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Abstract

Concerning the optimality of candidate codewords generated in the procedure of soft-decision de-
coding binary linear Block codes, here we give some further discussions on the sufficient conditions
proposed by Kasami et.al. A more effective sufficient condition is also obtained based on using the
distance profile of the codes. This sufficient condition can serve as an effective temination condition
for many iterative soft-decision algorithms decoding binary linear block codes.
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1 Introduction

To reduce the decoding complexity of soft-decision decoding binary linear block codes,
many iterative soft-decision decoding algorithms were proposed. In almost of these al-
gorithms, a simple decoder is employed to generate a series of candidate codewords, and
the optimal codeword will be among these generated canditate codewords certainly or
with very high probability. However, it is difficult to know the suitable number of the
candidate codewords which need to be generated. In general, after the generating of a
new candidate codewode a test on optimality of it is implemented to determine whether
to terminate the decoding iteration process or continue. Many test conditions on the
optimality of generated canditate codewords were derived, such as those proposed by
Taipale and Pursley [1], Kaneko et.al. [2] and Moorthy et.al. [3]. Recently, Kasami et.al
in [4] have investigated some sufficient conditions on the optimality of a canditate code-
word based on some generated candidate codewords and partial or complete knowldge of
the weight profile of the code. The applications of these sufficient conditions have shown



they are much more effective than their opponents. Here we shall do some further studies
on these sufficient conditions, a new sufficient condition is also obtained.

Suppose a binary block code C' of length N with distance profile Wo = {0, wy, ws, ...},
0 < wy < wy < ---, is used for error control over some memoryless channel. Let
z= (z1,...,2zy) be the sequence obtained by performing the hard-decision on a re-
ceived sequence y= (y;,...,Yy) , and suppose r= (ry,...,7y) is the relative reliability
sequence, where 7; > 0,2 = 1,..., N. For convenient, we assume that the reliability
sequence are ordered according to the following increasing order

Tig’l‘j, fOI‘].SZ<]§N (].)

For positive integer k, let B* denote the set of all binary sequence with length k.
Let u; denote the i-th component of a sequence u. Let dy(u,v) denote the hamming
distance between two sequences u and v in BY. For a sequence ue B¥, let Di(u)
denote the set of indices i with u; #z;, let n(u) denote the cardinality of D;(u), i.e.
n(u) = |Di(w)| = dg(u,z). The following

Liu)y= Y (2)

icD1 (W)

is called the correlation discrepancy of w. The purpose of the maximum likelihood de-
coding(MLD) is to find a code Copt in the code C such that

L(eopt) = min L(e). (3)
Such a codeword Copt is called the optimal codeword(or the optimal MLD codeword).

In a specified set of candidate codewords R, a codeword c is said to be the best if L(c)
is the minimum among R. Clearly,we have the following lemma.

Lemma 1 Let R be a set of candidate codewords. If wy,q is the best codeword in R,
then wp, 4 is the optimal codeword Copt if and only of

Llttpeg) < uin L(w), (1)
In the iterative decoding algorithms proposed in [5-7], a low-weight subtrellis search
around a codeword wu is performed to find the best codeword in éwjo (u) ={v e C:
dg(v,u) < wj, } for small jo(jo =1 or 2).
Let u',...,u" be some reference codewords. Here we shall consider to give a new
sufficient condition for the best codeword u} g4, which is obtained by implementing



the low-weight subtrellis search upon the set of codewords U?zléwjo (u'), is the optimal
codeword copy.

For a sequence a € B let D, and n, be defined as

D, = Qﬁai(ui)’ (5)
o = [Dal, (6)

where Do(u®) = {1,..., NN\D;(u?). If « and 3 are different sequeces in B", clearly, we
have

D, N Dg = 0(the empty set). (7)
For ue BY let
da() = [D1(w) N Dal. (8)
Clearly, for every a € B", we have
0 < go(u) < na, (9)
and
[Do(w) N Da| = na — ga(u). (10)
Furthermore, with respect to (7), it is not difficult to show that
dg(u,w') = [Do(u) N Dy(u')| +[Di(u) N Do(u')], (11)
[Do(w) N Dy(u')] = [Do(u) N (Usept a=1Da)l = D (10 — galu)), (12)
aEBh,aizl
[D1(w) N Do(u')] = [Di(w) N (Vaepra=0Da)l = D dalw), (13)
a€Bh a;=0
> na=n(u). (14)
aEBh,aizl
So we have
S (=1)%qa(u) = dr(u,u’) — n(u’), i=1,...,h, (15)

acBh

Let ¢ and ¢’ be k-tuple over integers, we write ¢ < ¢’ if ¢; < ¢, for 1 = 1,... k. Let
X be a subset of {1,2,...,N}. For an integer j, let X @) denote the set of j smallest
integers in X if 1 < j < |X|, the empty set  if ¢ < 0, and X if j > | X|, respectively.



Let Q" denote the set of all the 2"-tuple g’s over nonnegative integers. For a subset Q'
of Q", we say g€ @' is minimal in Q' if there is no ¢’ € Q' such that ¢’ <q, and ¢’ #q.
Let @' . denote the set of minimal tuples in @'

For a h-tuple 7 over nonnegative integers, let Q(7) denote the set of those g€ Q" which
satisfy

YN (-1)%ge =7+ wjgr1 —n(u'), i=1,... k. (16)
Write -
Q1) ={q€ Q(7) : ¢a < na}, (17)
Q[r] = TQTQ(TI)’ (18)
okl = U o) (19)

Let T'(7) denote the set of those h-tuple 7' over nonnegative integers which satisfy

0<7 <7, 7#m, (20)
T4 wjos1 € We, 1=1,...,h. (21)
Write
2.= U aw) (22)
el (r)
Let
L7 = min > T, (23)
qu[T]min iEUaeBhﬁ(aqa)
qeQ, iEUaeBhﬁga)

Then we have the following conclusion.

