance of the system. The performance degradation due to quanti-
zation might lead to instability. Several studies have been carried out aiming to reduce
the performance degradation due to quantization, and they have shown that the use of
feedback type dynamic quantizers is an effective way to do so [8, 9, 10, 11, 12].

There are several types of quantizers. They can be divided into two categories
static and dynamic. A dynamic quantizer is a device that maps the continuous-valued
input signal into discrete-valued outputs by a feedback and filtering of the past quan-
tization errors. In this study we consider a feedback type of dynamic quantizer Q that
is composed of a digital filter followed by a static quantizers q. Figure 1.4 shows a
representation of this quantizer.

Digital Filter q

v(t)u(t)

Q

Figure 1.4: Feedback type dynamic quantizer.

The limited amount of quantization levels in the quantizer may cause the quan-
tization errors to get bigger. For example, when the range of the quantizer is big in
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comparison with the range of the input signal and the number quantization levels is
small. The quantization errors and, in consequence, the performance degradation can
be reduced greatly by the proper design of the quantizers. In the dynamic quantizer
design the goal is usually to make the quantization errors as small as possible in order
to approximate the quantized system to the ideal system without quantization.

In past studies the authors focuses only in the design of the quantizer’s digital fil-
ter assuming that the quantization interval d is given and the quantizer has an infinite
number of quantization levels M. For example, in [8] Azuma and Sugie (2008) found a
closed form expression with respect to the plant parameters to evaluate the performance
of a class of dynamic quantizers for LTI systems. Besides, based on the performance
analysis, they provided an analytic expression of the optimal quantizer and its perfor-
mance. In 2014, Minami and Murokami [13] used differential evolution (DE) for the
design of fixed-order decentralized dynamic quantizers for discrete-valued input con-
trol. In these studies the effects of the channel’s data rate constraints were not taken
into account.

Then, in order consider those effects it is necessary to design the digital filter and
the static quantizer at the same time. In this case the static quantizer has a finite number
of quantization levels. Some studies have tackled already this type of problem [6, 7,
14, 15] and developed methods for the design of the finite-level dynamic quantizer.
However, these methods are not perfect because they may not give optimal solutions
to the quantizer design problems.

In [6], Okajima et al. (2010) proposed a design method for finite-level dynamic
quantizers for SISO systems. They derived a design method of the quantizer’s smallest
quantization interval. Based on the invariant set analysis the design method is derived
as a linear matrix inequality (LMI) problem. In [7], Sawada et al. (2011) extended
the previous study to consider MIMO systems. In these two methods they solved
a relaxed version of the original quantizer design problem and because of that the
solution might be conservative. In [14], Yoshino et al. (2014) presented a design
method for a dynamic quantizer under data rate constraints. The design is carried out
by optimizing an objective function using a metaheuristic known as particle swarm
optimization (PSO). This method gives a smaller performance degradation than the
method proposed by Okajima et al., but the rate of success in finding the optimum
values of the quantizer is very low. The low success rate is explained by the existence
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of local minima in the objective function and the tendency of PSO of getting trapped
on it.

Additionally, Rodriguez et al. in [15] (2015) tackled the finite-level dynamic quan-
tizer design problem by using DE. This publication is part of this thesis and the design
method will be explained in detail in the chapters that follow.

1.3. Motivation and Objective

NCSs are a natural step in the evolution of the control systems, they have a lot of
advantages and the potential to become the standard in automation. They are easy to
implement and cheap, thus, very likely to be implemented even in small industries.
Thereby, it is important to increase the reliability of NCSs reducing the performance
degradation caused by quantization. A way to do this is the use of dynamic quantizers
properly designed to minimize quantization errors.

Moreover, the constraints in the communication is an issue that needs to be ad-
dressed. Even if the channel has a big bandwidth the effects of congestion and bottle-
neck cannot be ignored, since they make the system unable to operate properly. Then,
the quantizers should be designed considering the constraints in the communication
channel and in order to put as small traffic as possible in the network.

For these reasons the main objective of this thesis is:

To develop easy-to-use and powerful computational methods for the design of
finite-level dynamic quantizers that:

i Minimize the system’s performance degradation due to quantization, and

ii Satisfy the channel’s data rate constraints.

The finite-level dynamic quantizer design problem considered in this thesis is not
easy to solve. It leads to the optimization of a non-linear and non-convex function, that
cannot be solved by algebraic methods or conventional numerical optimization meth-
ods such as linear programming or quadratic programming. Thus, the use of meta-
heuristics seems a reasonable option. Three different metaheuristics were selected to
implement the quantizers design method, namely, covariance matrix adaptation (CMA-
ES), differential evolution (DE) and firefly algorithm (FA). The effectiveness of the
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design methods developed is verified by means of numerical examples, and their ef-
ficiency is compared among each other and with previous developed design methods
based on particle swarm optimization (PSO) [14]. It is revealed that the proposed meth-
ods based on CMA-ES and DE achieve better performance than the others in terms of
precision, convergence and execution time.

Besides, making use of the design methods developed, this thesis extends the study
about dynamic quantization into two different topics. The first one studies the reduc-
tion of design parameters for the finite-level dynamic quantizer, which is an important
topic in order to make the system analysis easy and to save time in the design process.
The design parameter reduction analysis is made by means of numerical examples.
The second extended topic is about the development of a type of dynamic quantizer
that operates in a event-based manner. The use of this type of quantizers is oriented
to systems in which network resources like bandwidth and energy are very limited.
The event operated dynamic quantizer will help to preserve these resources by sending
data to the plant only when is needed. This type of quantizers should make a trade-
off between the performance of the system and the consumption of resources in the
network.

1.4. Contributions and Organization

The main contributions and achievements of this work are summarized as follow:

• The development of practical dynamic quantizer design methods based on CMA-
ES and DE.

• The verification of the proper operation of the quantizers designed with the pro-
posed methods.

• The comparison of the proposed design methods with a previously developed
design method and the evidence of their superior performance.

• The finding of a quasi optimal analytic expression for the finite-level dynamic
quantizer.

• The development of a type of data rate driven event-triggered quantizers and its
design method.

7



This thesis is divided into six chapters. In chapter 2, the finite-level quantizer
design problem is formulated. The considered system is described as well as the con-
siderations and simplifications made. The performance index, and the minimum quan-
tization interval are described. Finally the design problem and constraints are formally
stated. Chapter 3 describes the metaheuristics employed to implement the quantizer
design methods. After a brief description of them the algorithms are explained in de-
tail. In Chapter 4, the metaheuristic based quantizer design method is described along
with the methodology and settings to implement it. After that, the effectiveness of the
proposed design methods are verified by means of numerical examples and a compar-
ison is carried out among them and previously developed methods. Chapter 5 discuses
some topics related to the finite-level quantizer design, like the reduction of parameters
in the design and the extension of the study to consider event-based actuated quantiz-
ers. Lastly, in Chapter 6, the final conclusions are presented and some perspectives for
future expansions of the current work are given.

1.5. Notations

Let R denote the set of real numbers, R+ the positive real numbers and N the natural
numbers. For the matrix A := {Ai j} let abs(A) be abs(A) := {|Ai j|} and when A is a
square matrix let Λi(A) represent the ith eigenvalue of A. For a vector v := {vi} the
expression ‖v‖ represents the euclidean norm of v. Besides, I is the identity matrix, 0
is the null matrix and E‖P‖ is the expected value of some probability distribution P.
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Chapter 2

Quantizer Design Problem

2.1. Considered System

In this thesis we consider the feedforward system shown in Figure 2.1. This system is
known as error system and it is used to evaluate the quantized system performance.

The error system is composed of the quantizer Q, the plant P and the channel. The
control signal u(t) is applied to the system and it goes through two branches. The lower
branch represents the ideal case in which u(t) is applied directly to the plant giving the
ideal output y(t). In the upper branch the effects of the channel and quantization are
considered, the quantized control signal v(t) is applied to the plant and the output yq(t)
is known as real output. The difference between y(t) and yq(t) is the error signal e(t),
which gives a measurement of the performance of the system.

The assumptions made in this thesis are the following: the communication channel
has no losses and no delays, the plant P is stable and the input signal is bounded, i.e.,
u(t) ∈U for U := [umin,umax].

Communication

Channel
PQ

P

+

-

y(t)

yq(t)v(t)

u(t)

v(t)

v(t)
M [level]

e(t)

Figure 2.1: Error system.
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Cξ(t)+u(t)

q[Cξ(t)+u(t)]

Figure 2.2: Example of a static quantizer function q[·] (M = 6).

The plant P is discrete-time and single-input-single-output (SISO) system. Its state
space representation is given as follows:

P :

{
x(t +1) = Ax(t)+Bu(t),
y(t) = Cx(t),

(2.1)

where t ∈ {0}∪N is the discrete time, x ∈ RnP is the state vector, u ∈ R is the control
signal, y ∈ R is the output signal, A ∈ RnP×nP , B ∈ RnP×1 and C ∈ R1×nP are constant
matrices and the initial state of the plant is x(0) = x0 for x0 ∈RnP . With the assumption
that the plant P is stable we imply that all the eigenvalues of the matrix A are inside
the unit circle in the complex plane.

