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Abstract

We present a simulation method for particle-based fluids to capture small-scale

features such as splashes in higher resolution than the underlying base simulation.

For this purpose, we split particles in visually important regions of the fluid into

smaller, high-resolution particles.

To reduce the computational overhead introduced by the additional simula-

tion scale, we propose splitting only those particles found within turbulent surface

regions that are visible to the camera. We extract these particles in screen space

and decide to split them based on their turbulent energy. Further, to compen-

sate for irregularities in the quantity field that are introduced by transitioning

particles, we use a simple blending approach to maintain stability. We fully

implemented our method for graphics processing units to further accelerate the

computational speed.

In early experiments we could achieve speed increases of up to two over a

high-resolution simulation while preserving similar visual qualities.
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1. Introduction

Fluids such as liquids and gases are an important visual element in movies, video

games and advertisements. However, to achieve visually pleasing results, sim-

ulations are often carried out at high resolution. Additionally, the underlying

model of fluids and its numerical solutions requires high computational costs,

which make physics-based fluid simulations impractical for real-time applications

and lead to long design cycles in offline applications. To alleviate these compu-

tational requirements, this work proposes a two-scale approach for particle-based

fluids and discusses its implementation on graphics processing units for further

performance gains.

Recently particle-based fluids have evolved as an interesting alternative to

their grid-based counterparts, since their governing equations’ concept is more

simple and computations are only carried out for each fluid element instead of an

embedding data structure. In addition, particle-based methods trivially conserve

mass.

For the purpose of solving the particle-based model, Smoothed Particle Hy-

drodynamics (SPH) has become a commonly used method that allows the re-

construction of continuous quantity fields by taking a weighted average of the

neighboring particles’ values. Using SPH, real-time results have been accom-

plished [23]. However, the number of particles is limited to a couple of thousands

for real-time applications. In addition, small scale details such as splashes can-

not be captured accurately, and the final visual result of the fluid appears to be

blobby.

To simulate more particles in shorter time, graphics processing units (GPUs),

which posses multiple processing units for parallel computations, have been used

to speed up the computation of SPH Fluids. Speed-ups on order of ten have

been reported in early results [13]. Furthermore, multi-resolution methods that

simulate fluid areas at different scales depending on certain criteria, have been

proposed and succeeded in preserving visual detail while significantly reducing

the computational cost [30].

To our knowledge, only a few efforts have been made to combine GPUs and

multi- resolution SPH fluids. Furthermore, existing implementations produced

no considerable performance gains if the fluid was very turbulent [26]. This
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work proposes an easy-to-implement multi-scale simulation method for graphics

processing units that splits particles in visually important regions of the fluid

into smaller, high resolution particles. To reduce the computational overhead

introduced by the additional simulation scale, particles are only split in turbulent

surface regions that are visible to the camera. For this purpose, surface particles

are extracted in screen space and divided based on their turbulent energy.

The contributions of this work may be summarized as follows:

• Many implementations of particle-based fluids use screen-space rendering

techniques. In this thesis one of these techniques is used to extract particles

that are located on the fluid’s surface. This method has the advantage

that it correctly finds all surface particles visible to the camera and not

mistakenly includes particles within the fluid body

• Recently, the concept of blending was introduced to multi-resolution flu-

ids, in order to maintain stability in areas where particles are transitioning

between high and low resolutions. In this work, this model is simplified

to reduce the overhead that comes with the original method. In essence,

in order to avoid numerical issues that come with this simplifications, this

work restricts the movement of a particle based on the Courant Friedrichs

Lewie condition.

• In order to further reduce the computational overhead, this thesis to pro-

poses an additional splitting criterion based on the turbulent energy of a

particle, which ensures that surface particles are only split in turbulent, and

visual-important areas of the fluid.

• Since merging of particles is one of the most difficult operations to imple-

ment on GPUs and is not comprehensively described in current literature,

an easy to implement merging method for GPUs is proposed.

1.1 Related Research

Algorithms for fluid animation in computer graphics rely heavily on findings from

the research field of fluid mechanics. In particular the motion of a fluid can be

formulated by a set of partial differential equations, the so called Navier-Stokes
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Equations. These equations were formulated independently by Claude Navier in

1822 and George Stokes in 1845, respectively

Particle systems, as introduced to computer graphics by Reeves [28], are a

popular model to describe natural phenomena such as liquids, smoke or clouds,

that are difficult to capture using classical surface representations.

A numerical method that is commonly used in combination with a particle

system to model fluid behaviour is Smoothed Particle Hydrodynamics (SPH).

Though it was initially developed to describe astrophysical phenomena [8, 18], an

application of SPH to free surface flows was given by Monaghan in 1994 [21].

Müller et. al. [23] demonstrated that SPH can be used in real-time fluid

simulations using specially designed weighting kernels and the ideal gas equation

to relate densities to pressures. This method has the disadvantage that the fluid

is highly compressible. Becker and Teschner [3] popularized a weakly compress-

ible SPH model for computer animation. Furthermore, the predictive corrective

incompressible SPH (PCISPH) method [29] is a modern SPH fluid solver that

allows for incompressibility at high simulation time steps. Recently, Maklin and

Müller [20] presented a solver based on the Position Based Dynamics framework

[24], that increases the integration time step by ten over the PCISPH method.

Bridson et. al. [4] suggested a way to create divergence free, turbulent velocity

fields for procedural animation by taking the curl of a noise function. Kim et.

al. [16] used this result in combination with wavelet noise [5] to add small scale

detail as a post processing step. Fujisawa et. al. [7] applied these results to the

SPH fluid model by formulating a wavelet decomposition for particle-based fluids

and adding details using vortex sub-particles.

The goal of this work is to present methods that can accellerate these ap-

proaches to fluid simulation. Related research can generally be devided into

three different approaches:

Multi-Resolution Fluids Multi-resolution approaches aim to allocate more com-

putational resources to specially-defined fluid regions to increase the visual

quality and/or physical accuracy of the simulation.

Adams et. al [1] sample the fluid using the geometric local feature size as

criterion, so that complex geometric regions are represented by more parti-

cles than lesser complex areas. In addition to geometric criteria, this work
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investigates the use of a physics-related property, the turbulence energy of a

particle as a criterium to avoid costs that arise due to splitting and merging

particles. Further this work suggests a new way to extract surface particles

by exploiting the popular screen space fluid rendering algorithm of van der

Laan et. al. [31]. Zhang et. al. [32] explain how adaptive sampling can be

mapped to the GPU exploiting the rendering pipeline.

Orthmann and Kolb [26] present a method that allows a smooth transition

between particles of different resolutions avoiding numerical problems that

might occur due to poor resampling of the fluid. This work makes use of

this method, but simplifies it in order reduce computational overhead and

ease its implementation.