Lemma 2 Let wy,g be the best codeword obtained by implementing the low-weight sub-

trellis search upon the set of codewords U?:léwjo (u'). If there is a h-tuple T over non-
negative integers such that

L(ubest) < min{LI) L;}, (25)

then wp, o is the optimal codeword u op¢.



Proof: Suppose that ue C\ Ul Cy, (u'). Clearly, we have

dg(u,u') € {wjy 11, Wjgr,---}, i =1,...,h. (26)

Let g denote the 2"-tuple with q, =q(%)a, a € B". Then from (15) we know that
either g€ Q[1] or g€ Q.. Thus according to (1), Lemma 1 and the definition of Q[7]uin,
we know that (25) is a sufficient condition for the uy,.q is the optimal codeword Uopt -

AN

If h = 1, then the right side of (25) is simply the same for every 7 > 0. It is clear
that the right side of (25) is increasing when 7 inceases. If we choose 7 = 0, then (25) is
the sufficient conditions obtained by T.Kasami et.al. in [4]. So, if A > 2, then Lemma 2
gives a more effective sufficient condition. This condition can apply to many iterative soft-
decision algorithms for decoding binary linear codes as an effective termination condition.
The computation of L] of the cases h < 3 has been considered in [?]. Below we shall give
a method of computing L] in the case h = 4. Concerning the computing of L], the cases
h =2 and h = 3 are also considered.

In section 2, we give some general disscusions on the set Q[7|nin. Some general con-
ditions for a 2"-tuple g over nonnegative integers to belong to Q[7]min are obtained. In
section 3, all the elements of Q[7]|ni, in the case h = 4 are determined. In section 4, a
algorithm for computing LT in the case h = 4, based on the disscusions in section 2 and
section 3, is proposed. In section 5, we consider the computation of L] in the cases of
h =2 and h = 3 by investigating the set of Q.

2 The general discussion on the set Q[7]un

For a sequence a € B", let (—1)* denote the h-tuple for which the i-th component is
(=1)*,i =1,...,h, let @ denote the sequence in B" with a; =1 —a;,i=1,...,h. Let
'y denote the set of all ~A-tuples ¥ over nonnegative integers for which v; = 0 holds for
at least one 7z with 1 <37 < h.

For g€ Q[7], let

Alg) = D> q (1) -4, (27)

aE B

where 6§ = (éy,...,8,) with

bi = T + Wj11 — n(u'), i=1,....h (28)



Let SPg denote the support set of g, i.e.
SPq={a€B":q,>1}. (29)
Then, from the definition of Q[7]min, We can get the following Lemma 3 easily

Lemma 3 If g€ Q[T]nin, then (1,...,1) € SPq and A(q) € Ty. If g€ Q[7], and only
one of the component of A(q), say the i-th one, is equal to 0, then g€ Quin if and only
if SPg C {a € B": a; = 0}.

Lemma 4 If g€ Q[7], then g€ Q[7|min if and only if ¥ ocpn g, (—1)* £ A(q) holds for
everyq #0,0< ¢ < q .

Proof: It is clear that

q€Qmin = 6% > g, (-1)*forany ¢ #q,0< ¢ <gq

acBh
= D (g —q)(-1)"Z > q,(-1)*—6bforany ¢ #¢,0< ¢ <gq
acBk ac Bt
= > q,(-1)* £ A(q) for any ¢’ #0,0 < ¢’ < q.
acBh

AN
If £ C B" and vy € Iy satisfy

> &al(-1)* £y (30)

acxs

for any nonnegative integers &, with 3 .=z, > 1, then we call = a m(~y)-set.

Let = is a m()-set. If either & € E or @ € E holds for any a € B", or in other words,
|Z| = 2*~1, then we call £ a M(7)-set.

Clearly, if E is a m(~y)-set, then Z is a m(0)-set and (1,...,1) € =.

Lemma 5 Ifh <5, 2 C B", v € Ty, then E is a m(y)-set if and only if (—1)* £ v and
(—1)* 4+ (=1)* £ v for any a,a’ € E.

Proof: If h =1 or h = 2, the lemma is obvious. Below we assume that 3 < h < 5.
At first, we consider the case of v; < 1,72 =1,2,...,h. From Lemma 3, we can only
show the case of 0 7; < h —2. Assume that (—1)* £ v and (—1)* + (=1)* £ ~

for any a,a’ € Z, but Z is not a m(y)-set. Then there are some a(?’s in = such that

le(—l)a(i) < 7w, k>3 Let A = f’:l(—l)“‘(i). If there is some 7 such that \; = 1,



then the other components of A must be odd integers and there are at least two j’s
such that A\; < —1. Hence E?:l A; < 1 because of h < 5, and so the number of —1 in

{(—1)“50 :1<i<k,1<j<h}isnot smaller than kh/2 — 1. Thus there exists at least
D)
an ¢’ such that the number of —1in {(—1)% " : 1 < j < h} is not smaller than h/2—1/k.

Let o denote the number of 1 in {(_1)a§’) :1 < j < h}. With respect to h < 5,k > 3

and [h/2+ 1/k] <2 we know o < 2. Clearly, we also have o > 0.

) o) )
If 0 = 2, assume that (—1)*1 = (—=1)% =1and (-1)% = —1, for j # j1, j2. From

(—1 )‘“‘( ) £ v we know that v;, +;, < 1. Moreover, for any i # 7/, from (—1)‘“‘(i) +

: NO! XC)
(-1 )a( £ 7, we have (—=1)%1 4 (=1)%z > 0. So, we get

(1) ()
2= (~1)% 4 (- Jz<z( W (1) =+ <1

This is a contradiction.

If o =1, we can also deduce a contradiction easily.

Now we consider the case 7; > 2 holds for some 7’s. Without loss of the generality, we
suppose that v; < 1,1 <j <k, and 7; > 2, k < j < h. Writting v, = (71,...,7) and

g ={a,:a,.=(ai,...,a),a € Z}.