The dynamic quantizer considered in this study is shown in Figure 1.4 and is rep-
resented by

Q :

{
ξ (t +1) =Aξ (t)+B(v(t)−u(t)),
v(t) = q[Cξ (t)+u(t)],

(2.2)

where ξ ∈ RnQ is the state vector, v ∈ {±d,±2d, · · · ,±M
2 d} is the quantized output,

A ∈ RnQ×nQ , B ∈ RnQ×1 and C ∈ R1×nQ are constant matrices, and the initial state of
the quantizer is ξ (0) = 0. The static quantizer q[·] rounds the signals to the nearest
quantization level at each time. The parameters of the static quantizer are the number
of quantization levels M ∈ N and the quantization interval d ∈ R+. Figure 2.2 shows
an example of the function q[·] where M = 6.

In this thesis it is assumed that M is given in advance. Thus, the design parameters
of the dynamic quantizer Q are A, B, C and d.

10



An important care that should be taken into account when designing a dynamic
quantizer is to make it stable. The stability condition for the quantizer can be derived
easily. First lets represent the quantizer’s output v(t) given in Equation (2.2) as follows

v(t) = Cξ (t)+u(t)+w(t), (2.3)

where w(t) ∈
[
−d

2 ,
d
2

]
is the quantization error. Then, substituting the new v(t) into

Equation (2.2) we obtain the following representation of the quantizer

Q :

{
ξ (t +1) = (A+BC)ξ (t)+Bw(t),
v(t) = Cξ (t)+w(t)+u(t).

(2.4)

In this representation the quantizer’s state ξ (t) depends only of the quantization
error w(t) which works as a bounded signal. Thus, the quantizer Q is bounded-input-
bounded-output (BIBO) stable if all the eigenvalues of (A+BC) are inside the unit
circle in the complex plane. This condition can be expressed as

Λ̄ = max
i

abs(Λi(A+BC))< 1, (2.5)

where Λ̄ is the maximum absolute value of the eigenvalues of the (A+BC).

2.2. Performance Index

As it was mentioned previously, the error signal e(t)= yq(t)−y(t) can be used to evalu-
ate the performance degradation of the system. Minimizing e(t), the system composed
of the quantizer Q and the linear plant P can be optimally approximated to the linear
plant P, in terms of the input-output relation.

The performance degradation of the system due to quantization is measured by a
parameter called performance index which is defined as follows

E(Q) := sup
u∈U

t∈{1,2,...,L}

abs
(
yq(t)− y(t)

)
, (2.6)

where L ∈ N is the evaluation interval. E(Q) gives the biggest possible value of e(t),
i.e., the worst case performance of the system.
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To calculate the value of E(Q) we proceed in the following way. Putting together
Equations (2.1) and (2.2) we have

[
x(t +1)
ξ (t +1)

]
=

[
A 0
0 A

][
x(t)
ξ (t)

]
+

[
B
B

]
v(t)−

[
0
B

]
u(t),

y(t) =
[
C 0

][x(t)
ξ (t)

]
.

(2.7)

By replacing the quantized output v(t) with Equation (2.3) we can express Equation
(2.7) as: {

x̄(t +1) = Āx̄(t)+ B̄1w(t)+ B̄2u(t),
y(t) = C̄x̄(t),

(2.8)

where:

x̄(t) =

[
x(t)
ξ (t)

]
, Ā =

[
A BC
0 A+BC

]
, B̄1 =

[
B
B

]
, B̄2 =

[
B
0

]
, C̄ =

[
C 0

]
.

(2.9)

The expression of the state x̄(t) for this system is given as follows

x̄(t) = Āt x̄(0)+
t−1

∑
i=0

Āt−1−i (B̄1w(i)+ B̄2u(i)
)
. (2.10)

Then, we take Equation (2.10) to Equation (2.8) in order to find the plant output
under the effects of quantization, the real output yq(t). The result is

yq(t) = C̄Āt x̄(0)+
t−1

∑
i=0

C̄Āt−1−i (B̄1w(i)+ B̄2u(i)
)
. (2.11)

Considering the value Ā in Equation (2.9), the expresion Āt can be reduced to

Āt =

[
At Ω(t)
0 (A+BC)t

]
, (2.12)

where Ω(t) is an expression that increases for each t, in this case its value is not im-
portant since it will disappear from the calculation. Effectively, remembering that
x̄(0) = [x(0) ξ (0)]> = [x(0) 0]>, the terms of Equation (2.11) are represented by

C̄Āt x̄(0) = CAtx(0), (2.13)

C̄Āt−1−iB̄2u(i) = CAt−1−iBu(i). (2.14)
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Then, yq(t) can be rewritten as

yq(t) = CAtx(0)+
t−1

∑
i=0

C̄Āt−1−iB̄1w(i)+
t−1

∑
i=0

CAt−1−iBu(i). (2.15)

For the case in which the control signal u(t) is apply directly to the plant P (ideal
case) the plant’s output y(t) is

y(t) = CAtx(0)+
t−1

∑
i=0

CAt−1−iBu(i). (2.16)

The difference between the Equations (2.15) and (2.16) gives us:

yq(t)− y(t) =
t−1

∑
i=0

C̄Āt−1−iB̄1w(i). (2.17)

Taking the absolute value of both members of Equation (2.17) and considering that
the quantized error abs(w(i))≤ d

2 we have

abs
(
yq(t)− y(t)

)
= abs

(
t−1

∑
i=0

C̄Āt−1−iB̄1w(i)

)
,

≤
t−1

∑
i=0

abs
(
C̄Āt−1−iB̄1

)
abs(w(i)),

≤ d
2

t−1

∑
i=0

abs
(
C̄Āt−1−iB̄1

)
. (2.18)

By replacing the values in Equation (2.9) to Equation (2.18) we obtain

abs
(
yq(t)− y(t)

)
≤ d

2

t−1

∑
t=0

abs

[C 0
][A BC

0 A+BC

]t−1−i[
B
B

] . (2.19)

Finally, in [8] it is proven that the equality in Equation (2.19) gives the supremum
of abs

(
yq(t)− y(t)

)
, this means that the performance index is given by

E(Q) =
d
2

L

∑
t=0

abs

([
C 0

][A BC
0 A+BC

]t [
B
B

])
, (2.20)

where the evaluation interval L→ ∞, but for practical purposes it can be considered as
a big number.
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In order to obtain the smallest performance degradation, it is necessary to make
E(Q) as small as possible by the appropriate design of the dynamic quantizer Q. Then,
the dynamic quantizer design is reduced to an optimization problem, where the ob-
jective function is given by E(Q) in Equation (2.20) and the design variables are the
parameters of the quantizer Q.

2.3. Minimum Quantization Interval

The data rate constraint of the communication channel imposes limitations in the de-
sign of dynamic quantizers. Considering that Nb is the number of bits that can be
transmitted through the channel per sampling time, the number of quantization levels
M should satisfy the following condition

M ≤ 2Nb . (2.21)

In this thesis it is assumed that M is given so as to satisfy Equation (2.21).
On the other hand, Equation (2.20) states that d is directly proportional to E(Q).

Then, in order to minimize E(Q) it is necessary to make d as small as possible. How-
ever, d and M are subjected to the following condition derived from Figure 2.2.

abs(Cξ (t)+u(t))≤ 1
2

Md. (2.22)

The minimization of d under this condition is equivalent to a reachable set problem
not easy to solve.

Okajima et al. in [6], [16] and [17] found an expresion for the minimum quantiza-
tion interval that satisfies the data rate constrains d∗. To design d, we need to consider
the values of ξ (t) and u(t). Although the range of u(t) is given by U = [umin,umax] the
range of ξ (t) is unknown. Thus, the range of ξ (t) should be estimated for a given Q.

The range of the quantizer Ū = [ūmin, ūmax] can be characterize by the ranges of
u(t) and ψ = Cξ as follows

Ū = [umin +ψmin,umax +ψmax] , (2.23)

Considering Equation (2.3) a normalized version of the quantization error w(t) is
given by

w̄(t) =
w(t)
d/2

=
2
d
(v(t)−Cξ −u(t)) , (2.24)
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where w̄(t) ∈ [−1,1] and, in consequence, |w̄(t)| ≤ 1. From this normalized error we
build the following system

H :

{
ξ (t +1) = (A+BC)ξ (t)+ d

2Bw̄(t),
ψ(t) = Cξ (t), |w̄(t)| ≤ 1,

(2.25)

by making the following change in the coordinates ξ = d
2 ξ̄ we can represent the system

H as

H̄ :

{
ξ̄ (t +1) = (A+BC) ξ̄ (t)+Bw̄(t),
ψ̄(t) = Cξ̄ (t), |w̄(t)| ≤ 1,

(2.26)

where ψ̄ = 2ψ/d. Notice that the system H̄ is independent of d.
The reachable set problem is reduced into finding the ψ̄min and ψ̄max subjected to

the condition that

ψ̄min ≤ Cξ̄ (t)≤ ψ̄max, ∀ξ̄ (t) ∈ Ξ, (2.27)

where Ξ is the reachable set of ξ̄ (t) to w̄(t).
From the Equations (2.22) and (2.23) the following conditions can be derived