Graphics Processing Units The advent of programmable rendering pipelines

in computer graphics, gave researchers the opportunity to port various al-

gorithms to the graphics processing unit (GPU) in order to benefit from

its parallel architecture. Harada et. al. [13] implemented the SPH fluid

model on the GPU using OpenGL and C for Graphics. They reported that

their method enabled them to use ten times as many particles as previous

real-time simulations.

As programable shaders were primarily designed for computer graphics pur-

poses, the wish to also implement algorithms of different research areas on

commidity hardware led to the research area of General Purpose Com-

puting on Graphics Processing Units (GPGPU). Application Programming

Interfaces (APIs) such as NVIDIA’s Compute Unified Device Architecture

(CUDA) [25], allow the implementation of fluid dynamics algorithms more

conveniently without the restrictions of shader programs.

NVIDIA’s white paper on particles [11] showed an efficient way to com-

pute a particle’s neighborhood on GPU’s and is commonly used in GPU

implementations of SPH fluids. Recently, Goswami et. al. [10] made use of

z-ordering to arrange particles for neighborhood queries and access particle

data through fast shared memory.

This work follows the approach of [11] and shows a way to implement the

splitting and merging operations of multi-resolution fluids.
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Approximation In order to save computational time, approximation strategies

try to avoid computations for particles from which contributions to the

whole system are neglectable.

Goswami and Pajarola [9] classify fluid particles as either active or inactive.

Particles are considered inactive if they do not contribute to the visual

quality and their speed is below a certain threshold. Inactive particles are

then not considered in the SPH computations.

Pelfrey and House [27] optimize the standard SPH approach, by computing

the neighborhood of a particle only when necessary.

1.2 Thesis Outline

The rest of this thesis is organized as follows:

Chapter 2 discusses the basic theory behind particle-based fluid simulations

and their implemenation. It introduces the governing equations and their

discretization using a particle system and the Smoothed Particle Hydro-

dynamics method. Further the problem of boundary handling is discussed

shortly. The method developed in this chapter shall be referred as to the

basic method and is built upon in the following chapter.

Chapter 3 introduces the two-scale extension made for the multi-resolution ap-

proach of this work, before it discusses a numerical robust way to dynami-

cally handle transitions between two resolutions (particle resampling) using

particle blending. Then resampling criteria are given by discussing the

turbulence energy of a particle and its position with respect to the fluids

surface. Finally, implementation details using the GPU are presented.

Chapter 4 compares the presented method with the standard SPH algorithm

in a standard dambreak scenario.

Chapter 5 conludes this work and gives ideas for future work.

5



2. Particle-Based Fluid Simulation

This section presents a method that uses particles for simulating fluids. This

method serves as the basis for further discussions in the thesis. For this purpose,

first, a mathematical model for particle-based (Lagrangian) fluids is given. Next,

a solution to this model is discussed by using the Smoothed Particle Hydrody-

namics scheme. Finally, the special case where the fluid interacts with boundaries

is briefly addressed.

2.1 Lagrangian Fluid Dynamics

Fluids, in particular liquids and gases, are substances that cannot resist shear

stress, and hence continuously deform. Metaphorically speaking, under the influ-

ence of external forces, fluids take the form of their containing canvas.

The underlying physics of fluids are complicated and very hard to compute. In

contrast, methods for physics-based fluid animation for computer graphics aim to

simplify the model of fluids for the sake of performance, since their goal is to get

visually-plausible results of fluids rather than being strictly physically accurate.

This section shall give a brief review of such a model by introducing the

concepts of Lagragian fluid dynamics.

2.1.1 The Governing Equations

To simplify the the equations to be solved, in this thesis, the following assump-

tions are made for a fluid. A fluid is assumed to be

incompressible: the fluid is assumed to conserve its volume throughout the

simulation.

isothermal: the temperature throughout the fluid body is constant.

Newtonian: the stress acting an a fluid element is proportional the the rate of

strain.
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Figure 1. Comparision between the Eulerian and the Lagrangian Viewpoint: In

the Eulerian viewpoint (a) fluid quantities are evaluated at fixed, uniformly dis-

tributed positions in space, while in the Lagrangian viewpoint (b) fluid quantities

are observed at positions of particles that are allowed to move freely in space.

The resulting governing equations of the fluid flow are called incompressible

Navier-Stokes equations and given by

ρ

(

∂v

∂t
+ v · ∇v

)

= −∇p + µ∆v + ρg (1)

∇ · v = 0 (2)

Equation 1 is called the momentum equation which describes change in momen-

tum of an infinitely small fluid element. The quantities ρ,v and p denote the

fluid density, velocity and pressure, respectively. The term ∂v
∂t

+ v · ∇v on the

left-hand side of the equation is known as the material derivative and describes

the rate of change of velocity at a fixed point in space. The three terms on the

right side reflect the forces that act on the fluid, i.e. the forces due to pressure

and viscosity as well as external forces such as gravity. Viscosity describes the

resistance of the fluid to deform, e.g. water has low viscosity while honey as high

viscosity.

Equation 2 is known as the incompressibility condition. This constraint pre-

serves the fluids volume and implies constant density throughout the fluid body.

2.1.2 The Eulerian and Lagrangian Viewpoint of Fluid Motion

The governing equations discussed above describe the Eulerian viewpoint of fluid

flow, in which the change of fluid quantities is observed at fixed points in space.
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Consequently, a suitable data structure for representing a fluid on a computer is

a grid (as shown in Figure 1).

In this thesis a fluid is represented as a particle system, which means fluid

quantities are observed for a fluid element (particle) as it moves in time and space.

The related description of fluid motion is called the Lagrangian viewpoint. The

difference between Eulerian and Lagrangian fluid representations is illustrated in

Figure 1.

In the Lagrangian fluid model the governing equations simplify greatly: Since

it is common to assume constant mass for each particle, enforcing mass conser-

vation for the fluid is trivial. Furthermore, since constant density is assumed,

Equation 2 can be omitted from further discussion. In addition, since fluid quan-

tities are observed for each particle the momentum equation reduces to

ρ
dv

dt
= −∇p + µ∆v + ρg (3)

2.1.3 Motion of a Fluid Particle

Equation 3 given, the acceleration of a particle can be computed by dividing both

sides by ρ, that is

a =
dv

dt
=

1

ρ
(−∇p + µ∆v + ρg) (4)

Finally, given the the equations of motion for a particle,

a =
dv

dt
v =

dx

dt
(5)

and the initial positions and velocities for all particles, one can determine the

positions of all particles at any arbitratry point in time.