If (~1)* £y and (—1)* + (=1)* £  for any o, o’ € Z, then (—1)* £ 7, and (—1)* +
(=1)% £ 4, for any a,, . € Z,. By the above proof, we know that Z, is a m(v,)-set
and so E is a m(y)-set.

?

AN

Lemma 6 Let o) € B" i=1,2,3,4, satisfy (—l)o‘(i)+(—1)°‘(j) £ 0 foranyl <i,5 <4.
Then there are nonnegative integers &1, s, €3, €4, such that

6(-1)"" + &(-1)7 + &(-1)77 + &(-1)* <o, (31)

if and only if h > 6, § = & = &3 = &4,

® (2) (3 (4)

(D% + (D)% + (=% +(=1)% <0 (32)
for any 1 <1 < h, and there are iy,...,1¢, such that
{(af ol ol o)) j=1,....6} ={Fe B fr+ fat Bt =2} (33)



Proof: Assume that there are nonnegative integers i, &2, &3, &4, such that (31) holds.

From (—1)*" 4 (=1)*® £ 0, we know there is at least one index iy, such that agilz) =
(2)

a;, = 0. So from

al® al® al® al®
i(—1)%2 4 &(—1)%2 4 &5(—1)%2 + &(—1)%2 <0,

we know & + & < &3 + & Similarly, we can get &+ & < &+ &, &+ 8 < &+ &G,
2+ & <& +8, +8 <& +8,6+8 <&+ & Hence § =& =& = & and
(32) hold for any 1 < ¢ < h. Furthermore, we know that agi) = al(i) = 1, and there are
i1,...,1s such that (33) holds, and h > 6.

On the other hand, assume that (32) and (33) hold for some iy,...,46. It is clear that
(—=1)2” 4+ (=1)2” £ 0 for any 1 < 7,5 < 4, and

(=174 (=D + (=) + (-1 <.
ie. (31) holds for §; =& =& =& = 1. AN

According to this lemma, we can see that Lemma 5 can not be generalized to the cases
h > 6 directly.
From Lemma 3, Lemma 4 and Lemma 5, we can get the following corollary easily.

Corollary 1 If h <5, g€ Q|[7], then q€ Q[T|min if and only if A(q) € Ty and SPq is a
m(A(q))-set.

Lemma 7 1. If £ be a m(0)-set, then E must be a subset of some M(0)-set.
2. If h <5,y €Ty, Eis am(y)-set, then E must be a subset of some M(~y)-set.

Proof: 1. Assume in the contrary that there is a m(0)-set = such that
17+ 2 (=1 <0
a€E

and

hold for some 3 € B"* and nonnegative integers ¢/, ¢, ¢/, ¢ a € Z, ¢ +€" > 1. Then we
have

S (el +¢"e) (1) <0,

acE



this contradicts that Z is a m(0)-set.

2. Let h <5, € I'y, E be a m(~)-set.

At first, we consider the case of v; < 1,4 = 1,2,...,h. From —(—1)" < v, we can
see easily that = U {7y} is a m(0)-set. So by the above proof, there is a M(0)-set =’
such that Z U {y} C Z'. Furthermore, for any o, o’ € Z', from (—1)* + (—=1)* £ 0 we
know that there is at least one index ¢ such that a; = o, = 0, and so (—1)* £ v and
(=1)*+(—1)* £ v for any a,a’ € Z'. By Lemma 5 we know that =/ must be a M (y)-set
which contains =.

Now we consider the case that v; > 2 holds for some 7’s. Without loss of the generality,
we assume that y; < 1,1 <j <k,and vy; > 2, k < j < h. Writting v, = (y1,..., V) and

. ={a, 0, = (ag,...,04),a € Z}.

Then from Lemma 5, we know =, must be a m(y,)-set. Let Z be a M(~,)-set which
contains =,. Then the set

{a€ B": (a1,...,a4) € B}
must be a M(v)-set which contains Z. JAVAN

Lemma 8 If h < 5, E is a M(0)-set, y € To, ( ={i: 7 < 1,1 <i < h}, then E
M (v)-set if and only if there is a o' € E such that v; = o for every i € ( and

E= J{aeB" :a;=0al,i€e(} (34)

a'e=

[1
.
V)
x

Proof: Without loss of the generality, we suppose that { = {1,... k}.
Assume that = is a M(y)-set. From Lemma 5, we know that

g ={a,:a,=(ay,...,a4),a € E}

must be a m(~y,)-set, where v, = (v1,...,7k)-
Furthermore, from |Z| = 2! and

Ecz= J{aeB " ia;=0d},i=1,...,k},

a'es,
we know that |Z,| > 2¥71. So that =, must be a M(y,)-set and Z = =Z'. Moreover,
according to (—1)7~ < +,, we know 7, ¢ =Z,, and then v, € E,.
On the other hand, assume there is a o’ € = such that v, = o}, 1 =1,...,k, and
E= J{aeB " ia;=0al,i=1,...,k}.

o' €E



We have that a € = holds provided a € B" and there is some o € =, such that a; = o,

i =1,...,k. Thus, with respect to Z is m(0)-set, we know that =, is a m(0)-set. More-
over, from v, € E,, we know Z, is a m(~,)-set. Hence Z is m(y)-set. Then, with respect
to that |Z| = 2"~ we know Z is a M(y)-set. AN

For h = 4, we write
C;={a € B*:a; =0}, Di:{aeB‘L:Zajgl},lgigél,
JFi
4 4
E;={aeB*":) o <1}U{a€eB*:) a;j=2,0;=0},1<:<4.
Jj=1 j=1

For h =5, we write ©; = {a € B*: ¥7_ oy <1}, Oy = {a € B*: ¥7_; a; = 2}, and

F=0,U0, G;={acB’:q;=0},1<i<5,
Hi=0,U{a€0y:0;=0}U{a€ B’:ac 0,0 =0}1<i<5,
Lix={a€B a;+a;+a <1},1<i<j<k<5,
Jiljk:{Q€B5:Qi+aj+ak+Oé1S1}U{a€B53ai+a]‘+ak:2,al:0},
1<i<j<k<b5,1<L1<5 144,75k,
Kgg =0, U{a € 0y:a#8,81U{B,3},8,8 € 0,,8;, =B, =1, for some i.