Cξ (t)+u(t)≤ umax +ψmax = umax +
d
2

ψ̄max,

Cξ (t)+u(t)≥ umin +ψmin = umin +
d
2

ψ̄min,

and the range of the quantizer is subjected to the following condition

ūmax− ūmin ≤ Md,(
umax +

d
2

ψ̄max

)
−
(

umin +
d
2

ψ̄min

)
≤ Md,

(umax−umin)+
d
2
(ψ̄max− ψ̄min) ≤ Md,

(umax−umin)

M− 1
2 (ψ̄max− ψ̄min)

≤ d, (2.28)

By using the optimal values of ψ̄min and ψ̄max the minimium quantization interval
dopt is given by

dopt =
(umax−umin)

M− 1
2

(
ψ̄

opt
max− ψ̄

opt
min
) , (2.29)
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as it is shown in [6]. If M− 1
2

(
ψ̄

opt
max− ψ̄

opt
min
)
≤ 0, there is no d that satisfies the data

rate constraints and the quantizer should be redesign.
Considering the system in Equation (2.26), we can obtain the value of ψ̄(t) by

evaluating the system from τ = 0,1,2, . . . , t − 1 and having in account that ξ̄ (0) =
2
d ξ (0) = 0. The value of ψ̄(t) is given by

ψ̄(t) =
t−1

∑
τ=0

C(A+BC)t−1−τBw̄(τ), (2.30)

and the reachable set boundaries are given as follow

ψ̄
opt
min = −

∞

∑
t=0

abs
(
C(A+BC)tB

)
, (2.31)

ψ̄
opt
max = +

∞

∑
t=0

abs
(
C(A+BC)tB

)
, (2.32)

In reality we cannot evaluate the series in Equations (2.31) and (2.32) until ∞.
Thus, we approximate the values of ψ̄

opt
min and ψ̄

opt
min by evaluating the equations until a

finite number L, the evaluation interval. This give us

ψ̄
L
min = −

L

∑
t=0

abs
(
C(A+BC)tB

)
, (2.33)

ψ̄
L
max = +

L

∑
t=0

abs
(
C(A+BC)tB

)
, (2.34)

Then, Okajima et al. in [16] defined ψ̂ as follows

ψ̂ :=
abs(CT)abs(T−1B)Λ̄L

1− Λ̄
, (2.35)

=
∞

∑
t=L

abs(CT)abs(T−1B)Λ̄t ,

≥
∞

∑
t=L

abs
(
C(A+BC)tB

)
,

where Λ̄ is given by Equation (2.5) and T is the matrix used for the diagonalization of
(A+BC), which means that its columns are the eigenvectors of (A+BC). ψ̂ satisfies
these relations

ψ̄
L
min− ψ̂ ≤ ψ̄

opt
min ≤ ψ̄

L
min, (2.36)

ψ̄
L
max ≤ ψ̄

opt
max ≤ ψ̄

L
max + ψ̂ , (2.37)
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Finally replacing ψ̄
opt
min and ψ̄

opt
max in Equation (2.29) for

(
ψ̄L

min− ψ̂
)

and
(
ψ̄L

max + ψ̂
)

respectively we have

d∗ =
(umax−umin)

M− ψ̂− 1
2

(
ψ̄L

max− ψ̄L
min
) , (2.38)

which is the approximated version of Equation(2.29). Is fair to notice that

dopt = lim
L→∞

d∗. (2.39)

Putting all the together Equations (2.33), (2.34) and (2.35) into Equation (2.38) we
have

d∗ =
(umax−umin)

M− abs(CT)abs(T−1B)Λ̄L

1− Λ̄
−

L

∑
t=0

abs
(
C(A+BC)tB

) , (2.40)

The evaluation interval L should be selected as a big number to reduce the error due
to the approximation. Therefore, d∗ is used for the design of the finite-level dynamic
quantizer.

2.4. Design Problem and Constraints

The finite-level dynamic quantizer design problem is formulated as follow:

Suppose that the plant P, the number of quantization levels M and the input
signal range U are given. Then, find the quantizer parameters A, B, C and d
which minimize E(Q), under the conditions that:

i Q is stable (Λ̄ < 1), and

ii The data rate constraint is satisfied (d = d∗ > 0).

The optimization problem considered here is non-linear and non-convex, so it can
not be directly solved by conventional methods like linear programming or quadratic
programming. For this reason a metaheuristic approach is used to solve the problem.

This quantizer design problem is subjected to two constraints that define its space
solution. Then, since the metaheuristic algorithms considered in this thesis were de-
signed to solve unconstrained problems, the above constrained optimization problem
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is transformed into an unconstrained one, by using the method in [18] and [19]. In this
method an optimization problem subjected to multiple constraint conditions is formu-
lated as follows

minimize
x∈F

forg(x), F := {x|p1(x)< 0, p2(x)< 0, . . . , pm(x)< 0}, (2.41)

where forg(x) : Rn→R represents the original objective function, x ∈Rn is the design
variable, pi(x) : Rn→R is a linear/nonlinear hard constraint function and F represents
the feasible region, i.e., the set of solutions satisfying all constraint conditions. It is
assumed that F is not empty.

First, it is necessary to find a function fv(x) : Rn→ R that satisfies simultaneously
the following conditions:

(C1) fv(x)< 0 holds for any x ∈ F.

(C2) fv(xa)< fv(xb) holds whenever forg(xa)< forg(xb) is satisfied.

The function fv(x) is known as virtual objective function and it always exists. Notice
that if forg(x) already satisfies the first condition (C1), the virtual function can be
simply set as fv(x) = forg(x).

Once that fv(x) is selected, the constrained optimization problem in Equation (2.41)
is transformed into the following unconstrained one

minimize
x∈Rn

f (x), for f (x) :=

{
p(x) if p(x)≥ 0,
fv(x) otherwise,

(2.42)

where

p(x) := max[p1(x), p2(x), . . . , pm(x)]. (2.43)

The function p(x) is called here penalty factor, because this function is applied
when the constraints of the problem are not satisfied. Then, the constraints of the
problem act as variable penalty factors. A fixed penalty factor does not provide infor-
mation about how far a candidate solution is out from F, and it usually happens that
when all the candidate solutions are initially out of the feasible region there is no way
for the metaheuristic to make them go inside F. The method described above solves
this problem by providing the information about how far a search point is out of F, this
information is given by p(x) in Equantion (2.43).
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In order to implement the handling constraints method to the design of finite-level
dynamic quantizers it is necessary to represent the constrained optimization problem
in the form shown in Equation (2.41). The original objective function is

forg(x) = E(x) | d = d∗(x), (2.44)

where E(x) is the performance index in Equation (2.20), d∗ is the quantization interval
given by Equation (2.40) and the candidate solutions x are composed of the n unknown
elements of the matrices A, B and C. Then, the constraints of the problem take the form

Stability constraint: Λ̄(x)< 1 ⇒ p1(x) = Λ̄(x)−1,
Data rate constraint: d∗(x)> 0 ⇒ p2(x) =−d∗(x),

(2.45)

where Λ̄(x) is given by Equation (2.5).
There are many ways to select fv(x) satisfying the conditions (C1) and (C2). In

this study we use the following virtual function

fv(x) = arctan[ forg(x)]−π/2, (2.46)

since it probed to be effective in the solution of the problems presented in [19].
Finally, the dynamic quantizer design problem is expressed by the unconstrained

optimization problem given by Equation (2.42) with the following setting

fv(x) = arctan[E(x)]−π/2 with d = d∗(x), (2.47)

p(x) = max[Λ̄(x)−1, −d∗(x)]. (2.48)
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Chapter 3

Metaheuristics

Metaheuristics are high level strategies, often nature-inspired, for exploring feasible
solutions to optimization problems. The metaheuristics have several advantages: they
do not make assumptions of the problem to be solved; they do not need the gradient
or Hessian matrix of the function to be optimized, and many of them are easy to im-
plement and computationally inexpensive. As expected, they have some drawbacks as
well such as there is not guarantee that an optimal solution is ever found, some are very
sensitive to the tuning of the hyperparameters and the possibility of getting trapped into
local minima [20, 21, 22].

The metaheuristics used for the quantizers design are covariance matrix adaptation
evolution strategy (CMA-ES), differential evolution (DE) and firefly algorithm (FA).
The main reason to chose these metaheuristics is that they show a very good perfor-
mance in the optimization of multimodal functions with local minima. Additionally,
they are easy to implement and require very few hyperparameters to be tuned. A brief
description of these metaheuristics and their algorithms is presented below.

3.1. Covariance Matrix Adaptation Evolutionary Strat-
egy (CMA-ES)

The covariance matrix adaptation evolution strategy (CMA-ES) is an evolutionary al-
gorithm used for solving non-linear non-convex black-box optimization problems in
continuous domains. It is considered as a state-of-the-art in evolutionary computation.
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In CMA-ES the possible solutions, known as search points, are generated randomly
according to a multivariate normal distribution with mean m and covariance matrix Σ.
The initial value of m is provided by the user or it can be selected randomly inside
the search space and initially Σ = I. Then, in each iteration of the algorithm, the best
search points are selected and the parameters of the normal distribution are updated.
Thus, the mean m goes toward the best solution. In the next iteration the search points
are generated randomly according to the normal distribution with the new parameters
[23, 24]. An example of the operation of CMA-ES is shown in Figure 3.1 for a two
dimensional optimization problem.