2.2 Smoothed Particle Hydrodynamics

Solving the governing equations of fluids on a computer requires the simulation

domain to be limited to a finite set of discrete sample points.

As mentioned above, contrary to Euclidean fluid dynamics, implementations

of Lagrangian fluid simulations sample the fluid body at scattered points and use a

particle system to store fluid quantities such as velocity or pressure. Consequently,
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Figure 2. Reconstruction of continuous functions using SPH: For any point x in

the simulation domain its corresponding physical quantity is calculated by taking

a weighted sum of all particle quantities within the support radius h.

as time progresses, these quantities are examined at the current location of each

particle.

In order to evaluate Equation 3 differential operators need to be evaluated

at these positions. For this purpose numerical schemes usually reconstruct con-

tinuous functions from sampled data. A prominent choice of such a method for

computer graphics is Smoothed Particle Hydrodynamics (SPH) .

Though initially employed for simulating astrophysical phenomena [18, 8],

recent publications such as [23] promoted Smoothed Particle Hydrodynamics for

the use in fluid simulations, and provided a foundation for more sophisticated

methods in the field.

The rest of this section shall briefly present the SPH concepts relevant to this

work. For a more thorough introduction to this topic the interested reader is

referred to [2].

2.2.1 Approximating functions with SPH

Given a finite set of particles with positions xi and and an arbitrary physical

quantity φi, which value is known at each of these positions, φ(x) at any point

9



in space can be approximated as the sum of the weighted contributions of neigh-

boring particles (that is, particles, whose distance to x is smaller or equal to a

user-defined threshhold h), i.e.

φ(x) =
∑

j

φj

mj

ρj
W (x− xj, h), (6)

where j refers to the index of each particle in the neighborhood of x. φj is the

physical quantity, mj is the mass, ρj is the density of the particle with index j.

See also Figure 2.

W is a so-called kernel function that assigns a weight to each particle within

a radius r = ‖x − xj‖ ≤ h, where h is also known as the effective radius of

W . Depending on the situation, different kernels might be used to weight each

particle’s contribution, the kernels used in this work are discussed later on in

Appendix A.

Equation 6 itself may be derived from the following identity: φ(x) =
∫

x
′ φ(x

′

)δ(x−
x

′

)dx
′

, where the delta distribution δ is approximated with the kernel function,

and the differential dx
′

is replaced by the volume Vj =
mj

ρj
that particle j is

occupying.

As shown in Appendix A derivatives for each kernel can be computed easily,

and since the sample values φj are constants, differential operators can directly be

applied to the SPH approximation of a quantity field. For example the gradient

of a quantity field may be approximated by

∇φ(x) =
∑

j

ρj
mj

ρj
∇W (x− xj , h) (7)

whereas the Laplacian of a quantity field can be computed as follows

∆φ(x) =
∑

j

ρj
mj

ρj
∆W (x− xj, h) (8)

Unfortunately, these expressions are not suitable in the context of fluid simula-

tions. This is mainly due to the fact that these equations lead asymmetrical forces

being exchanged between particle pairs, which in turn violates Newtons third law

and prevents the particle system to conserve linear and angular momentum. In

order to circumvent this problem, properties of the SPH approximation can be

10



exploited when deriving these operators. Multiple derivations exist. This work

uses

∇φ(x) = ρ(x)
∑

j

(

φ(x)

ρ(x)2
+
φj

ρ2j

)

mj∇W (x− xj, h) (9)

for evaluating the gradient, and

∆φ(x) =
∑

j

(φj − φ(x))
mj

ρj
∆W (x− xj , h) (10)

for the Laplacian of a quantity field. For a more thorough discussion on equations

9 and 10 the reader is referred to [15, 2].

2.2.2 Application to Fluid Dynamics

In implementations, SPH is particularly utilized to discretize the internal forces

acting on each particle, that is the forces due to pressure and viscosity in equation

1:

f internal
i = f p

i + f µ
i = −∇p + µ∆v (11)

where f internal
i =

∑

j fij is the net force that all particles in the system exert on

particle i. As physical systems conserve momentum in the absence of external

forces (i.e., in case of the linear momentum,
∑

i f
internal
i = 0), Newton’s third law,

that states that forces a particle pair i, j cancel each other out (i.e. fij = −fji)
must hold. For this purpose, as discussed above, the pressure force acting on a

particle i is computed, as follows:

f p
i = −ρi

∑

i

(

pi
ρ2i

+
pj
ρ2j

)

mj∇W (xi − xj , h) (12)

whereas the viscosity force is given by:

f µ
i = µ

∑

j

(vj − vi)
mj

ρj
∆W (xi − xj , h). (13)

Usually, different kernels for each equation are used. This work uses the kernels

proposed by Müller et. al. [23], which are listed in Appendix A.
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In order to evaluate pressures at particle locations, as needed by equation 12,

Tait’s equation

pi = B

((

ρi
ρ0

)γ

− 1

)

(14)

is commonly used to relate a particle’s density to its pressure. B is known as

Tait’s constant and ρ0 is the rest density of the fluid. In this thesis γ is chosen

to be one.

The density of a fluid can be directly estimated by substituting φ with ρ in

Equation 6, which yields,

ρi =
∑

j

mjW (xi − xj , h) (15)

where mj is normally assumed to be constant, in which case the equation simpli-

fies to ρi = m
∑

j W (xi − xj, h).

2.3 Boundary Handling

This section deals with effects that appear at the fluid boundaries. In this thesis,

boundaries in particular are the areas of transition from fluid to solid body or

air. Specifically, forces exerted on a particle that are due to surface tension and

solid boundaries are discussed.

2.3.1 Surface Tension

Surface tension is a small-scale liquid phenomena that is the result of molecular

cohesion forces. From a mathematical viewpoint surface tension can be inter-

preted as the force that aims to minimize a fluid’s curvature.

Literature provides many surface tension models, due to its simplicity this

work adopts the approach of Becker and Teschner [3], which models a particle’s

acceleration due to surface tension as follows

aσ
i = −κ

∑

j

(xi − xj)mjW (xi − xj) (16)
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2.3.2 Solid Obstacles

For solid obstacles, this work employs the force-based approach due to Monaghan

[22]. Special boudary particles are inserted at the bounderies of each solid ob-

stacle. The acceleration a particle i experiences due to a boundary particle k is

then modelled as follows:

a b
i =

∑

k

mk

mi +mk

Γ(xi,xk)
xi − xk

‖xi − xk‖
, (17)

where Γ is given by

Γ(xi,xk) =



































2
3

0 < q < 2
3

(2q − 2
3
q2) 2

3
< q < 1

1
2
(2− q)2 1 < q < 2

0 otherwise

(18)

and q = 2‖xi−xk‖
h

.