Theorem 1 1. If h = 4, then all the M(0)-sets are
Cz', Di, Ei, ’l - 1, 2, 3, 4
2. If h =5, then all the M(0)-sets are
Kpp (0,8 € O, 0; = B; = 1, for some 1).

Proof: 1. Assume h = 4. One hand, if E € {C;, D;, E; : i = 1,2,3,4}, and o, & € E, it is
clear that there exist at least one i with 1 <7 < 4 such that a; = ! = 0. So, (=1)* £ 0
and (—1)*+(—1)* £ 0 for any a,a’ € Z, and from Lemma 5, we know Z is a M (0)-set.

On the other hand, we suppose that = is a M(0)-set. If there is an i such that o;, =0

forall « € Z or o) = 0, aj = 1, i # iy for some o’ € E, then Z = (;,. Assume that
there are ¥ € = such that al?(i) = 1 for i = 1,2,3,4, and E?Zl a; < 2 for every

10



a € 2. Let ® denote the set of the elements a € = with 2?21 a; = 2. From |E| = 2%, we
know |®| > 3. Without loss of the generality, we assume that (1,1,0,0),(1,0,1,0) € ®.
It is clear that in ® any other one must belong to {(0,1,1,0),(1,0,0,1)}. So, from
(—1)OLL0 4 (—1)E00Y) = 0 we know that = € {E,, D;}.

2. Assume h = 5. One hand, similar to the case of h = 4, if = is one of the sets

Lijty Jiji(1 S i< j <k < 5,1 <I<5,1#14,5,k),
Kpp (8,5 € 04,8, = 5. =1, for some i),
then we can show easily that = is a M (0)-set.

On the other hand, we suppose that Z is a M(0)-sets. If there are a a € E satisfies
>° L a; = 4, say concretely, a; = 0, a; =1, j # ¢, then & = G; must hold. Now we
suppose that 3°_, o; < 3 for every a € Z. Let R denote the set of the sequences a € E
with Z?Zl a; = 3.

If R is a empty set, then = = F.

If R ={a}, then f =a ¢=, and E = Kgp.

If R = {a,d}, then 8 = a,p =& ¢ E, and 3; = 3 = 1 for some i. So we have
E — Kﬂ/@’.

If |R| = 3, without loss of the generality, we assume that (1,1,1,0,0),(1,1,0,1,0) € R.
Then the other one must belong to

{(1,1,0,0,1),(0,1,1,1,0),(1,0,1,1,0)}.
This is equivalent to say that
2 € {Is45, I i34 J1a3}-
If |R| > 4, arguing as in the case of |R| = 3, with respect to
(_1)(1,1,0,0,1) + (_1)(0,1,1,1,0) <0, (_1>(1,1,0,0,1) + (_1)(1,0,1,1,0) <0,

we know = € {H;:1 <1 <5} AN

3 The determination of Q[7|y;, in the case h =4

In this section, we shall give all the 2*-tuples g in Q[7]nin for the case h = 4.

Lemma 9 Let A be a 4-tuple over integers, its components have same odd-even property.
Then the equation

D (-1) =) (35)

acB*

11



have some nonnegative integral solutions q such that

(i). SPq C C; if and only if

Ai > max{|);|}, (36)
jF

(ii). SPq C D; if and only if
;Aj > max {IM]}, (37)

(i41). SPq C E; if and only if

4
DA =0, A+ min{};} > 0, (38)

i=1 7

Proof: Without loss of the generality, we suppose that : = 4.
(¢). One hand, if the equation (35) have some solutions g such that SPgq C C4, then
from

(=D = max {|(-1)*[},

~ 1<j<3

for any a € Cy, we know that Ay > max;<;<3{|\;|}-
On the other hand, we assume Ay, > max;<j<3{|A;|}. Without loss of the generality,
we suppose A\; > Ay > A3 > 0. Then ggpo0 = (A1 + A3)/2, Gooi0 = (M1 — A2)/2, Qo110 =

(A2 = A3)/2, q1110 = (A — A1)/2, @1100 = Q1000 = Qo100 = Q1010 = 0, is a solution.
(é¢). One hand, if the equation (35) have some solutions q such that SPq C Dy, then
from

> (=1)% = max {|(-1)%]},

1<5<4
1<5<3 =I=

for any o € Dy, we know that 35,3 A; > maxi<;<a{|A;|}.
On the other hand, we assume Y3, ;.3 A; > maxi<j<4{|};|}. It is sufficient if we give a
g such that SP; C Du, Yaep, §a = M+ A2 + A3, and A = \; for i = 1,2, 3, where

()\,17)‘I27X37)‘£L) = Z qa(_l)a'

OLED4

Clearly, q,000 = ()‘2 + )‘3)/2, Qo100 = ()‘1 + )\3)/2: Qo010 = ()\1 + )‘2)/2, d1001 = o101 =
o011 = 90001 = oooo = U, is a such solution.

12



(¢17). One hand, if the equation (35) have some solutions q such that SPg C Fj, then
from

4
]2_:15] Z 0,54 + 1%1;13{(5]} Z 0,

for any a € FE4, we know that Z?Zl Aj >0, Ay + minj<j<3{A;} > 0.
On the other hand, we assume E?Zl Aj >0, Ay + minj<j<3{A;} > 0. Then, qq;19 =

(A1 +A4)/2, quoi0 = (A2 + A1)/2, @oors = (As + A1)/2, Qoo = 2?21 Ai/25 Qo000 = Gro00 =
90100 = Qo010 = 0, 1s a solution. AA

Let U(6y,. .., 0;) denote the number of the odd integers in 6y, ..., 0, and write