(a) Peaks function. (b) Generation 1. (c) Generation 3. (d) Generation 6.

(e) Generation 9. (f) Generation 12. (g) Generation 15. (h) Generation 18.

Figure 3.1: Example of the operation of CMA-ES over a two dimensional
search space. It is shown how the N = 20 search points (black dots) and the
mean (red dot) move in the search space through the generations. The red
break line helps to see the adaptation of the covariance matrix, it represents
a contour of the multivariate normal distribution with constant probability
p1 = 0.1.

The main advantage of CMA-ES over the other metaheuristics is that it does not
require the tunning of almost any parameter. The only parameter left to the user is the
number of search points N. By increasing N from its default value, the exploration
capabilities and robustness of CMA-ES are usually improved, while the convergence
time increases. Other advantages are that it has several invariance properties and it
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shows a very good performance in solving non-separable and ill-conditioned problems.
This algorithm has been evolving since its first development around 1995. The

version applied in this study to the dynamic quantizer design is the (µ/µW ,λ ) CMA-
ES strategy, described in [25]. In the (µ/µW ,λ ) strategy, µ is the number of parents of
the next generation, µW indicates a weighted recombination of the parents and λ is the
number of search points, although, in this thesis λ is represented by N for comparison
purposes with the other algorithms. The (µ/µW ,λ ) CMA-ES algorithm is shown in
Algorithm 1.

Algorithm 1 : (µ/µW , λ ) CMA-ES
Initialization: Given N ∈ N, kmax ∈ N, m ∈ Rn, the step size σ ∈ R+ and the
initial search space S0 = [xmin,xmax]

n. Initialize Σ ∈ Rn×n, pσ ∈ Rn and pc ∈ Rn

as Σ = I, pσ = 0 and pc = 0 respectively. Set the values of the parameters cc, cσ ,
c1, cµ , dσ , µeff and wi (i = 1,2, . . .N) to their default values given in Appendix A.
Then, k = 0.
Step 1 (Sample new population): N search points {x1,x2, . . . ,xN} are generated
randomly from the multivariable normal distribution N

(
m,σ2Σ

)
as follow

xi = m+σyi, yi ∼N (0,Σ) for i = 1,2, . . . ,N . (3.1)

Step 2 (Selection and recombination): The objective function f (xi) is evaluated
for each xi, then the search points {x1,x2, . . . ,xN} and their respective {y1,y2, . . . ,yN}
are ordered based on the fitness value of xi. The ones with the best fitness go at
the beginning.

The first µ search points are the parents of the next generation. They are
combined with each other to generate the new mean as follows

m =
µ

∑
i=1

wixi = m+σyw, (3.2)

yw =
µ

∑
i=1

wiyi . (3.3)

Step 3 (Step size control):

pσ ← (1− cσ )pσ +
√

cσ (2− cσ )µeffΣ
− 1

2 yw, (3.4)

σ ← σ × exp
[

cσ

dσ

(
‖pσ‖

E‖N(0, I)‖
−1
)]

, (3.5)
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where E‖N(0, I)‖ ≈
√

n
(
1−1/4n+1/21n2).

Step 4 (Covariance matrix adaptation):

hσ =

 1 if ‖pσ‖√
1−(1−cσ )2(k+1)

<
(
1.5+ 1

n−0.5

)
E‖N(0, I)‖,

0 otherwise,
(3.6)

pc← (1− cc)pc +hσ

√
cc(2− cc)µeffyw, (3.7)

Σ← (1− c1− cµ)Σ+ c1
(
pcpT

c +(1−hσ )cc(2− cc)Σ
)
+ cµ

µ

∑
i=1

wiyiyT
i . (3.8)

Step 5 (Check stop condition): If the stop condition is not satisfied k← k+1 and
go to Step 1. Otherwise, terminate the algorithm and return m (or x1).

The default values of the CMA-ES’ control parameters are shown in Appendix A.
Meanwhile, the initial values of m and σ are problem dependent and should be chosen
appropriately. A criteria for the selection of the initial m is to sample it uniformly
within a region of the search space where the user expects to find the global optima
S0 = [xmin,xmax]

n. If the global optima is not inside S0, the CMA-ES algorithm will
still be able to find it, but the convergence speed will be slower and the probability of
the algorithm to get trapped into a local minimum will increase. On the other hand,
the initial step size σ should not be too small since it will reduce the algorithm per-
formance on multimodal functions. A rule of the thumb empirically found is to make
σ = 0.3(xmax− xmin).

The stop criteria of the CMA-ES algorithm is problem dependent too and it should
be selected by the user. In this case the algorithm will terminate if the maximum num-
ber of iterations kmax is reached or if the condition number of the covariance matrix Σ

exceeds 1014. In order to compare the performance of CMA-ES against other meta-
heuristics different values of kmax were used.

3.2. Differential Evolution (DE)

DE is a population based metaheuristic algorithm inspired in the mechanism of bi-
ological evolution [26]. In this algorithm, the objective function f (x) is evaluated
iteratively over a population of search points xi, known as target vectors in the DE lit-
erature, in each iteration the search points improve their values and move towards the
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best solution. Finally the search point with the lowest fitness value in the last iteration
is regarded as the optimal solution.

Some advantages of DE are that it is very easy to implement and has only two
tuning parameters: the scale factor F and the crossover constant H, apart from the
number of search points N and the maximum number of iterations kmax. Besides, DE
shows very good exploration capacities and converge very fast to the global optima.
The DE algorithm is shown in Algorithm 2

Algorithm 2 : DE (DE/best/1/bin strategy)

Initialization: Given N ∈ N, kmax ∈ N, F ∈ [0,2], H ∈ [0,1] and the search space
S0 = [xmin,xmax]

n. Set k = 0 then select randomly N search points {x1,x2, . . . ,xN}
in the search space.
Step 1: The objective function f (x) is evaluated for each xi and xbase = xlk is
calculated by:

lk = argmini∈{1,2,...,N} f (xi). (3.9)

If k = kmax then xbase is the final solution, if not go to step 2.
Step 2 (Mutation): For each xi a mutant vector Mi is generated by:

Mi = xbase +F(xτ1,i−xτ2,i), (3.10)

where τ1,i and τ2,i are random indexes subject to i 6= τ1,i 6= τ2,i 6= lk.
Step 3 (Crossover): For each xi and Mi a trial vector Li is generated by:

Li, j =

{
Mi, j if ρi, j ≤ H of j = jrand ,
xi, j otherwise,

(3.11)

where ρi, j ∈ [0,1] and jrand ∈ {1,2, . . . ,n} are generated randomly.
Step 4 (Selection): The members of the next generation k+1 are selected by:

xi←

{
Li if f (Li)≤ f (xi),
xi otherwise,

(3.12)

then k← k+1 and go to step 1.
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3.3. Firefly Algorithm (FA)

The firefly algorithm is a population based metaheuristic that is inspired in the flashing
behavior of tropical fireflies. It was first introduced in [27], and it has been evolving
since then. The algorithm is based on the following three idealize rules about the
fireflies behavior:

1. Each firefly will be attracted to other fireflies regardless of their sex.

2. The attractiveness between two fireflies is proportional to their brightness and
it decreases as the distance between them increases. The less brighter firefly
will move towards the brighter one and the brightest in the swarm will move
randomly.

3. The brightness of a firefly is determined by the landscape of the objective func-
tion.

Some advantages of the FA algorithm over the other metaheuristics are the auto-
matic subdivision of the set of search points, the ability to deal with multimodality and
the online tuning of the parameters to control the randomness in the update law [28].

The FA algorithm has the following parameters: the initial randomness scaling
factor α0, the initial attractiveness β0, the absortion coefficient γ and the cooling factor
δ . The FA implementation used in this study is shown in Algorithm 3.

Algorithm 3 : FA
Initialization: Given N ∈ N, kmax ∈ N, α0, β0, γ ∈ [0,∞) (in practice [0.1,10]),
δ ∈ (0,1) and the initial search space S0 = [xmin,xmax]

n. Set k = 0, then select
randomly N search points {x1,x2, . . . ,xN} within S0.
Step 1: The objective function f (xi) is evaluated for each xi, then the search points
are sorted in ascending order based on their fitness value. If k = kmax then xN is
the solution of the algorithm, if not go to Step 2.
Step 2: Find the limits of the search space. Considering that Lb = {l1, l2, . . . , ln}
and Ub = {u1,u2, . . . ,un}, then for j = {1,2, . . . ,n}:

l j = min
x j∈{xi, j|i=1,2,...,N}

x j, (3.13)

u j = max
x j∈{xi, j|i=1,2,...,N}

x j, (3.14)
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where xi, j is the jth component of the search point xi.
Step 3: Reduce the randomness:

α = α0δ
k, (3.15)

Step 4: For i = {1,2, . . . ,(N − 1)} the following update law is applied to each
search point:

xi ← xi +
N

∑
j=i+1

[
β0 exp

[
−γ
∥∥x j−xi

∥∥2
2

](
x j−xi

)
+αε j

]
, (3.16)

ε j = ρ j(Ub−Lb), (3.17)

where ρ j ∈ [−0.5,0.5] is a random number uniformly distributed. Then, make
k← k+1 and go to Step 1.
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Chapter 4

Finite-level Quantizer Design Based on
Metaheuristics

In this chapter it is explained the methodology and settings for the implementation of
the finite-level dynamic quantizer design method. Then, by numerical examples it is
verified that the designed quantizers work properly. After that, the methods based on
different metaheuristics are compared among each other and with previously developed
methods in order to evaluate their performance.