2.4 Summary

The goal of this section was to provide the reader with the implementation details

for the particle-based fluid simulations which this thesis builds upon.

In summary, a simulation step can be subdivided into four parts. In the first

part, for each particle all neighbors (that is, particles within the effective radius

of a particle) are found (or rearranged in a way so that they can easily be found

throughout the SPH computations). A popular method for CPU implementations

is spatial hashing as described in [19] . A common approach on GPUs is to sort

particle according their positions in a uniform grid that samples the simulation

domain. In the second part, the density and pressure at each particle’s position

are computed as described in Section 2.2.2. In the third part the net force acting

on each particle is determined as discussed in Sections 2.2.2 and 2.3. Finally,

the system is integrated in time. Several time integration schemes such as the

leapfrog or the Verlet method can be used. However, for the purpose of this

thesis, simple Euler integration has been found to be sufficient.

The procedure of this method is illustrated in the following algorithm:
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while animating do
foreach particle i do

compute particle neighbors

end
foreach particle i do

compute density ρi (Eq. (15))
compute pressure pi (Eq. (14))

end
foreach particle i do

compute acceleration ai ← 1
ρi
(f p

i + f µ
i )+aσ

i +ab
i +g (Eqns. (12, 13,

16, 17))

end
foreach particle i do

integrate(xi, vi, ai);

end
endwhile

In the following section this method is extended so that it supports the dy-

namic sampling of a fluid with particles of different scale, so that computational

resources can be saved in areas of the fluid that are of little interest. Furthermore,

a criteria to identify these areas that is based on the turbulence energy of the

particles is discussed.
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3. Turbulence-Based Adaptive Particle Splitting

The following subsections present the proposed multi-resolution method of this

work. The first subsection extends the basic method of the previous section so

that particles of two different scales, that is high- and low-resolution particles,

can interact with each other in a physically-plausible way. The second subsection

presents a way to resample the fluid, i.e. replacing low- resolution particles with

high-resolution particles or vice-versa. The third subsection explains about the

criteria for resampling used in this thesis. At last, implementation apects for

GPUs are exhibited.

3.1 Two-Scale Extension

The following is a short discussion of the changes to be made to the basic model,

described in the previous chapter, as required by two-scale particle simulations.

As described earlier, the goal of using particles at different resolutions, is to

allocate additional resources in interesting areas of the fluid body. Following

work of Solenthaler et. al.[30], this work restricts itself to using only two different

resolutions. The benefits of this approach are fewer errors due to numerical

approximations, less implementation costs and the observation that it is visually-

sufficient to describe fluid regions either with high-resolution particles or low-

resolution particles.

3.1.1 Preliminaries

For the same volume, a low-resolution particle system of nL particles has a high-

resolution counter part of nH = kdnL particles, where d = 2, 3 is the dimension

and k = 2i, i = 1, 2, 3... denotes the increase in resolution. In this work, the

resolution of the higher-resolution particle system is usually twice the resolution

of the low-resolution particle system (i.e. k = 2), e.g. a low resolution particle

may be replaced by eight high resolution particles, as this is a common choice in

literature [30].

All following discussions of this work restrict themselves to the three dimen-

sional case where the amount of the high-resolution particles is eight times the

amount of the low-resolution particles.
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3.1.2 Additional Simulation Parameters

Introducing a fluid of different resolution to the simulation requires additional

parameters. In particular, these additional parameters are the effective radius

and the mass for the new resolution. In the following, the effective radius for

the lower resolution is denoted by hL while the effective radius for the higher

resolution is denoted by hH , and the mass of a lower resolution particle is denoted

by mL while the mass of the higher resolution particle is denoted by mH .

The high and low resolution parameters relate to each other as follows,

hL = khH (19)

mL = kdmH (20)

i.e. for doubled resolution and for three dimensions the effective radius of a low

resolution particle is twice the effective radius of a high resolution particle1 , and

the mass of a low resolution particle is eight times the mass of a high resolution

particle. Since two effective radii are used, defining a particle’s neighborhood is

not as straightforward as in the basic method, as otherwise Newton’s third law

would be violated. This is due to the possibility that a low resolution particle may

exert a force on a high resolution particle but not vice versa, as the low resolution

particle may lay outside the effective radius of the high resolution particle as

shown in Figure 3. It is therefore necessary to include this low resolution particle

in the set of neighbors of the high resolution particle.

To resolve this issue, as suggested in [6], i and j may be regarded as neighbors,

if

‖xi − xj‖ ≤ max(hi, hj) (21)

1 This can be illustrated as follows: As described in Appendix B the effective radius of a

particle can be determined using the following equation: h =
(

3

4π
n
nV
)1/3

, where n is the (user-

defined) average amount of particles within the effective radius which should be the same for

both resolutions, n is the total amount of particles and V is the initial volume of the fluid.

Given the effective radius of the low-resolution particles hL =
(

1

nL

)1/3
(

3

4πnV
)1/3

the effective

radius of the high-resolution particles relates to hL as follows:

hH =
(

1

nH

)1/3
(

3

4πnV
)1/3

=
(

1

8nL

)1/3
(

3

4πnV
)1/3

= 1

2

(

1

nL

)1/3
(

3

4πnV
)1/3

= 1

2
hL
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Figure 3. Definition of neighboring particles: Aside from the high resolution

particles within hH , low-resolution particles within hL should be regarded as

neighbors of particle i, in order to obey Newton’s third law.

where hi and hj are the effective radii of particle i and j.

The definition of neighboring particles is illustrated in Figure 3.

3.1.3 Changes to SPH Terms

Due to the adjusted neighbor definition and to ensure Newton’s third law, one has

to ensure that particles of different resolution exert the same force on each other.

In practice [6, 1], a common method to achieve this for two particles i and j, is to

take the arithmetic mean of their smoothing kernels evaluated with their distance

and respective effective radius (i.e. (∇W (xi − xj, hi) + ∇W (xi − xj , hj))/2) to

weight specific quantities.

For instance, the SPH term to compute the pressure force acting on a particle

i is rewritten as

f p
i = −ρi

∑

j 6=i

mj

(

pi
ρ2i

+
pj
ρ2j

) ∇W hi

ij +∇W hj

ij

2
. (22)

The SPH terms for density, viscosity force and surface tension are adjusted sim-

ilarly.
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3.2 Particle Resampling

Particle resampling is needed to dynamically change resolutions in certain areas

of the fluid depending on certain criteria. E.g. it might be beneficial to replace

a low-resolution particle with high-resolution particles as it approaches the fluid

surface. On the other hand, it would be desirable for non-visible high-resolution

particles to merge into low-resolution particles in order to save computational

time. Replacing particles, however, might lead to poor positioning of the newly

inserted particles which results in high density fluctuations within the fluid. In

these situations the arising high pressure forces require small simulation time

steps to ensure stability.