1, if (8,69, 85,8,) = 2,

/‘L(51752753754) = { 0 Othe(I'V]‘-/lss ° 4) (39)
0, if B(61,64,85) =0, or 3

o bt ={ 1 T (10

Theorem 2 Let 6; > 83 > 63 > &4, 01 > 0, g€ Q[T|min. Then SPq must be a subset of
some element of {C1, Ey, Es, E3, E4, Dy, D2, D3, Dy}. Furthermore,

(i) if by + 83 +1 <0, and 61 + b3 + 63 + 64 + 1 + (61, 62, 63,64) <0, then SPq € Cy
must hold,

(ZZ) Zf52+63+1 <0, and 51+52+53+54+1+M(51,52,53,54) >0, then SPq e (]
or € Fy,

(i4) if 6+ 83+ 1 >0, and 6 4+ 6, +1 <0, then SPq € Cy or € Dy,

(iv) if o+ 063 +12>0,614+064+12>0, and 62 + 64 + 1 < 0, then SPq must be a
subset of some element of {C1, Eq, D4},

(v) if b2+ 0441 >0, and 83+ 64 +1 < 0, then SPq must be a subset of some element
of {ClaE17E27D37D4};

(’UZ) Zf 63 + 64 +1 2 0; and 61 + H((Sl) 527 537 54) > 52 + 63 + 64 + V(627 537 54)7 then S-Pq
must be a subset of some element of {C4, E1, Eq, E3, Ey4, Dy, D3, Dy},

Proof: Let A =3 ,cp:q,(—1)% v=A(g) =X —4.
From Corollary 1, Lemma 7, Lemma 8 and Theorem 1, we know that SPg must be
a subset of some element of {C;, D;, E; : i = 1,2,3,4}. If SPq C C;, 1 > 2, then from
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Lemma 8 we know \; = §;, and from Lemma 9 we know that A\; = A;. Furthermore,
from any a € C; satisfies a; = 0, we know that for any o € S Pg must satisfy a; =0, i.e.
SPq C 4.

It SPg C D, then from Lemma 8 and Lemma 9, we know 72 + 73 + 74 < 1 and

?:2 A; > maxi<j<a{|Aj|}. With respect to that Ay, Az, A3, Ay have the same odd-even
property, we can get Ag + A3 + Ay = 83 + 83 + 84 + v(2, 85, 04). Clearly, A3 + A4 > 0 and
A1 < Ao+ A3+ Ay, Furthermore, from A3+ A4 > 0 and y3+7v4 < 1 we know 63+68,+1 > 0.
On the other hand, it is not difficult to show that

A= 61+ p(61, 62,83, 64) + (1 — (82, 83, 64))v(81, 62, 63) + 2k,
where k is a suitable nonnegative integer. So we have
81 + p(81, 62,03, 64) < b2 + b3 + 64 + v(02, b3, 04).

It SPg C Es, or Eyor D, then from Lemma 8 and Lemma 9, we know A3 + Ay > 0
and 3+ 794 < 1. Sothat 635+ 64+ 1> 0.

If SPg C Es,or D3, then from Lemma 8 and Lemma 9, we know Ay + Ay > 0 and
’)/2+’}/4 S 1. So that (52—|—54—|—1 ZO

If SPgq C Dy, then from Lemma 8 and Lemma 9, we know A; + A3 > 0 and 7, +73 < 1.
So that 62+53+1 20

It SPg C Ey, then from Lemma 8 and Lemma 9, we know A;+Ay > 0, Ay +As+A3+Ay >
0 and’}/ € El. So that 61+64+]_ 2 0 and 61+62+63+54+1+N(61,52,53,54) Z 0.

According the above argument, we can show this theorem easily. AN

Theorem 3 Let X\ be a 4-tuple over integers, its integrants have same odd-even property.
For the equation

2. au(-1)" =X (41)

acB*

1. if M1 > maxacj<a{|A;|}, then all the nonnegative integral solutions q with SPg € Cy
are

Qo110 = 7> Qo1 = k — 7 — (A2 + A3)/2,

Qo100 = 55 Qo101 = (M1 +A3)/2 —k — s,

o010 = 1, Qoo = ()‘1 + )\2)/2 —k—t, (42)
Qoooo = (A1 +A)/2 =7 — s —t, gooo1 = k — Goo0o;

91001 = 91000 = 91011 = 91010 = 91101 = 91100 = 91111 = 91110 = 0-

14



where r,s,t are nonnegative integers satisfying

(M +A)/2—k<r+s+t< (A +N)/2, (43)
T § k— ()\2+)\3)/2, $ S ()\1+)\3)/2—]€, tS ()\1"‘)\2)/2—]6, (44)

and k is a nonnegative integer satisfying

Moreover, these solutions belong to Q[T|min if and only if y =X =86 >0, v1 = 0.
2. if X34 A; > maxicj<a{|Aj|}, then all the nonnegative integral solutions q with
SPq € Dy are

Q1000 =75 Qroo1 = (A2 +A3)/2 —k -,

Qo100 = S Goror = (A1 +A3)/2 — k — s,

Qooro =t Goorr = (A1 +A2)/2 =k — 1, (46)
Qo000 — 2;4‘:1 )‘j/Q —k—1—5—1, qooo1 = k — Qo000

90111 = 90110 = 91011 = 91010 = 91101 = 91100 = 91111 = 91110 = 0-

where r, 5,1 are nonnegative integers satisfying

4 4
SN/2=2k<r+s+t<D N/2-k, (47)
Jj=1 j=1

TS(A2+)\3)/2—]{7, SS(A1+A3)/2—]€, té()\1+)\2)/2—k, (48)

and k is a nonnegative integer satisfying

3
2k <32~ max ) (49)

Moreover, these solutions belong to Q[T|min if and only if y = A—8§ > 0, and y1+72+73 <
1.
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3. ifzﬁzl A; >0, and Ay +ming<j<4{A;} > 0, then all the nonnegative integral solutions
q with SPg € E, are