4.1. Methodology and Settings

The quantizer design method consists in finding the values of A, B, C and d of the dy-
namic quantizer given by the Equation (2.2) that solve the unconstrained optimization
problem given by Equation (2.42). The optimization is carried out by using one of the
metaheuristics described in Chapter 3 (CMA-ES, DE or FA). The objective function
for the optimization is f (x) in Equation (2.42) with fv(x) and p(x) given by Equations
(2.47) and (2.48) respectively. In there, the design variable x ∈ Rn is constructed with
the n unknown elements of the matrices A, B and C.

Then, given the plant P with order np, the first step is to choose the order and form
of the quantizer. The selection of the quantizers’ order can be subjected to the precision
wanted or the computational capacity available to implement it.

Once the order of the quantizer is chosen, it is time to set the form of the quantizer.
Of course, it is possible to consider all the elements of A, B and C as variables for
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the optimization problem, in that case we will have n = 2nq + n2
q variables in total.

However, this setting is not optimal since it is possible to represent the same quantizer
into its equivalent canonical controllable form. Thus, it will be better to express the
quantizer directly into its canonical form because in that case the amount of variables
will be less (n = 2nq) and the metaheuristic will found the solutions faster and more
precisely. With this setting the form of the quantizer is given by

A=


0 1 0 · · · 0
0 0 1 · · · 0
...

...
... . . . ...

x1 x2 x3 · · · x n
2

 , B=


0
0
...
1

 , C=
[
x n

2+1 x n
2+2 x n

2+3 · · · xn

]
(4.1)

Thereby, the form of the design variable or search points for the metaheuristic is
x = {x1,x2, . . . ,xn}. Note that, although d is regarded as a design parameter as well, its
value is a function of A, B and C, since d = d∗ and d∗ is given by the Equation (2.40).

4.2. Numerical Examples

With the purpose of verifying the effectiveness of the proposed metaheuristic based
quantizer design method, we performed a series of simulations. The metahueristics
used are CMA-ES, DE, FA and PSO. The last one, PSO, was employed in a previous
study [14] and we used it here for comparison purposes. Appendix B shows the PSO
algorithm.

Considering the system in Figure 2.1, two different plants P were selected. One is
the second order system:

P1(s) =
s+20

s2 +3s+2
, (4.2)

and the other is the third order system:

P2(s) =
s+10

s3 +6s2 +9s+10
. (4.3)

For both plants the sampling time is ∆t = 0.1[s], and the parameters for the quantizer
are: U = [1,−1], M = 2 and L = 150. For P1 and P2, the form of the quantizer constant
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matrices are given by

A1 =

[
0 1
x1 x2

]
, B1 =

[
0
1

]
, C1 =

[
x3 x4

]
, (4.4)

A2 =

 0 1 0
0 0 1
x1 x2 x3

 , B2 =

0
0
1

 , C2 =
[
x4 x5 x6

]
, (4.5)

respectively. Then, the form of the search points for the metaheuristic algorithms are

x(1) =
[
x1 x2 x3 x4

]>
for P1 and x(2) =

[
x1 x2 x3 x4 x5 x6

]>
for P2, which

implies that the dimension of the optimization problems are n1 = 4 and n2 = 6, respec-
tively.

The hyperparameters of the metaheuristics employed are given in the Table 4.1.
The metaheuristics’ performance is subjected to the value of the hyperparameters. In
this case we chose the control parameters based on the recommended values of pre-
vious studies. For DE we used the same parameter as in [13], for FA we follow the
recomentaion in [28] and for PSO in order to compare the results we used the same
hyperparameter as in [14]. In the case of CMA-ES the hyperparameters are the ini-
tial values of σ and m but they can be generated automatically from the initial search
interval S0 according to [25].

Table 4.1: Hyperparameters used for the simulations.

CMA-ES DE FA PSO
σ0 = 0.3 F = 0.6 α0 = 0.25 χ0 = 0.9

H = 0.9 β0 = 1 χ1 = 1
γ = 0.1 χ2 = 1
δ = 0.97

For DE, FA and PSO the initial search points (members of the first generation)
are generated randomly inside the initial search space S0 = [−1,1]n by an uniform
probability distribution. Additionally, for PSO the initial velocities of the particles
are randomly initialized in the range V0 = [0,1]n. For CMA-ES the initial mean m0 is
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selected randomly using a uniform probability distribution within S0 = [−1,1]n and the
initial search points are sampled from the normal probability distribution N

(
m,σ2I

)
.

The simulations are performed by trying Nrun = 50 runs of the algorithms for each
combination of the parameters N = {50,100,500} and kmax = {50,100,200,500,1000}.
The results of the simulations are summarized in the Tables 4.2, 4.3, 4.4 and 4.5. In
the tables, for each plant and for each combination of N and kmax, the best Emin(Q),
the mean and the standard deviation of Emin(Q), the success rate (SR) in percentage
[%] and the average execution time in seconds [s] are shown. The success rate, which
is used as a measurement of the algorithm performance, is the ratio of the number of
runs with the best solution to the total number of runs of the algorithm Nrun.

Table 4.2: Simulation results for the second and third order plants by CMA-ES (Nrun =

50 trials).

Second order system, P1 Third order system, P2

N kmax Best Mean St. dev. SR Time Best Mean St. dev. SR Time
50 50 0.5091 0.5870 0.1059 66 5.9 0.0719 0.0948 0.0335 0 8.8
50 100 0.5091 0.5395 0.0814 86 12.2 0.0691 0.0797 0.0302 82 18.2
50 200 0.5091 0.5800 0.1121 70 18.5 0.0691 0.0751 0.0238 94 37.8
50 500 0.5091 0.5438 0.0861 86 19.6 0.0691 0.0733 0.0200 92 91.6
50 1000 0.5091 0.5736 0.1089 74 17.5 0.0691 0.0814 0.0328 86 173.9
100 50 0.5091 0.5152 0.0353 98 12.7 0.0692 0.0704 0.0009 38 18.3
100 100 0.5091 0.5091 0.0000 100 26.7 0.0691 0.0691 0.0000 100 38.1
100 200 0.5091 0.5140 0.0347 98 29.8 0.0691 0.0691 0.0000 100 78.1
100 500 0.5091 0.5140 0.0347 98 29.0 0.0691 0.0691 0.0000 96 190.4
100 1000 0.5091 0.5190 0.0486 96 28.4 0.0691 0.0691 0.0000 98 388.6
500 50 0.5091 0.5091 0.0000 100 82.2 0.0691 0.0691 0.0000 98 86.0
500 100 0.5091 0.5091 0.0000 100 141.1 0.0691 0.0691 0.0000 100 180.0
500 200 0.5091 0.5091 0.0000 100 142.5 0.0691 0.0691 0.0000 100 356.5
500 500 0.5091 0.5091 0.0000 100 143.5 0.0691 0.0691 0.0000 100 911.3
500 1000 0.5091 0.5091 0.0000 100 146.5 0.0691 0.0691 0.0000 100 1715.2

The simulation results show that the design methods based on CMA-ES and DE
are quite superior than the ones based on FA and PSO. The design method based on
CMA-ES gave the best results for both plants, with the smallest performance index
value and the highest success rate. The results of the design method based on DE
are very good as well. Both methods CMA-ES and DE overcome the design method
previously developed based on PSO. And the method based on FA show not to be
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Table 4.3: Simulation results for the second and third order plants by DE (Nrun = 50
trials).

Second order system, P1 Third order system, P2

N kmax Best Mean St. dev. SR Time Best Mean St. dev. SR Time
50 50 0.5091 0.6051 0.1197 62 7.8 0.0692 0.1113 0.0461 4 7.9
50 100 0.5091 0.5885 0.1158 68 17.2 0.0691 0.0949 0.0419 30 16.2
50 200 0.5091 0.5984 0.1191 64 34.7 0.0691 0.0963 0.0433 32 33.9
50 500 0.5091 0.5896 0.1153 68 95.1 0.0691 0.0966 0.0432 44 86.0
50 1000 0.5091 0.5741 0.1086 74 181.9 0.0691 0.0838 0.0345 62 175.3
100 50 0.5091 0.5641 0.1026 78 16.4 0.0692 0.0871 0.0358 28 16.0
100 100 0.5091 0.5885 0.1158 68 33.5 0.0691 0.0817 0.0324 68 33.3
100 200 0.5091 0.5666 0.1023 78 67.6 0.0691 0.0853 0.0366 80 69.1
100 500 0.5091 0.5488 0.0910 84 170.8 0.0691 0.0832 0.0347 84 175.5
100 1000 0.5091 0.5438 0.0861 86 349.9 0.0691 0.0852 0.0367 84 350.9
500 50 0.5091 0.5190 0.0486 96 69.8 0.0692 0.0745 0.0198 76 77.5
500 100 0.5091 0.5438 0.0861 86 139.9 0.0691 0.0711 0.0140 98 174.6
500 200 0.5091 0.5425 0.0813 86 286.1 0.0691 0.0712 0.0140 96 352.5
500 500 0.5091 0.5438 0.0861 86 686.1 0.0691 0.0791 0.0300 90 907.0
500 1000 0.5091 0.5438 0.0861 86 1408.7 0.0691 0.0691 0.0000 100 1730.8

appropriated for the design of the finite-level dynamic quantizer. In Section 4.3 these
results will be discussed in more detail.