To maintain large time steps, recently Orthmann and Kolb [26] introduced the

concept of blending to the field of particle-based fluids. This work investigates an

alternative to this method, by limiting a particles motion based on the Courant

Friedrichs Lewy (CFL) condition, in order to omit parts of the computational

overhead introduced by the original method, as described in the following.

3.2.1 Particle Blending

In computer graphics the term blending refers to the overlapping of two trans-

parent layers. The result of this process is a mixed color that depends on the

transparency of both layers. Decreasing the transparency of one layer while si-

multaneously increasing the transparency of the other layer results in a smooth

transition from the color of one layer to the color of the other layer. Following

this concept, instead of directly replacing particles of one resolution with parti-

cles of the other resolution, it is recommended to let both particles’ resolutions

coexist for a certain time period. During this time period the contribution to the

system of newly inserted particles is steadily increased whereas the contribution

of the particles that were supposed to be replaced is decreased. Finally, if the

contribution of a particle is zero, it is removed from the system. This way, the

potential high pressure forces introduced by the new particles are attenuated over

a certain period of time allowing the system to reach to a stable configuration

before particles are finally being replaced. The process of particle blending is

illustrated in Figure 4.

For implementing particle blending each particle is assigned a state s. A par-
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Figure 4. Particle Blending: (a) shows the situation when four new high-

resolution particles (orange) where just inserted. All particles have a blending

coefficient of zero and, therefore, do not contribute to the system. The low reso-

lution (blue arrow), that is about to be deleted, has still a blending coefficient of

one and therefore fully contributes to the system (blue arrows), that is it exerts

an unattenuated force on the surrounding particles (that also includes the newly

inserted high resolution particles). (b) shows the situation after a short period of

time has elapsed: The low-resolution particle’s force is attenuated, whereas the

high-resolution particles’ contribution (blue arrows) has increased. (c) shows the

situation shortly before the low-resolution particle is being removed. Its exerted

force is strongly attenuated, whereas the high-resolution particles’ contribution

to the system is almost one hundred percent.

ticle is in insert state if it is about to be inserted to the system, in delete state

if it is about to be replaced or in default state if it is neither being inserted nor

being replaced. Further, each particle has a blending coefficient Λ that deter-

mines its contribution to the system. Each time step, the blending coefficient of

a particle i is updated depending on its state in the following way:

Λn+1
i = Λn

i +















∆Λ ifsi = insert

−∆Λ ifsi = delete

0 ifsi = default

(23)

where ∆Λ is a constant blending increment. For a newly inserted particle the

blending coefficient is set to zero (meaning it has no contribution to the system)
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and increased to one (meaning it contributes fully to the system) using the equa-

tion above. Likewise the blend coefficient for a particle that is supposed to be

replaced starts at one and is decreased to zero, before it is finally removed from

the system.

Eventually, the blending coefficient is used to weight the force that a particle

exerts on another particle. For instance, the pressure force acting on particle i

may now be computed by

f p
i = −ρi

∑

j 6=i

Λjmj

(

pi
ρ2i

+
pj
ρ2j

) ∇W hi

ij +∇W hj

ij

2
. (24)

taking into account the contributions of the neighboring particles j to the system.

Unfortunately, even with the use of particle blending in some cases the system

may experience instabilities due to inaccurate sampling. In order to make the

simulation more robust, this work restricts the motion of a particle according to

the CFL condition which is a necessary condition for stability. The CFL condition

basically states that per time step ∆t information should not be propagated

further than the spatial increment ∆x of the underlying grid, that is, in one

dimension, for a uniform grid u∆t
∆x
≤ 1, where u denotes the maximum velocity

throughout the domain, must hold. Translating this condition to a particle-

based discretization of the simulation domain, this work sets the spatial increment

∆x proportional to the effective radius of the simulation h, which results in the

following constraint for the velocity of a particles

‖v‖ ≤ αh

∆t
(25)

with some constant α. Consequently in the integration step of the proposed

method the computed velocity vi for a particle i is adjusted as follows

v∗
i = min

(

‖vi‖, α
h

∆t

)

vi

‖vi‖
(26)

in order to ensure this constraint given by Equation 25.

3.2.2 Particle Splitting

When a low resolution particle i is determined to be split, in three dimensions,

eight new high resolution particles are inserted to the system. These particles
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Figure 5. Splitting and merging: (a) shows the initial distance of a high-resolution

particle to its parent low-resolution particle (here d ≈ 1
2
ri). (b) shows how

high-resolution particles are aligned when being inserted. It also shows a valid

configuration for high-resolution particles to merge into a single low-resolution

particle. (c) shows an undesired configuration for high-resolution particles to

merge.

are positioned on an axis-aligned cube around the low resolution particle, as

illustrated by Figure 5(b). The distance of each high resolution particle to the

low resolution particle should be proportional to the volume the low resolution

particle occupies (see Figure 5(a)), and is computed as follows,

d ∝ 1

2
ri =

1

2

(

3Vi
4π

)

1

3

=
1

2

(

3mL

4πρi

)
1

3

(27)

The velocity of all newly inserted particles equals the velocity of the low resolution

particle. Finally, the low resolution particle’s state is set to delete and the states

of the high-resolution particles are set to insert.

3.2.3 Particle Merging

Merging saves computational time in regions of the fluid that do not require

high spatial resolutions. If, in three dimensions, eight high-resolution particles,

which are close to each other, are part of these regions, they should be combined

combined to one low resolution particle. Position and velocity of this particle are
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computed as the average over the high resolution particles that are being merged.

That is, a newly inserted low-resolution particle i, has the following position and

velocity:

xi =
1

8

8
∑

j=1

xj (28)

vi =
1

8

8
∑

j=1

vj (29)

where xj and vj with j = 1..8 are the positions and velocities of the low resolution

particles to be merged.

It should be noted that, in addition to being close to each other, the particles

to be merged should be aligned in a way so that they fill out the volume of

the to be inserted low-resolution particle as shown in Figure 5(b) + (c). This

constraint is important to improve the sampling quality. Especially in GPU

implementations, identifying high-resolution particles that can be merged is not

an easy task. Section 3.4.3 of this work proposes an implementation that easily

can be mapped to parallel architectures.