' _Jrt Qe A3)/2—k if (A4 As)/2 2 k,
Qooor =\ if (A + A3)/2 < k,
Qo110 = Gooor — (A2 + A3)/2 + K,

s+ As+A)/2—k if (As+ Ay)/2 > K,

Qo0 = ) if (As + M) /2 <k,

90011 = 90100 — <)‘3 + /\4)/2 +k, (50)
_ )t et A2k if (A + M) /2 2 F,

Qoo = | ¢ if (As + Aa)/2 < k,

90101 = o010 — <)‘2 + /\4)/2 +k,
Qo000 = ()‘1 - ‘I’(k) + k)/Q — 7 —8—1, 91000 = k — Gopo0>
\ 91110 = Q1001 = 91011 = 91100 = 91101 = 91010 = 91111 = Qo111 = 0.

where

W(k) =[(A2+A3)/2 = k| + [(As + Aa) /2 = k| + [(X2 + A1) /2 — K,

r, 8,1 are nonnegative integers satisfying
M= W(k)—k)/2<7+s5+1< (A — (k) +k)/2, (51)

and k is a nonnegative integer satisfying

! 4
maX{Z )\]/27 )‘27 >‘3) A4} - )\]_ S 2]{,’ S Z )\], (52)
j=1

i=1
Moreover, these solutions belong to Q[T|min if and only if y =X —6 >0, and v € E;.

Proof: 1. From lemma 9, we know the equation have some solutions g with SPg € C;.
And by Lemma 8, these solutions belong to Q[7|nin if and only if y =A -6 >0, v, = 0.

Now we assume that q with SPg € C; is a solution of (41). Let qoyo0 + Gooo;r = *-
Then we have

Qo110 + Qo111 = k — (A2 + A3)/2,
Qo100 + Qoro1 = (A1 + A3)/2 — k&,
Qo010 + Qoo = (A1 +A2)/2 — k&,
Go110 + o100 T Doo10 T+ Doooo = (A1 + Ag)/2.

So k satisfies (45). Futhermore, let qg110 = 7, Qo100 = S, Qo010 = ¢, then (42), (43) and
(44) hold.
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On the other hand, if k, r, s, t satisfy (45), (43) and (44), it is not difficult to show that
(42) gives a nonnegative integral vector ¢ with SPq € C1, and q satisfy the equation.

2. From lemma 9, we know the equation have some solutions ¢ with SPq € Dj.
And by Lemma 8, these solutions belong to Q[7|ni, if and only if y = A —§ > 0, and
Yi+72+9 <1

Now we assume that q with SPgq € Dy is a solution of (41). Let gqo00 + Qooo1 = *-
Then we have

Q1000 T Q1001 = (A2 + A3)/2 — &,

Qo100 T Qo101 = (A1 + A3)/2 — &,

Qo010 T Qoor1 = (A1 +A2)/2 — k,

91000 T 9o100 T Qo010 T Doooo = 24:1 )‘j/2 — k,

91001 T o101 T Qo011 T ooo1 = zj:l )‘j/2 —Ag/2 — k.

So k satisfy (49). Let gi900 = 7 Qo100 = S5 Qo010 = &, then 7, s, satysfy (47) and (48).
Clearly, (46) also holds.

On the other hand, if k, 7, s, t satisfy (46), (44) and (45), it is not difficult to show that
(43) gives a nonnegative integral vector ¢ with SPq € D,, and q satisfy the equation.

3. From lemma 9, we know the equation have some solutions g with SPg € F;. And
by Lemma 8, these solutions belong to Q[7]yin if and only if y = A — 6§ > 0, and v € E;.

Now we assume that q with SPg € F; is a solution of (41). Let gqop0 + G100 = *-
Then we have

Qo001 — Qo110 = (Az + A3)/2 — k,

Qo100 — Doo11 = (Az + Ag)/2 — &,

Qo010 — Goro1 = (A2 + A1)/2 — K,

Qo001 T o100 T ooio T oooo = E?:l Aif2 =k,

Qo110 + o011 + Qo101 T+ Doooo = A1/2 — E?:z Ai/2 + 2k,
Qo001 + o011 + Qo101 + Doooo = (A1 — Ae)/2 + K,

Qo110 T Qo100 T Qo101 + Doooo = (A1 — A2)/2 + k,

Qo110 + Qo011 + Qo010 + Doooo = (A1 — A3)/2 + k.

So (52) must hold. Moreover, if we write min{gyyo1, 90110} = 7, Min{gy100, 90011} = S,
min{gpo10, goro1} = ¢, then we can get

A= Gooor T o110 T Qo100 + Door1 T Doo1o T Qo101 T Doooo — G1000
(k) —k+2(r + s+ 1+ goooo)-

With respect to 0 < g0 < k, we know that r, s, ¢ satisfy (51). Clearly, (50) holds.
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On the other hand, we assume that k satisfy (52). For convenient, we suppose that
Ao > A3 > Ai. Then we have

Ao+ As+ A — 4k if k< (A4 A\)/2,
Ay — 2k if (A3+A)/2 <k <A+ A)/2,
—4 if (A4 M)/2 <k < (A + A3)/2,
2k — (Ao + A+ Ag) if k> (A4 A3)/2,

U(k)— k=
so that ¥(k) — k < A;. Furthermore, if 7, s,t satisfy (51), then (50) gives a nonnegative
integral vector g with SPq € Ej, and q satisfy the equation. AN

According to Theorem 2 and Theorem 3, we have completely determined all the 2"-
tuples g in Q[7|mi, for the case h = 4.

4 An algorithm for computing L]

Following the the discussions of section 2 and section 3, here we propose an algorithm
for computing L7 with associating (9). Algorithm of Main Program.

INPUT: The hard-decision sequence z= (z1,...,2y), the relative reliability sequence

r= (71,...,7y), the reference codewords u',u?,u® u*, and the radiuses dy, ds, d3, dy and
71,72, 73, T4-
OUTPUT: L.
Step 1
1. Re-order the reliability sequence r= (rq,...,7y), according to the increasing order

ri <rj,for1<i<j<N.