Next, we evaluate the performance of the designed quantizer in the system in Fig-
ure 2.1. We take the parameters of the quantizer from the simulations performed, in
particular we chose the quantizers that gave the smallest performance indices for each
plant. Both quantizers were found for the design method based on CMA-ES, and their
values for P1 and P2 are shown as follow:

A1 =

[
0 1

−0.7413 1.7241

]
, B1 =

[
0
1

]
,

C1 =
[
0.6532 −1.1619

]
, d1 = 3.1082. (4.6)

A2 =

 0 1 0
0 0 1

0.1391 −1.1584 2.0022

 , B2 =

0
0
1

 ,

C2 =
[
−0.2078 0.9785 −1.1550

]
, d2 = 3.2337. (4.7)
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Table 4.4: Simulation results for the second and third order plants by FA (Nrun = 50
trials).

Second order system, P1 Third order system, P2

N kmax Best Mean St. dev. SR Time Best Mean St. dev. SR Time
50 50 0.6469 0.9025 0.1486 0 3.2 0.1744 0.2102 0.0233 0 5.8
50 100 0.7562 0.7958 0.0698 0 6.4 0.1546 0.1763 0.0148 0 12.4
50 200 0.7322 0.7852 0.0989 0 12.5 0.1624 0.1696 0.0031 0 26.0
50 500 0.5320 0.7449 0.0487 4 30.6 0.1614 0.1722 0.0078 0 66.6
50 1000 0.5324 0.7575 0.0922 4 59.3 0.1479 0.1716 0.0132 0 134.9
100 50 0.7690 0.9171 0.1569 0 5.8 0.1711 0.2063 0.0247 0 12.0
100 100 0.7497 0.8222 0.1311 0 11.5 0.1644 0.1735 0.0052 0 26.6
100 200 0.6737 0.7753 0.0587 0 22.8 0.1533 0.1699 0.0047 0 55.8
100 500 0.5783 0.7625 0.0442 2 56.7 0.1579 0.1692 0.0032 0 144.9
100 1000 0.5340 0.7629 0.0670 2 113.3 0.1438 0.1715 0.0090 0 285.7
500 50 0.7633 0.8128 0.0964 0 28.9 0.1668 0.1980 0.0167 0 81.2
500 100 0.6695 0.7821 0.0431 0 56.8 0.1479 0.1723 0.0061 0 170.2
500 200 0.7329 0.7620 0.0190 0 113.7 0.1341 0.1689 0.0057 0 349.3
500 500 0.6152 0.7672 0.0724 0 282.4 0.1200 0.1671 0.0087 0 880.0
500 1000 0.5684 0.7440 0.0533 8 577.9 0.1546 0.1697 0.0037 0 1776.7

The selected input signal, which has range U = [−1,1], is the following:

u(t) = 0.7sin(0.3t)+0.3sin(0.4t). (4.8)

The results are shown in Figure 4.1, the upper figures show the time responses for
the second order system and lower ones for the third order system. Notice that in both
cases the quantized input signal v(t) has only two levels since it was specified that M =

2. For the second order system Figure 4.1b shows how the real output yq(t) follows
closely the desired output y(t) and the error between them is very small. In fact, the
maximum error registered is maxt∈{1,2,...,150} abs

[
yq(t)− y(t)

]
= 0.3462. Then, since

for the respective designed quantizer E(Q) = 0.5091, it is verified that the maximum
error in this example is less than the performance index E(Q). The same situation
happens for the third order system , where, maxt∈{1,2,...,150} abs

[
yq(t)− y(t)

]
= 0.0319

and E(Q) = 0.0691.
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Table 4.5: Simulation results for the second and third order plants by PSO (Nrun = 50
trials).

Second order system, P1 Third order system, P2

N kmax Best Mean St. dev. SR Time Best Mean St. dev. SR Time
50 50 0.7291 0.7910 0.0271 0 6.4 0.1386 0.2052 0.0340 0 5.6
50 100 0.6467 0.7612 0.0196 0 13.4 0.1297 0.1814 0.0157 0 11.2
50 200 0.7437 0.7577 0.0027 0 28.2 0.0867 0.1650 0.0182 0 23.5
50 500 0.7015 0.7556 0.0080 0 76.8 0.0713 0.1579 0.0300 0 66.6
50 1000 0.5731 0.7518 0.0274 2 159.4 0.0706 0.1529 0.0333 0 151.7

100 50 0.7300 0.7815 0.0211 0 10.7 0.1047 0.1867 0.0195 0 11.4
100 100 0.6960 0.7593 0.0101 0 22.8 0.1556 0.1734 0.0063 0 23.7
100 200 0.6160 0.7491 0.0316 0 49.3 0.0789 0.1557 0.0293 0 48.5
100 500 0.5150 0.7476 0.0429 4 140.6 0.0716 0.1430 0.0405 0 135.7
100 1000 0.6261 0.7535 0.0194 0 306.0 0.0729 0.1510 0.0362 0 299.5
500 50 0.5204 0.7550 0.0366 2 52.8 0.0920 0.1660 0.0209 0 56.6
500 100 0.5561 0.7447 0.0436 4 110.7 0.0774 0.1505 0.0342 0 115.0
500 200 0.5114 0.7458 0.0477 4 234.5 0.0712 0.1491 0.0374 0 249.2
500 500 0.5097 0.7025 0.0964 22 566.6 0.0709 0.1357 0.0426 0 698.6
500 1000 0.5091 0.6777 0.1132 32 1108.1 0.0701 0.1305 0.0453 0 1477.3

4.3. Comparison Among Metaheuristics

In this section we discuss in detail the results from the developed simulations. A com-
parison among the design methods based on CMA-ES, DE, FA and PSO is developed
in terms of the success rate, convergence behavior and execution time. The data for
this analysis can be found in the Tables 4.2, 4.3, 4.4 and 4.5.

4.3.1 Success Rate Comparison

For the second order system the best solution found for CMA-ES and DE is the same
Emin(QCMA−ES) = Emin(QDE) = 0.509057, for PSO is slightly bigger Emin(QPSO) =

0.509073 and for FA is quite bigger Emin(QFA) = 0.531969. For the third order sys-
tem this relation is the same Emin(QCMA−ES) = Emin(QDE) = 0.069132, Emin(QPSO) =

0.070130 and Emin(QFA) = 0.119999.
The best solutions are provided by CMA-ES and DE. These solutions are the same

in both cases indicating that they both have the exploration capacities to solve the
quantizer design problem. Now, in the case of PSO for the second order system, the
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(c) Input signals of third order plant P2.
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(d) Output signals of third order plant P2.

Figure 4.1: System responses when the control signal u(t) is applied to the
plants P1 and P2. The black lines represent the signals of the system without
quantization. Meanwhile, the blues ones are the signals when the quantization
is performed.

best solution is very close the one obtained by CMA-ES and DE, while for the third
order system, the difference between the results is not negligible. In contrast, the
solutions provided by FA are relatively big in comparison with the others.

A more important point is the success rate when comparing these algorithms. The
success rate gives an idea about how effective is an algorithm. A low success rate
indicates that the algorithm gets trapped into local minima, and that the probability to
find the global minimum is small. Thus, an algorithm with high success rate is reliable.
The success rates of the quantizer design algorithms are shown in Figure 4.2 for the
second order system and in Figure 4.3 for the third order system, this values are the
same as in the tables.

They show how the performances of CMA-ES and DE are quite better than the
performances of PSO and FA for the design of the quantizer. For the second order
system the success rates of CMA-ES and DE are always over 60%. Meanwhile, the
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Figure 4.2: Success rate for the second order plant (P1).
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Figure 4.3: Success rate for the third order plant (P2).

success rates of PSO are less than 40% and for FA less than 10%. For the third order
system the success rates of PSO and FA are 0% in all the cases. Thus, it is verified
that the quantizer design based on CMA-ES and DE are reliable methods while the
ones based on PSO and FA are not. Now, for both plants the success rates obtained
with CMA-ES are better than the ones obtained with DE, specially when the number
of search points N and (or) the maximum number of generations kmax are small, for
bigger values of N and kmax their success rates are very close to each other. Then, it is
fair to say that the design method based on CMA-ES is better and more reliable than
the one based on DE.

An interesting result from the tables is the values of the mean. The means were
taken over the Nrun = 50 trials of the algorithm. For the CMA-ES based method the
mean for both order systems is very close to the best value or Emin(Q), same for DE,
but not as close as in CMA-ES. In contrast, for PSO the best value and the mean are
different for the second order system, since the mean is closer to the local minima,
in the third order case they are both close to the local minima. The behavior of FA
is similar to PSO. Another remarkable fact taken from the tables is that the standard
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deviation in the CMA-ES based method is very small, almost zero, indicating how
close the results are from the mean that at the same time is almost as the best result.
The success rates are a reflection of these results.