3.3 Resampling Criteria

This subsection proposes the criteria used in this thesis to judge where the fluid

particles should be split or merged. It is rather common to split particles ac-

cording to geometric criteria especially in regions on and near the fluids surface

[1, 30, 10]. However due to the overhead of the two-scale particle model, cur-

rent multi-resolution implementations report only little to none speed increases

on GPUs when the fluid is very turbulent [26]. For this purpose, this subsection

proposes an additional splitting criterion that depends on the fluids turbulence

energy to restrict the resampling of the fluid only to regions that exceed a cer-

tain turbulence energy threshold. Furthermore, a new method to extract surface

particles that is based on screen space rendering is proposed to exactly identify

only surface particles that lie within the view frustum of the camera.
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3.3.1 Turbulence Energy

To identify turbulent regions within the fluid this thesis uses a wavelet-based

approach similar to [16]. Wavelets are a mathematical tool to hierarchically

decompose a function into a lower resolution part of the function itself and the

details that are beeing lost due to the decrease in resolution. The latter part being

known as detail coefficients. Applied to the velocity field of a fluid, the detail

coefficients may be seen as a measure of the local differences of a certain velocity

component and are therefore a suitable criterion for turbulence. Unfortunately,

the discrete wavelet decomposition can only be applied to grids. For this reason

particle data needs to be projected onto grid cells, this, however, would cause

additional numerical diffusion and impose more strict memory and computational

requirements. To avoid these issues this thesis follows the approach of Fujisawa

et. al. [7] who define a discrete wavelet transform for particles as follows,

ûi =
1√
sψsum

∑

j

ujψ((xi − xj)/s) (30)

where ûi is the wavelet transform of the first velocity component of particle i, ψ is

the Mexican hat mother wavelet, s is the wavelet scale and ψsum =
∑

j ψsum((xi−
xj)/s) is a norm to address undesirable effects at the boundary of the fluid. Given

the wavelet transform of the velocity v̂i = (ûi, v̂i, ŵi) of a particle i, its turbulent

energy is then defined as

Ei =
1

2
‖v̂i‖2. (31)

Given the energy distribution of the fluid, a low-resolution particle is then deter-

mined to be split if its energy exceeds a certain threshhold Eθ. In the same way

a high-resolution particle is marked for merging if its energy is below Eθ.

3.3.2 Surface Areas

As only surface areas of the fluid are directly visible to the camera, they are a

desirable region of the fluid to be sampled at higher resolutions. To extract this

area in previous research commonly the distance of a particle to the center of mass

of its neighbors is computed [30]. If this distance is higher than a user-defined
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threshold the particle is recognized to be a surface particle. That is, a particle i

is a surface particle, if

‖xi,cm‖ ≥ dθ, (32)

where dθ is the user-defined threshold and xi,cm = xi −
∑

j xj/
∑

j 1 is a vector

that points from the center of mass of the particle to the particle itself.

However, this method does not always select surface particles correctly, es-

pecially if the fluid is compressible, which may be desirable in order to achieve

higher integration time steps. Moreover, this method also detects, surface parti-

cles that might not directly be visible to the camera, e.g. particles at the back

of a fluid or particles outside the view frustum of the camera. For this purpose,

this thesis proposes to extract surface particles in screen space, while rendering

the fluid as described further in section 3.5.2.

3.4 Implementation

As discussed in subsection 2.4 the basic SPH algorithm can be separated into the

three distinct operations of

• computing the density of all fluid particles

• computing the force acting of all fluid particles

• computing the new position of all fluid particles

Each operation performs (mostly) the same tasks on different data (that is, quan-

tities of different particles) and is therefore suitable to be implemented in parallel

for each particle to achieve greater performance.

As graphics cards are widely available and comparably cheap in prize, they

are a desirable platform for parallel SPH implementations.

This subsection explains how the method proposed in this section was im-

plemented on the GPU using nVIDIAs Compute Unified Device Architecture

(CUDA). However, detailed explanations are only given for the splitting and, in

particular, the merging process as these are parts of the contributions of this

thesis. For more detailed insight on how to implement particle-based fluid simu-

lations on GPUs the interested reader is referred to [11, 14].
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3.4.1 Preliminaries

In CUDA tasks are implemented as kernels, which are functions of the slightly

extended C Programming language C for CUDA. Kernels are then executed in

parallel by multiple CUDA threads. For each operation a particle is assigned

to a thread. Data for particle quanties is stored as linear arrays. This data is

referenced by the particle’s index. These particle indices are stored in arrays. In

the following discussion, the array that stores indices of low-resolution particles

referred to as L whereas the array that stores the high-resolution particles is

named H .

Particle data is commonly accessed through global memory, which resides in

the memory of the graphics card (DRAM). Access to global memory is costly.

However, it is possible in CUDA to perform coalesced memory access, thus reduc-

ing the total number of read and write operations. For this reason, particle data

is reordered at the beginning of each time step, so that data of particles that are

close to each other in space is adjacent to each other in the linear arrays. Particle

indices are then simply stored in ascending order from 0 to n − 1, where n is

the number of particles in either the low or high resolution domain. Further, to

increase the coherence in memory, particle data is stored as a structure of array.

For fast neighbor lookup during the SPH computations the approach of Green

[11] is adopted. This approach uses a uniform grid to partition the simulation

space into smaller grid cells. Each grid cell has a corresponding index according to

which particles are sorted. Additional arrays that store references to the particle

index array for the first and last particle in a grid cell are then used for determining

a particles neighbor. This work follows this approach, however, two uniform grids

for the low and high-resolution domain are used.

3.4.2 Splitting

The GPU implementation of splitting in this work is straightforward and essen-

tially follows the procedure described in Section 3.2.2. Each thread checks if its

particle can be split. If so, eight high resolution particles are inserted to H and

initialized. During initialization these particles are positioned around a cube that

is centered around the low-resolution particle. The velocity is simply inherited

from the parent and their blending coefficient is set to zero. Lastly, the states of
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Figure 6. Detecting particles for merging: The domain is subdivided by a grid.

For each grid cell the amount of particles that can be merged is counted. Then

one high-resolution particle to be responsible for the cell is chosen and, if possible,

the id of the to be inserted low-resolution particle is assigned to the cell.

the high-resolution particles are set insert and the state of the low-resolution

particle is set to delete.

3.4.3 Merging

The implementation proposed in this work uses a uniform grid to separate the

simulation domain in order to find high-resolution particles that can be merged

(see Figure 6). Examining the simulation domain per grid cell has the advantage

that particles within the cell are likely to be arranged properly for merging (see

Section 3.2.3). Furthermore, is it easier to search for high-resolution particles in

a grid cell as compared to checking the neighbors of each. Since exactly eight

particles have to be merged, the spatial increment of the grid ∆x is chosen de-

pending on the volume that eight high-resolution particles usually occupy, that

is

∆x ∝ (8VH)
1

3 (33)

26



where VH = mh/ρ0 is the volume a high-resolution particle occupies when it is at

rest.

