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1 Introduction

Quantum pushdown automata were first intro-
duced in [2]. Then it was shown that unitary quan-
tum pushdown automata can recognize every regu-
lar language and some non-context-free languages in
[1]. Another quantum pushdown automaton model
was introduced in [3], stack operations of which are
defined as classical operations.

In this paper, we show that there is a language
which quantum pushdown automata with classical
stack operations can recognize with one-sided er-
ror. We also show that this language cannot be rec-
ognized by non-deterministic pushdown automata,
that is, it is not a context-free language. This im-
plies that it cannot be recognized by probabilistic
pushdown automata with one-sided error, either.

2 Preliminaries

In this section, we define quantum pushdown au-
tomata with classical stack operations (QCPDA).
A QCPDA has an input tape to which a quantum
head is attached, and has a classical stack to which
a classical stack top pointer is attached. A QCPDA
has a quantum state control. The quantum state
control reads the stack top symbol pointed by the
classical stack top pointer and reads the input sym-
bol pointed by the quantum head. A word to be
pushed is determined solely by the result of an ob-
servation of the quantum state control. We define
QCPDA’s formally as follows.

Definition 1 Quantum Pushdown Automata with
Classical Stack Operations

A Quantum Pushdown Automaton with Classical
Stack Operations (QCPDA) is defined as the follow-
ing 8-tuple:

M = (Q,Σ,Γ, δ, q0, σ,Qacc, Qrej),
where Q is a set of states, Σ is a set of input symbols
including the left and the right end-marker {|c, $}
respectively, Γ is a set of stack symbols including the
bottom symbol Z, δ is a quantum state transition
function (δ : (Q× Σ × Γ ×Q× {0, 1}) −→ C), q0 is
an initial state, σ is a function by which words to be
pushed are determined (σ : Q \ (Qacc ∪ Qrej) −→
Γ∗), Qacc(⊆ Q) is a set of accepting states, and
Qrej(⊆ Q) is a set of rejecting states, where Qacc ∩
Qrej = ∅. �

δ(q, a, b, q ′, D) = α means that the amplitude of
the transition from q to q′ moving the quantum head
to D (D = 1 means ‘right’ and D = 0 means ‘stay’)
is α when reading an input symbol a and a stack
symbol b. A configuration of the quantum portion
of QCPDA M is a pair (q, k), where k is the position
of the quantum head and q is in Q. It is obvious
that the number of configurations of the quantum
portion is n|Q|, where n is an input length.

A superposition of configurations of the quantum
portion of QCPDA M is any element of l2(Q × IZn)
of unit length, where IZn = {0, 1, . . . , n − 1}. For
each configuration, we define a column vector |q, k〉
as follows:

• |q, k〉 is an n|Q| × 1 column vector.

• The row corresponding to (q, k) is 1, and the
other rows are 0.

For an input word x (i.e., the string on the input
tape between |c and $) and a stack symbol a, we
define a time evolution operator Ux

a as follows:

Ux
a (|q, k〉)

=
∑

q′∈Q,D∈{0,1}
δ(q, x(k), a, q ′, D) |q′, k +D〉 ,



where x(k) is the k-th input symbol of the input
x. If Ux

a is unitary (for any a ∈ Γ and for any in-
put word x), that is, Ux

a U
x†
a = Ux†

a Ux
a = I, where

Ux†
a is the transpose conjugate of Ux

a , then we say
that the corresponding QCPDA is well-formed. This
means that the QCPDA is valid in terms of the
quantum theory. We consider only well-formed QC-
PDA’s.

We define the notion of “words accepted by a
QCPDA” in the following. For that purpose, we
first describe the way how the quantum portion and
the classical stack of a QCPDA work.

Let the initial quantum state and the initial posi-
tion of the head be q0 and ’0’ respectively. We define
as |ψ0〉 = |q0, 0〉. We also define as follows:

Ew = span{|q, k〉 |σ(q) = w},
Eacc = span{|q, k〉 |q ∈ Qacc},
Erej = span{|q, k〉 |q ∈ Qrej}.

We define the observable O as O = ⊕jEj, where j is
w ∈ Γ∗, ‘acc’, or ‘rej’. For notational simplicity, we
define the outcome of an observation corresponding
to Ej to be j.

The computation of the QCPDA proceeds as fol-
lows:
For an input word x, the quantum portion works
as follows:

(a) Let |ψi+1〉 = Ux
a |ψi〉, where a is the stack top

symbol.