4.3.2 Convergence Time Comparison

The convergence behavior of the algorithms is shown in Figure 4.4 for the second order
system and in Figure 4.5 for the third order system by sequences of E(Q) against the
generation number k. In these figures there were selected examples of trials of the
algorithms for each value of N and kmax = 500, although in the figures the sequences
are shown until k = 50. The only criteria used for the selection of this sequences among
the respective 50 trials was that the initial E(Q) should be close to E(Q) = 1. In each
case the figures show that the methods based on CMA-ES and DE converge fast to
the global optima, and that the design methods based on PSO and FA converge more
slowly to the local optima.

In terms of execution time PSO and FA shows to be faster than DE for both systems,
considering the results of Table 4.3, 4.4 and 4.4. However, comparing PSO and FA
execution times, it is notable that for the second order system the FA algorithm is
quite faster than PSO but for the third order system FA is slower than PSO. This is
due to the time complexity of the algorithms, thus, increasing the dimension of the
problem will make FA even more slower than PSO. For CMA-ES the situation is a
little ambiguous. For the second order system, it shows to be quite faster than the
others methods, moreover the execution time does not depend on kmax after a certain
value. On the other hand, for the third order system, CMA-ES is slower than the other
algorithms, and the execution time increases with kmax. This behavior is explained
with the double termination condition of the CMA-ES algorithm that are implemented
in this study. The first one is that the generation number k reaches kmax, this is the
only termination condition for DE, FA and PSO, and this explains why for the third
order system the execution time depends on kmax. The second termination condition of
CMA-ES is that the condition number of the covariance matrix Σ exceeds 1014, clearly
this condition is responsible for the behavior in the case of the second order system.
The CMA-ES policy is that the algorithm should be stopped whenever it becomes a
waste of CPU-time to continue. Then, it is possible to add more termination conditions
for the CMA-ES algorithm, and in this way reduce its execution time.
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Figure 4.4: Convergence behavior of the different metaheuristics for
the second order plant P1.
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Figure 4.5: Convergence behavior of the different metaheuristics for
the third order plant P2.
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Chapter 5

Discussion

This chapter presents a discussion about two topics. The first topic is about the reduc-
tion of the parameters in the design of the finite-level dynamic quantizer. The second
topic is about the development of a novel type of dynamic quantizer that operates in
an event-based manner. In the analysis of these topics the quantizer design method
presented in Chapter 4 is extensively used.

5.1. Reduction of Design Parameters for Finite-level Dy-
namic Quantizers

Although the proposed quantizer design methods are effective, it is still needed an
analytic expression of the optimal dynamic quantizer. In fact, the analytic expression
will make easy the theoretical analysis of the system with the quantizer. Even if it is not
possible to find an analytic expression for the optimal finite-level dynamic quantizer,
at least it will be helpful to reduce the number of parameters for its design.

For the case in which no data rate constraints are considered in the desing of the
quantizer there exists an analytic expresion for the optimal dynamic quantizer. This
expresion was presented in [8] and its form is as follow:

Q∗ :


A = A,
B = B,
C =−(CB)−1CA,

(5.1)
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where the value of the quantization interval d is given by the designer or can be chosen
arbitrarily. An important fact showed in Equation (5.1) is that the structure of the
optimal quantizer includes the model of the plant P.

Then, the question is: Does the structure of the optimal finite-level dynamic quan-
tizer have the information of the plant P? In order to answer this question, we consider
a possible optimal structure of the quantizer based on the relation in Equation (5.1) and
compared the results with the most general structure of the quantizer.

The general structure of the quantizer is as follows

A=


a11 a12 . . . a1nq

a21 a22 . . . a2nq
...

... . . . ...
anq1 anq2 . . . anqnq

 , B=


b11

b21
...

bnq1

 , C=
[
c11 c12 . . . c1nq

]
, (5.2)

where all the elements of A, B and C are variables. Clearly, this structure of the quan-
tizer comprehends all the other possible structures, and its solution space encloses all
the other possible structures’ solution space. Moreover, the solution space of this gen-
eral structure contains the optimal solution of the quantizer. We refer to the structure
in Equation (5.2) as Case 1.

On the other hand, the structure that we consider as possible optimal solution is
given by

A = A,

B = B, (5.3)

C =
[
c11 . . . c1nq

]
.

There, the only variables are the elements of C and we refer to this structure of the
quantizer as Case 2. In the Case 2, we assume that the optimal quantizer has the model
of P in the same way as in Equation (5.1).

Considering the Cases 1 and 2, if E1(Q) = E2(Q), the Case 2 has the same opti-
mal solution as Case 1 (the sub-indexes of E(Q) represent the respective case). This
will imply that the optimal solution includes the model of P. Figure 5.1 shows our
hypothesis represented in terms of the solution spaces.

The correctness or wrongness of the hypothesis previously formulated is verified
by means of several numerical simulations. In these simulations, the E(Q) and the
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Figure 5.1: Representation of the solution space for the Cases 1 and 2.

parameters of the quantizer are located, by using the finite-level dynamic quantizer
design method based on DE for the Cases 1 and 2 and compared the results. For that
purpose we made use of 9 different SISO-LTI discrete plants with first, second and
third order. They are shown in Table 5.1.

Table 5.1: Set of plants used for the design parameters reduction experiments.

1st order plants 2nd order plants 3rd order plants

P11 =
1

s+6
P21 =

s+20
s2 +3s+2

P31 =
1

s3 +10s2 +31s+30

P12 =
s+2

3s+10
P22 =

2s+25
s2 +4s+25

P32 =
s+10

s3 +6s2 +9s+10

P13 =
s−10
s+5

P23 =
s2 +14s+479
s2 +7s+74

P33 =
3s2 +9s+12

s3 +5s2 +21s+22

These plants were divided in two groups based on the type of system: minimum
phase (MP) and non-minimum phase (NMP) systems. A MP system is the system
whose all zeros are in the unit circle. Meanwhile, a NMP system has at least one zero
which is outside the unit circle. The groups can be seen in the second column of Table
5.2.

The setting of the simulations is as follow: the sampling time is ∆t = 0.1[s],
and the parameters for the quantizer are: U = [1,−1], M = 2 and L = 150. For
the DE algorithm the parameters are F = 0.6 and H = 0.9. The simulations were
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made Nrun = 50 times for each combination of parameters N = {200,500,1000} and
kmax = {200,500,1000}. The results of these simulations are presented in Table 5.2.

Table 5.2: Results for the design parameters reduction experiments. The quantizer
design method use for these experiments is the one based on DE with Nrun = 50 trials.

Case 1 Case 2
Plants Type E(Q) d E(Q) d

P11 MP 0.051818263 1.378180841 0.051818263 1.378180841
P12 MP 0.029448186 1.558277203 0.029448186 1.558277203
P13 NMP 0.847100102 1.435266598 0.847100102 1.435266598
P21 MP 0.509057352 3.108213923 0.509117253 3.13869626
P22 MP 0.434145776 2.197980761 0.434250438 2.192987642
P23 NMP 3.586124375 1.552648305 3.599193529 1.56715524
P31 NMP 0.002885156 2.585089764 0.002995108 2.623228209
P32 NMP 0.06913235 3.2337101 0.074049374 3.308945455
P33 MP 0.282408138 1.879615337 0.283939665 1.868429725

The simulations results presented in Table 5.2 can be summarized as follows:

E(Q)1 = E(Q)2 : 1st Order MP and NMP, (5.4)

E(Q)1 ≈ E(Q)2 :

{
2nd Order NMP,
3rd Order NMP,

(5.5)

E(Q)1 < E(Q)2 :

{
2nd Order MP,
3rd Order MP,

(5.6)

From this, it is possible to make the following conclusions: First, according to
Equation (5.4) for the first order systems our hypothesis is verified and the optimal
quantizer is given by Equation (5.3). For the second and third order systems the re-
sults show that the performance indices for both cases are different. It is arguable that
the metaheuristic couldn’t approximate well enough to the proposed optimal quantizer
because of the amount of variables. Thus, in order to discard this possibility we con-
sidered a Case 3 in which the quantizer to be designed is in the canonical controllable
form as shown in Equation (4.1). The results were the same as in Case 1 (with all the
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decimals). Therefore, we can say that the hypothesis that we formulated is not true for
the second and third order systems, and most probably for higher order systems.

On the other hand, it is still possible that the optimal finite-level dynamic quantizer
is relate to the plant somehow, but no directly as we assumed in this section.

5.2. Extension to the Event Triggered Quantizer

A characteristic feature of the NCSs is that the network can be shared. Thus, several
control or automation systems can be running over the same network including the
company’s intranet. Then, the need of optimizing the usage of the network resources
is of paramount importance. In addition, energy constraints set severe restrictions on
the operation of many types of NCSs, specially the ones in which sensors or actuators
are battery powered.

Motivated by the need of generating more efficient systems in terms of bandwidth
and energy consumption, here we extend the study developed so far in this thesis to
consider a switched-type finite-level dynamic quantizer that is actuated by events. This
type of quantizer is known as event-triggered quantizer. An event is some type of
variation of some characteristics of the system.