In case eight particles that are eligible to merge are found for a grid cell, one

particle (thread) is delegated to add the index of the to be inserted particle to

the array that stores all active low-resolution particles L. For this purpose two

arrays of the size of the number of grid cells are needed: one to store the number

of particles that can be merged per cell and one to save the id of the particle

that is delegated to the cell. These particles are referred as to numParticles and

cellOwner in the following discussion (see also Figure 6).

For every grid cell that contains high-resolution particles, the actual merging

process is carried out in three steps, which can be briefly described as follows

1. Count all particles that should be merged, and determine the cellOwner.

2. If merging is possible, create a new low-resolution particle and determine

its index in L.

3. If a new particle is created, initialize its position and velocity by taking the

average over all eight high-resolution particles.

The first step is explained in more detail by the following pseudocode 2

1 if merge(i) AND si = default then
2 h← computeHash(i);
3 atomicAdd(numParticles[h], 1);
4 atomicMin(cellOwner[h], i);

endif

In the first line the thread checks if the particle in default should be split

(according to the criteria in Section 3.3). If the particle qualifies for merging, its

hash (that is, the index of its grid cell is determined) is computed according to

the following equation

h = i+ imax(j + jmaxk) (34)

where (i, j, k) = ⌊ 1
∆x

(xi−xs)⌋ are the grid coordinates of the particles, imax, jmax

and kmax are the number of grid cells in x, y and z direction and xs is the origin

2 This and the following two algorithms are carried for each high-resolution particle i.
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of the grid. Finally, the number of mergable particles and the cell owner of the

corresponding cell is determined. Atomic operations are used for this in order to

avoid race conditions.

In the second step for suitable grid cells, a new low-resolution particle is

created and marked for insertion, as follows:

1 h← computeHash(i);
2 if numParticles[h] = 8 then
3 if cellOwner[h] = i then
4 newLowID ← atomicAdd(dParticleLowID, 1);
5 lowIDs[h] ← newLowID;
6 createNewParticle(newLowID);

endif
endif

7 else
8 lowIDs[h] = -1;

endif

In the second line, each thread checks if exactly eight mergeable particles are

contained in the grid cell. If this is the case, a new id for the low- resolution parti-

cle is created by adding one to the current number of low- resolution particles (line

3). Subsequently, this id is stored in lowIDs for further use. However, if there were

not eight mergeable particles, −1 is stored for this cell, indicating that there is no

merging carried out for this cell. The function createNewParticle(newLowID)

sets the position and velocity of the newly inserted particle to zero. Further this

particles’ state is set to insert and its blending coefficient is assigned 0.

The last step initializes the position and velocity of the newly created particle,

as follows
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1 if si = default then
2 h ← computeHash(i);
3 newLowID ← lowIDs[h];
4 ownerID ← ownerID[h];
5 if newLowId = -1 then
6 updatePositionAndVelocity(newLowID, i);
7 if OwnerID = i then
8 add(L, newLowID);

endif
9 si ← delete;

endif
endif

In line 3, for all high-resolution particles the id of the new low-resolution par-

ticle they merge into is retrieved. If this id is valid, the merging high-resolution

particles add their position and velocity to the new low-resolution particle accord-

ing to Equations (28, 29) and set themselves to the delete state. Finally, the

thread with the ownerID adds the particle to the list of all active low-resolution

particles L.

3.5 Rendering and Surface Extraction

This section briefly discusses the rendering algorithm employed in this thesis and

how it is used to extract surface particles.

3.5.1 Screen Space Fluid Rendering

Screen space fluid rendering as proposed by [31, 12] is a popular, efficient and

simple to implement method to render particle-based fluids. As outlined in Figure

7, the method takes the particle positions as an input and consists of at least three

render passes. In the first render pass the particles are rendered as spheres to

create a depth map of the fluid. The depth map is then blurred by an edge

preserving filter to smooth the surface, before it is used to reconstruct the surface

normals in screen space in a final compositing pass. In the second pass, a thickness

map is created to determine the transparency of the fluid. If the fluid is part of
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Figure 7. The Screen Space Rendering Process

Figure 8. Screen Space Surface Particle Extraction.
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a more complex scene, a pass to render the fluids environment has to be carried

out as well to create the final image.

3.5.2 Screen Space Surface Extraction

To extract only surface particles that are visible to the camera this work suggests

rendering the particle indices to an additional render target, the index map, as

illustrated in Figure 8. In a following step particles, whose indices are in the

index map are flagged as surface particles in parallel using CUDA.

3.6 Summary

This section explained the multi-resolution method proposed in this work. A

simple particle blending approach was introduced and numerical instabilities due

to this method were addressed by limiting a particles motion according to the CFL

condition. Further, resampling criteria for extracting turbulent surface regions

were discussed by using the wavelet decomposition of the velocity and screen

space rendering. Additionally, a GPU implementation of particle merging was

presented.

The method presented in this chapter can be summarized by the following

algorithm, where Ln refers to the array of active particles at the current and

Ln+1 refers to the active particle array at the next time-step.
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while animating do

foreach particle i ∈ Ln ∪Hn pardo

compute density ρi (cf. Eq. 24)

end

foreach particle i ∈ Ln ∪Hn pardo

compute acceleration (cf. Eq. 24)

compute energy (Eq. 31)

end

foreach particle i ∈ Ln ∪Hn pardo

update position and velocity (cf. Eq.26)

update blending coefficient (Eq. 23)

if Λi = 1 then

si ← default;

endif

if Λi > 0 then

add(Ln+1/Hn+1, i);

endif
end

foreach particle i ∈ Ln pardo

if si = default ∧ split(i) (cf. Sec. 3.3) then

insert(Hn+1, i); (cf. Sec. 3.4.2)

si ← delete;

endif
end

foreach particle i ∈ Hn pardo

merge(i); (cf. Sec. 3.4.3)

end
endwhile

32



4. Experimental Results

This section applies the proposed method to a test scenario and compares the

computational time to the standard SPH algorithm as described in Section 2.4.

The visual result is given in Appendix C.

4.1 Experimental Setup

The scene used in this experiment consists of a block of water that undergoes

gravitation on one side of a box shaped canvas (dambreak). An additional pillar

serves as an obstacle. See Figure 9.

Figure 9. The initial scene

The experiment consists of four runs that simulate the fluid over two seconds

of time with different configurations. The visual results of this experiment are

given in Appendix C. The simulation time for all configurations is compared to

33



each other in the following subsection.

The four runs have the following configuration:

Low-resolution simulation 35k particles, splitting and merging disabled

High-resolution simulation 280k particles, splitting and merging disabled

Multi-resolution simulation (no merging) initially 35k particles, splitting

enabled, merging disabled

High-resolution simulation (with merging) initially 35k particles, splitting

and merging enabled

The specifications of the system this experiment was carried out on are given

in Table 1.