(b) |ψi+1〉 is observed with respect to the observ-
able O = ⊕jEj. Let |φj〉 be the projection of
|ψi+1〉 to Ej. Then each outcome j is obtained
with probability | |φj〉 |2. Note that this obser-
vation causes |ψi+1〉 to collapse to 1

||φj〉| |φj〉,
where j is the obtained outcome. Then go to
(c).

The classical stack works as follows:

(c) Let the outcome of the observation be j. If j
is ‘acc’ (‘rej’, resp.) then it outputs ‘accept’
(‘reject’, resp.). Otherwise (j is a word in Γ∗

in this case), the stack top symbol is popped,
and the word j is pushed. Then, go to (a) and
repeat.

We call the above (a), (b) and (c) ‘one step’ collec-
tively.

For a language L, if there exists a constant ε (0 <
ε ≤ 1) that does not depend on inputs, a QCPDA
accepts any word in L with probability greater than
1−ε, and it rejects any word not in L with certainty,
then we say that L is recognized by the QCPDA
with one-sided error.

To check well-formedness, the following theorem
is shown in [3].

Theorem 1 QCPDA M is well-formed if the quan-
tum state transition function of M satisfies the fol-
lowing conditions for any a ∈ Γ:

(1) ∀q1, q2, b∑
q′,D

δ(q1, b, a, q ′, D)δ(q2, b, a, q ′, D)

=
{

1 (q1 = q2)
0 (q1 �= q2),

(2) ∀q1, q2, b1, b2∑
q′
δ(q1, b1, a, q′, 0)δ(q2, b2, a, q′, 1) = 0,

where δ(·, ·, ·) is the conjugate of δ(·, ·, ·). �

For simplicity, we will handle only a subclass of
QCPDA’s such that we can decompose the quantum
state transition function into two functions: one for
changing states and the other for moving the quan-
tum head. For a ∈ Σ and b ∈ Γ, we adopt a lin-
ear operator Va,b : l2(Q) −→ l2(Q) for changing
states, and a function ∆ : Q −→ {0, 1} for mov-
ing the quantum head. We assume that direction of
the movement of the head is determined solely by
the state to which the current state makes a tran-
sition. Then the transition function δ we are con-
cerned with is described as follows:

δ(q, a, b, q ′, D) =
{ 〈q′|Va,b |q〉 (∆(q′) = D)

0 (∆(q′) �= D),

where 〈q′|Va,b |q〉 is the coefficient of |q′〉 in Va,b |q〉.
The following theorem is also shown in [3].

Theorem 2 QCPDA M is well-formed if, for any
a ∈ Σ and b ∈ Γ, the linear operator Va,b satisfies
the following condition:

∑
q′

〈q′|Va,b |q1〉 〈q′|Va,b |q2〉 =
{

1 (q1 = q2)
0 (q1 �= q2)

�

3 On the power of QCPDA’s with one-
sided error

In this section, we show that QCPDA’s can recog-
nize the following language L1 with one-sided error
while probabilistic pushdown automata cannot.

L1 =

u#v�w�x%y

∣∣∣∣∣∣∣∣∣∣∣∣

u, v, w, x, y ∈ {a, b}∗,

¬
( |u| = |v| = |w| = |y|

and v = w

)

and ¬
( |u| = |x| and

|v| = |w| = 0

)

and (y = vR or y = wR)




Theorem 3 QCPDA’s can recognize L1 with one-
sided error.



(Proof)
We show a QCPDA M that recognizes L1. The

outline of M is as follows: M rejects any input not
of the form u#v�w�x%y = {a, b}∗#{a, b}∗�{a, b}∗�
{a, b}∗%{a, b}∗. M consists of three components
M1,M2 andM3. M1 processes the substring u#v�w�x
as follows:

1. M1 reads u taking 2|u| steps with the stack
unchanged,

2. pushes each symbol of v one by one,

3. and reads w and x taking |w|+ |x| steps with
the stack unchanged.

M2 processes the substring u#v�w�x as follows:

1. M2 reads u and v taking |u| + |v| steps with
the stack unchanged,

2. pushes each symbol of w one by one,

3. and reads x taking 2|x| steps with the stack
unchanged.

M3 processes the substring y checking whether the
string on the stack is yR or not.
M1 and M2 process the substring u#v�w�x% in

parallel using superposition. Firstly, we consider the
case that (|u| = |v| = |w| = |x| and v = w) or
(|u| = |x| and |v| = |w| = 0). In this case, M1 and
M2 push the same symbol at the same time, and
also read ‘%’ at the same time. Thus, when reading
‘%’, M1 and M2 interfere with each other and move
to the rejecting state with certainty. (See Fig. 1).