Until now, we were considering the situation in which the quantizer is time invari-
ant and the quantization and communication are performed periodically. Figure 5.2
shows the periodic operation of the quantizer.

Figure 5.2: Example of a synchronous dynamic quantizer operation.

The event-triggered quantizer is time variant and operates using aperiodic sam-
pling. Figure 5.3 shows an example of the operation of this type of quantizers, where
σ is the trigger signal and is provided by an event generator. In this example σ takes
only two values ON and OFF. When the value is ON the quantizer sends the data over
the network, when the value is OFF no data is sent. The event generator asks for data
when necessary, optimizing in this way the usage of the network.
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Figure 5.3: Example of an asynchronous dynamic quantizer operation.

The trigger signal σ can be a function of the state of the plant, the time or some
other variables in the system. In particular, we consider here an event-triggered quan-
tizer that reacts to variations in the capacity of the channel or more accurately to the
availability of bandwidth. The channel capacity is represented in this case by Nb which
is the number of bits that can be transmitted in the channel per sampling time. Conse-
quently, we call this quantizer data rate driven event-triggered quantizer. Its structure
and the way that it operates can be seen in Figure 5.4.

Figure 5.4: Data rate driven event-triggered quantizer structure and operation.

This quantizer QS is composed of a set of finite-level dynamic quantizers Qi (for
i = 1,2, . . . ,Nq) followed by a trigger mechanism that is managed by the trigger signal.
Each quantizer Qi is designed to work optimally for a specific value of Nb. In this case
σ has several values, each one of them corresponds to a specific quantizer. The trigger
signal is given by the channel σ(Nb), more precisely by a sensor that measures the
traffic in the network. When the network’s traffic is small it will be possible to express
the signals with more precision, while when the traffic is big the signals will still be
able to reach the plant on time but with less precision.

Here we present a design method for this type of quantizer. Given the SISO LTI
plant P, the sampling time ∆t, the range of the input signal U = [umax,umin] and the
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values Nb = {Nb1,Nb2, . . . ,Nbq}. Each finite-level dynamic quantizer Qi that belongs
to QS is designed for a specific value of Nb, attending that Equation (2.21) (M ≤ 2Nb)
is satisfied. For example, for Nb = 1 we can make M = 2, and for Nb = 2 we make
M = 4. Then, for each value of M the quantizer Qi is designed by using the methods
previously developed based on metaheuristics (CMA-ES or DE preferably).

In the data rate driven event-triggered quantizer, the states of each internal quantizer
Qi are updated in each sampling time since the control signal u(t) is applied on them
all the time, the output of the quantizer v(t) will be the vi(t) of the quantizer that is
currently connected to the output.

To prove that this type of event-triggered quantizer and its design method work
properly, an example is performed. We considered the second order plant given by
Equation (4.2), a sampling period of ∆t = 0.1, a control signal with range U = [−1,1]
and a set Nb = {1,2,3,4} which in turn produces the set M = {2,4,8,16}. Then,
by using the quantizer design method based on CMA-ES we designed four Qi. The
triggered signal σ takes values on {1,2,3,4}. In this case, since σ is subjected to
variations in the traffic in the network, we assume a random behaviour. Thus, the
signal σ can be emitted at any time and with any value.

Once that all the quantizers were found, in order to verify if the event-triggered
quantizer works properly the following control signal is applied

u(t) = 0.3sin(0.6t)+0.4sin(0.1t)+0.3sin(0.3t). (5.7)

In this example we assume that initially Nb = 4, thus, the switch is connected to the
quantizer with M = 16. Then, three changes are performed first at t = 3[s], Nb changes
to Nb = 1 and M = 2, at t = 15[s] it changes to Nb = 3 and M = 8, finally at t = 24[s]
it changes to Nb = 2 and M = 4.

Figure 5.5 shows the resulting signals, in this graphics the lines in black represent
the signals without the effects of quantization and the blue ones are the signals with
quantization. The upper one is the control signal u(t) and its quantizer version v(t),
the graphic in the middle shows the outputs with and without quantization, and the
lower graphic shows the error signal, which is the difference between the two outputs
considered. Notice that the error signal is relatively small and how the real output yq(t)
follows the desired output y(t) very closely.

We can conclude that the data rate driven event-triggered quantizer and its design
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Figure 5.5: Example of the data rate driven event-triggered quantizer opera-
tion.

method work properly. By using this quantizer we can reduce the traffic in the network
considerably while maintaining a good performance of the system.
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Chapter 6

Conclusion

In this thesis the finite-level dynamic quantizer design method based on metaheuristics
is proposed. The metaheuristics considered in this study are CMA-ES, DE and FA.
By means of numerical simulations the effectiveness of the proposed design methods
were confirmed and their efficiency were measured.

The CMA-ES and DE based design methods show in general very good perfor-
mance in terms of success rate and convergence time. They both have advantages
and disadvantages comparing to each other. The method based on CMA-ES shows
a slightly better performance than DE, specially when considering a relatively small
amount of search points and number of generations, besides the execution time is
smaller. Moreover, CMA-ES carries the big advantage that it does not require the
tuning of any control parameter. Their values are already optimized and established
by default. Nevertheless, it is worth to mention that DE is very easy to implement
contrary to CMA-ES.

Compared to the other metaheuristic based design methods, it was verified that
the performance of the CMA-ES and DE based methods are quite better than the ones
based on PSO and FA. For these reasons, it is possible to say that the methods based on
CMA-ES and DE are very reliable for the design of the finite-level dynamic quantizer,
but the ones based on FA and PSO are not.

Regarding to the hypothesis that A = A and B = B gives the optimal form of the
quantizer, it was found that for the design problem in which the stability and data rate
constraints are took into account, the hypothesis is true for the first order systems, but
for systems of second and third order the result is approximated. Additionally, the
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even-triggered quantization concept was introduced. As well as a type of data rate
driven event-triggered quantizer and its design method. The effectiveness of this type
of quantizer was verified with a numerical example.

The work presented in this thesis can be greatly extended. On one hand, it is still
needed to find an analytical expression for the optimal finite-level dynamic quantizer.
On the other hand the event-triggered quantization offers a fruitful field for research.
Many types of event-triggered quantizer can be constructed and the event-control the-
ory should be applied on their analysis and design.
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Appendix

A. Default Parameters for the (µ/µW ,λ ) CMA-ES Al-
gorithm

The default values of these parameters were taken from [32].

i Selection and Recombination:

N = 4+ b3ln(n)c, µ = bµ ′c, µ
′ =

N
2

(6.1)

wi =
w′i

∑
µ

j=1 w′j
, w′i = ln(µ ′+0.5)− ln i for i = 1, . . . ,µ (6.2)

µeff =
1

∑
µ

i=1 w2
i

(6.3)

ii Step-size control:

cσ =
µeff +2

n+µeff +5
(6.4)

dσ = 1+2max

(
0,

√
µeff−1
n+1

−1

)
+ cσ (6.5)

iii Covariance matrix adaptation:

cc =
4+µeff/n

n+4+2µeff/n
(6.6)

c1 =
2

(n+1.3)2 +µeff
(6.7)

cµ = min
(

1− c1,αµ

µeff−2+1/µeff

(n+2)2 +αµ µeff/2

)
with αµ = 2 (6.8)
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B. Particle Swarm Optimization (PSO)

Particle swarm optimization (PSO) is a population based metaheuristic that is inspired
in the behavior of biological communities like swarms of bees and flocks of birds [34].
In the PSO nomenclature a search point is called particle and the set of all the particles
is called swarm.

PSO is being implemented widely in many applications and in the control systems
field. The reasons for such a big development are that it is implemented very easily
and has only three control parameters: inertia parameter χ0, cognition parameter χ1

and social parameter χ2. This algorithm is very good for local optimization, but not so
much for global optimization. Several variations try to improve its performance and
ability to scape from local minima. In addition, PSO is very sensitive to the tuning of
the control parameters and sometimes it is difficult to find a good set of parameters to
make the algorithm effective. The version used in this study is shown in Algorithm 4.

Algorithm 4 : PSO
Initialization: Given N ∈ N, kmax ∈ N, χ0 ∈ [0,1], χ1 ∈ [0,4], χ2 ∈ [0,4] and
the search spaces S0 = [xmin,xmax]

n and V0 = [vmin,vmax]
n. Set k = 0, then select

randomly N search points {x1,x2, . . . ,xN} and their velocities {v1,v2, . . . ,vN} in
the corresponding search spaces.
Step 1: The objective function f (xi) is evaluated for each xi. Then, the personal
best solutions and the global best solution are selected by:

xpbest,i = argmin
x∈{x( j)

i | j=1,2,...,k}
f (x), (6.9)

xgbest = argmin
x∈{xpbest,i|i=1,2,...,N}

f (x). (6.10)

where ( j) indicates the generation of the respective search point. If k = kmax then
xgbest is the solution of the algorithm, if not go to Step 2.
Step 2: Sequentially the following update laws are applied to each search point.

vi ← χ0vi +χ1ρ1,i
(
xpbest,i−xi

)
+χ2ρ2,i

(
xgbest−xi

)
, (6.11)

xi ← xi +vi, (6.12)

where ρ1,i and ρ2,i ∈ [0,1] are random numbers uniformly distributed. Then make
k← k+1 and go to Step 1.
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