2. Re-order the bits of the reference codewords u!,u?,u3 u* according to 1.
Step 2

1. Compute n(u'),n(u?),n(u’),n(u).

2. Compute 81, 85, 83, 84, according to (28).

3. Re-order the sequence § = (61, b2, 63, 64) such that §; > 6o > b3 > 44.

4. If §; <0, then Quin = {(0,...,0)} and L] = 0. Otherwise, re-order the order of the
reference codewords u!,u?u® u* according to 3.
Step 3

1. Generate the sets D,, for « € B*, according to (5).

2. Compute n,, for a € B*, according to (6).
Step 4

1. According to Theorem 2, go to suitable sub-programs.
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2. Compare the minimums generated by the sub-programs, output L].

AN

The following Sub-program C is to compute the minimum of L[u] over those minimal
q with SPq C Cl.

Algorithm of Sub-program C.

INPUT: The reliability sequence r= (71,...,7y) generated in the 1 of Step 1 of Main
program, the sequence 6 = (81, 82, 83, 84) generated in the 3 of Step 2 of Main program,
the sets D, o € B* generated in the 1 of Step 3 of Main program, n,, a € B* generated
in the 2 of Step 3 of Main program.
OUTPUT: The minimum of L[u] over those minimal q with SPg C C.
Step 1

Determine all the probable v and A according to Lemma 8, Lemma 9 and the odd-even
property of the components of A.
Step 2

For every A generated in Step 1, generate the solutions g according to 1 of Theorem 3.
Step 3

1. For every q generated in Step 2, compute L{u] =Y.

zEUaeB

2. Output the minimum of L[u]’s generated in 1. AN

puae Ti If @ satisfies (9).

The following Sub-program D is to compute the minimum of L[u] over those minimal
q with SPq C Dp,, 1 <m < 4.

Algorithm of Sub-program D.

INPUT: The reliability sequence r= (71,...,7y) generated in the 1 of Step 1 of Main
program, the sequence § = (81, 2, 03, 04) generated in the 3 of Step 2 of Main program,
the sets D, a € B* generated in the 1 of Step 3 of Main program, n,, o € B* generated
in the 2 of Step 3 of Main program, the positive integer m.
OUTPUT: The minimum of L[u] over those minimal g with SPq C D,,.
Step 1

Determine all the probable v and A according to Lemma 8, Lemma 9 and the odd-even
property of the components of A.
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Step 2

Change the values of Ay, and A, for every A generated in Step 1.
Step 3

For every A generated in Step 2, generate the solutions g according to 2 of Theorem 3.
Step 4

Change the m-th bit and the fourth bit in the index « of every component g, of g
generated in Step 3.
Step 5

1. For every q generated in Step 4, compute Llu| =3 S 75 if g satisfies (9).
aEBh @

icu
2. Output the minimum of L]u|’s generated in 1. AN

The following Sub-program E is to compute the minimum of L[u] over those minimal
q with SPq C B, 1 <m < 4.

Algotithm of Sub-program E.

INPUT: The reliability sequence r= (71,...,7y) generated in the 1 of Step 1 of Main
program, the sequence 6 = (81, 82, 83, 84) generated in the 3 of Step 2 of Main program,
the sets D, o € B* generated in the 1 of Step 3 of Main program, n,, a € B* generated
in the 2 of Step 3 of Main program, the positive integer m.
OUTPUT: The minimum of L[u] over those minimal q with SPqg C E,.
Step 1

Determine all the probable v and A according to Lemma 8, Lemma 9 and the odd-even
property of the components of A.
Step 2

Change the values of A\; and A, for every A generated in Step 1.
Step 3

For every A generated in Step 2, generate the solutions g according to 3 of Theorem 3.
Step 4

Change the m-th bit and the first bit in the index « of every component g, of g
generated in Step 3.
Step 5

1. For every q generated in Step 4, compute Llu| =3 S Ty if g satisfies (9).

lEUaeBh o

2. Output the minimum of L]u]’s generated in 1. JAVAN
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5 The computation of L]

Let
Q ={4€Q,:4, gz =0,forac B"}, (53)
where @ denotes the sequence in B* with @; = 1 — ;, 2 = 1,..., h. Clearly, we have
min > v =1L (54)
q=Qmin ieuaeBhﬁfj")

Let 7 € T(7), we shall consider Q(7') N Q" below. Let A = A(7') denote the h-tuple
with

Xi =7+ wjor1 —n(w'), i=1,...,h (55)

If the even-odd properties of the components of A are different, then Q(7') and Q(7)NQ"
are empty sets. Now we suppose the components of A have same even-odd property.

If h > 4, the set of Q  will be quite complicated. Here we only consider the cases of
h=2and h =3. If h =2, there are 4 cases as following.

Qoo + Go1 = i,
56
{QOO_QO1:)‘27 (56)
Qoo — q10 = A1,
57
{ Qoo + G190 = A2, (57)
—qy1 + 901 = A1y
58
{ —q11 — qo1 = Az, (58)
—qy; — G190 = A1,
59
{ —q1; + gy = Az, (59)
2.1 Equation (55) has nonnegative integral solution if and only if
AL+ A2 >0, A\; > s (60)
And the solution is
900 = ()\1 + )‘2)/27
61
i oy
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2.2 Equation (56) has nonnegative integral solution if and only if
At A2 >0, Ay < Aa.
And the solution is

{ Qo0 = ()\1 + )‘2)/2:
g1 = (A2 — A1)/2.

2.3 Equation (57) has nonnegative integral solution if and only if
A+ A2 <0, Ay > Ao

And the solution is

{ g = —(A1 + A2)/2,
Qo1 = (A1 — A2)/2.

2.4 Equation (58) has nonnegative integral solution if and only if
A+ A2 <0, A < Ao

And the solution is

{ Qoo = — (A1 + A2)/2,
Q10 = (A2 — A1)/2.

If h = 3, there are 16 cases as following.