Secondly, we consider the case that ¬(|u| = |v| =
|w| = |x| and v = w) and ¬(|u| = |x| and |v| = |w| =
0). In this case, the operations to the stack are dif-
ferent between M1 and M2 at some time. Then the
observation, the result of which corresponds to the
stack operation, causes the superposition to collapse
to either M1 or M2. Thus M moves to the third
component M3 with probability 1/2 with v or w on
the stack. Thus if v = yR or w = yR, M accepts the
input with probability 1/4.

We define M in detail in the following.
M has the following states:

• q1,u,1,−, q1,u,0,−, q1,v,1,−, q1,v,0,a, q1,v,0,b,
q1,w,1,−, q1,x,1,−.

• q2,u,1,−, q2,v,1,−, q2,w,1,−, q2,w,0,a, q2,w,0,b,
q2,x,1,−, q2,x,0,−.

• q3,y,1,−, q3,y,0,pop.

• q0, qacc, qrej1, qrej2, qrej3.

qacc is an accepting state. qrej1, qrej2 and qrej3

are rejecting states. The index of qi,z,d,c means
that the state is used to process a substring z in
Mi, ∆(qi,z,d,c) = d, and c represents the value of

M1 M2

M3
rej1

rej2acc

2

1

2

1
2

1

2

1

c

2

1

2

1

u
#
v

w

x

%

y

$

Figure 1: QCPDA M

σ(qi,z,d,c) as follows: the stack top symbol is popped
(c = ‘pop’), the stack is unchanged (c = −), and c
is pushed (otherwise). The initial state is q0.

The state transition diagrams of the components
M1, M2 and M3 are illustrated in Fig. 2. It is
straightforward to see that the corresponding time
evolution operators can be extended to be unitary
by determining thus far undefined transitions prop-
erly by Theorem 2. �

We show that a non-deterministic pushdown au-
tomaton cannot recognize L1. It is straight forward
to see that this means that a probabilistic pushdown
automaton cannot recognize L1 with one-sided er-
ror, that is, L1 is not a context-free language.

Theorem 4 A non-deterministic pushdown automa-
ton cannot recognize L1.

We use Ogden’s lemma [4] to prove Theorem 4.
Ogden’s Lemma

For any context-free language L, ∃n ∈ IN, the
set of nonnegative integers, such that ∀z ∈ L, if d
positions in z are “distinguished,” with d > n, then
∃u, v, w, x, y such that z = uvwxy and

1. vx contains at least one distinguished position;

2. if r is the number of distinguished positions in
vwx, then r ≤ n;

3. ∀i ∈ IN , uviwxiy ∈ L.

�



(Proof of Theorem 4)
Suppose that L1 were a context-free language. We

consider a word z = p#q�r�s%t = an!+n#an�an!+n�
an!+n%an ∈ L. Let each symbol in q be distin-
guished. Then z = uvwxy satisfies the conditions of
Ogden’s lemma. If either v or x contains a separator
(#, �, �,%), then z ′ = uv2wx2y �∈ L. Note that vx
contains at least one ‘a’ in q. Thus x must contains
‘a’s in t. (Otherwise z′ = uv2wx2y(= p′#q′�r′�s′%t′) �∈
L since q′ �= t′R and r′ �= t′R). We assume that v
contains c ‘a’s and cd = n!. Then uvd+1wxd+1y(=
p′′#q′′�r′′�s′′%t′′) �∈ L since |p′′| = |q′′| = |r′′| = |s′′|
and q′′ = r′′, a contradiction. Thus L1 is not a
context-free language. �

In [3], the following theorem is proved.

Theorem 5 QCPDA’s can simulate any probabilis-
tic pushdown automata with the same acceptance
probability as that of the original probabilistic push-
down automata.

By Theorem 3, 4, and 5, we can conclude that
one-sided error QCPDA’s are strictly more power-
ful than one-sided error probabilistic pushdown au-
tomata.

4 Conclusion

We have shown that QCPDA’s can recognize a
language that is not context-free with one-sided er-
ror. Our conjecture is that L1 cannot be recognized
by probabilistic pushdown automata even with two-
sided error, which implies that QCPDA’s (with two-
sided error) are strictly more powerful than proba-
bilistic pushdown automata.
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Figure 2: M1, M2 and M3. Each edge label in M1

and M2 represents a corresponding input symbol,
and each edge label in M3 represents a correspond-
ing pair of a stack top symbol and an input symbol.