CPU Intel Core i7 3.20 GHz

RAM 16 GB

GPU NVIDIA GeForce GTX 670

VRAM 2048 MB

OS Windows 7

API’s CUDA 5.0, OpenGL 3.3 Core Profile (GLSL 3.3)

Table 1. Specifications of the test environment

The choice of physical constants is listed in Table 2.
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Constant Symbol Value

Gravitational Acceleration g 9.81 m/s2

Rest Density ρ0 1000 kg/m3

Viscosity µ 5.0 kg/s ·m
Tait Coefficient B 30 Pa

Average particle neighbors n 35

Blend Increment ∆Λ 0.02

Energy Threshhold Eθ 300J

Table 2. Choice of physical constants.

4.2 Results

Figure 10 shows a comparision on how much simulation time was needed to

simulate the fluid over a time span of 2000 ms. The x-axis shows this simulated

real time in ms. For all simulations a time step ∆t = 1 ms was chosen except

for the low-resolution simulation where a time step ∆t = 2 ms was chosen. The

y-axis denotes the computational time needed for a certain point in real time.

As can be seen from the graph the amount of computational time needed for

the low-resolution simulation is about nine seconds, whereas the high-resolution

simulations needs about 95 seconds. Both multi-resolution simulations take about

the same time, 41 seconds.

Figure 11 shows the number of low- and high-resolution particles in the system

for every time step of the multi- resolution simulation for the case where merging

is disabled. The number of low-resolution particles at the end of the simulation

is 28k, whereas the number of high-resolution particles is 65k.

Figure 12 shows the number of low- and high-resolution particles in the system

for every time step of the multi-resolution simulation for the case where merging

is disabled. The number of low-resolution particles at the end of the simulation

is 31k, whereas the number of high-resolution particles is 38.5k. Also, the total

number of high-resolution particles never exceeds 40k.

Figures 13 - 16 of Appendix C show the visual results for each run.
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Figure 10. Comparision on how much simulation time is needed to simulate 2000

ms for every run.
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Figure 11. Number of low- and high-resolution particls without merging.
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Figure 12. Number of low- and high-resolution particls with merging.
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4.3 Summary

In this section the proposed method was tested and compared for a dambreak

scenario that had an additional obstacle in form of a pillar. Timings for that

experiment have shown that the proposed method is more than two-times faster

than the high-resolution method in this scenario. However, no speed-ups could

be achieved by merching particles.
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5. Conclusion & Future Work

In summary, this work proposed a two-scale particle-based fluid simulation method.

The goal was to achieve similar visual qualities of a high resolution simulation

by allocating more computional resources to visually important parts of a low-

resolution fluid while saving computational time for the rest of the fluid. To

achieve this visually important areas were identified as surface areas with high

turbulent energy using the wavelet decomposition of the velocities of the fluid.

In order to split and merge particles while still preserving large time steps a

simple blending-based method that trivially maps to graphics processing units

was proposed. The experiment conducted in this work suggested that two times

faster simulation times are possible while still preserving similar visual qualities.

Based on this results, it can be concluded that multi- scale methods can lead to

performance gains, when implemented on GPUs, which can lessen the duration

of design cycles as well bring more visual fidelity to real-time applications.

As a major downside the considerable increase of memory due to auxiliary

structures should be mentioned. In particular, the use of additional memory for

neighbor queries due to the extra resolution is undesirable. This is especially se-

vere, if a high amount of the simulation domain is not needed due to evironmental

restrictions. In order to address this problem the usage of more memory efficient

data structures such as octrees and their implementation on GPUs as described

in [17] can be investigated in future research. Additional memory requirements

are due to the auxilliary arrays for the blending coefficients, particle states and

merging. Furthermore, the proposed method has been tested for one particular

scenario, different experiments with varying scene complexities should be carried

out to find out where the proposed ideas are applicable to get performance gains.

It would also be interesting to see if the ideas presented here can applied to the

recently published and very popular method of Macklin and Müeller [20].
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A. SPH Kernel

The following subsections list the SPH kernels used in this thesis.

A.1 The Poly6 Kernel for the Density:

Wpoly6(x, h) = C







(h2 − ‖x‖2)3 ‖x‖ < h

0 otherwise

where C equals to 4
πh8 in 2D and 315

64πh9 in 3D

A.2 The Spiky Kernel for the Pressure Term:

Wspiky(x, h) = C







(h− ‖x‖)3 ‖x‖ < h

0 otherwise

∇Wspiky(x, h) = −3C x

‖x‖







(h− ‖x‖)2 ‖x‖ < h

0 otherwise

where C equals to 10
πh5 in 2D and 15

πh6 in 3D

A.3 The Viscosity Kernel for the Viscosity Term:

in 3D

Wviscosity(x, h) =
15

2πh3







−‖x‖3

2h3 + ‖x‖2

h2 + h
2‖x‖
− 1 ‖x‖ < h

0 otherwise

∆Wviscosity(x, h) =
45

πh6







h− ‖x‖ ‖x‖ < h

0 otherwise

in 2D

Wviscosity(x, h) =
40

πh2







−‖x‖3

9h3 + ‖x‖2

4h2 + 1
6
log ‖x‖

h
− 5

36
‖x‖ < h

0 otherwise

∆Wviscosity(x, h) =
40

πh5







h− ‖x‖ ‖x‖ < h

0 otherwise
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B. Estimation of Additional Simulations Param-

eters

The following subsections describe how the mass and effective radius for all par-

ticles were computed.

B.1 Particle Mass

The mass for all particles can be computed as follows

m =
ρ0V

n
, (35)

where ρ0 is the rest density of the fluid, V is the (initial) volume of the fluid and

n is the number of particles.

B.2 Effective Radius

Assuming an average of n particles should lay within an effective radius h of a

particle occupying approximately a volume of 4
3
πh3 ≈ n

n
, the effective radius for

all particles can be computed as follows

h =
(

3nV

4πn

)

1

3

, (36)

where V is the (initial) volume of the fluid and n is the number of particles.
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C. Visual Results

The following figures show the visual results of the experiment described in section

4 for each simulation for time steps 500, 750, 1000, 1025.
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step 500

step 750
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step 1000

step 1250

Figure 13. Low-resolution simulation results

51



step 500

step 750
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step 1000

step 1250

Figure 14. High-resolution simulation results
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step 500

step 750
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step 1000

step 1250

Figure 15. Multi-resolution simulation results (no merging)
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step 500

step 750
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step 1000

step 1250

Figure 16. Multi-resolution simulation results (with merging)
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