Qo000 T Qoo1 + Qo10 — G100 = 1,
Q000 t 9001 — Go10 + Q100 = A2,
Q00 — 9oo1 T Go10 + D100 = A3,

G111 + Q110 + Q101 — Do11 = — A1,
G111 T 9110 — Q101 + Qo1 = — A2,
G111 — G110 + Q101 + Qo11 = —As,

9000 T Qoo1 + Do10 T Go11 = A1,
9o00 T 9001 — Do10 — Qo11 = A2,
Q000 — Qo01 + Do10 — Do11 = A3,

G111+ Q110 T Qio1 + Qoo = — A1,
G111+ G110 — G101 — D100 = — A2
G111 — G110 + 9101 — D100 = — 35

—N——N—
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(66)
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9000 T 9001 — 9101 — 9100
9000 T 9oo1 + G101 + G100

900 — 9001 — 9101 T 9100 =

qi11 + 9110 — 9o10 — o11
q111 t 9110 T 9010 + o11
49111 — 9110 — 9010 T o011

9000 — 9110 + 9010 — 9100 =
9000 — 9110 — 9010 T G100 =
9oo0 T 9110 T 9o10 + G100 =

q111 — 9001 + 9101 — 9o11 =
9111 — 9001 — 9101 T 9011 =
qi11 + 9oo1 + Q101 T Qo1 =

9000 T 9001 — G101 T 9o11

Qoo0 T 9001 T G101 — Do11 =
9000 — 9001 — 9101 — Qo011 =

4111+ 9110 — 9010 T G100 =
4111 t+ 9110 T 9010 — G100 =
d111 — 4110 — 9010 — 9100 =

9000 — 9110 + 9o10 T Qo11

9000 — 9110 — 9010 — Qo011 =

9000 T 9110 T 9o10 — o1

49111 — 9001 + 9101 T G100 =
9111 — 9001 — 9101 — 9100 =

111 + 9001 T G101 — G100

9000 — 9110 — 9101 — 9100 =
9000 — 9110 t+ G101 T G100 =
9000 T 9110 — 9101 T Q100 =

d111 — 9001 — 9010 — 9011 =
9111 — 9001 + 9010 T 9011 =
4111 t+ 9001 — 9010 T 9011 =

9000 — 9110 — 9101 + 9011
9000 — 9110 + 9101 — 9o11
9000 T 9110 — 9101 — 9011
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= )\2,
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- _)\27
= _)‘37

= )\2,
= )\37

(72)

(73)

(74)

(76)

(77)

(79)

(80)

(81)

(82)



9111 — 9001 + 9o10 — G100 = — A2,

{ 9111 — 9001 — 9010 + D100 = — 15
4111 + 9001 — Do10 — G100 = — A3

3.1 Equation (68) has some nonnegative integral solutions if and only if
A1 + )‘2 + )‘3 2 maX{)\]_, >‘27 )‘3}7
and the solutions are

doo1 — ()‘1 + )‘2)/2 —k, Qoo = ()‘1 + )‘3)/2 —k, Qo0 = ()‘2 + /\3)/2 — k,
Qooo =k, 0 <2k < Ay 4 Ap + As — max{A, Az, As}.

3.2 Equation (69) has some nonnegative integral solutions if and only if
)\1 —|— Ag —|— )\3 S IIliIl{Al, )\27 )\3},

and the solutions are

d110 = _()‘1 + )‘2)/2 —k, g1 = _()\1 + )\3)/2 —k, qo11 = _()‘2 + )\3)/2 —k,

g1 =k, 0 <2k <min{Ag, Ao, Az} — (A1 + Ag + A3).
3.3 Equation (70) has some nonnegative integral solutions if and only if
A1 > max{| Az, [Asl},

and the solutions are

doo1 — ()‘1 + )‘2)/2 —k, Qoo = ()‘1 + )‘3)/2 —k, o1 =k — ()‘2 + )‘3)/27
Qoo = k, max{0, Ay + A3} < 2k < Ay +min{Ay, A5}

3.4 Equation (71) has some nonnegative integral solutions if and only if
)\1 + max{|)\2|, |)\3|} S 0,
and the solutions are

4110 = _()‘1 + )‘2)/2 —k, @01 = _()‘1 + )‘3)/2 —k, oo =k + ()‘2 + /\3)/2,
g1 = k, max{0,—Xs — A3} <2k < —X; —max{As, A3}

3.5 Equation (72) has some nonnegative integral solutions if and only if

Az > max{|A], |As]},
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and the solutions are

Qoo1 = ()‘1 + )‘2)/2 —k, qio1 =k — ()‘1 + )\3)/27 9100 = ()\2 + )‘3)/2 — k, (97)
qo00 — ]{,’, Il'la,X{O7 Al + )\3} S 2k S )\2 + min{)\l, )\3} (98)

3.6 Equation (73) has some nonnegative integral solutions if and only if
A2 + max{|A],|As]} <0, (99)
and the solutions are

Q10 = —(AM+22)/2 =k, Goio =k + (A1 +A3)/2, gopp = —(A2+ A3)/2 =k, (100)
gi1; =k, max{0, —A; — A3} < 2k < —Ay — max{A;, Az} (101)

3.7 Equation (74) has some nonnegative integral solutions if and only if
Az > max{|A|, |Az]}, (102)
and the solutions are

G0 =k — ()‘1 + )\2)/27 do10 = ()‘1 + )‘3)/2 —k, Q100 = ()\2 + )‘3)/2 — k, (103>
dooo = k, max{0, A + Ao} <2k < Az + min{Ag, Ao} (104)

3.8 Equation (75) has some nonnegative integral solutions if and only if
Az + max{|A], [A2|} <0, (105)
and the solutions are

Qoor =k + (A +2A2)/2, gion = —(M +A3)/2 =k, gorn = —(A2+A3)/2 —k,  (106)
qi11 = k, max{0, —A; — Ao} < 2k < —A3 — max{A;, A2} (107)

3.9 Equation (76) has some nonnegative integral solutions if and only if
)\1 + )\2 Z O, )\3 S min{)\l, )\2}, (108)
and the solutions are

Qoor = (M1 +X2)/2 =k, qiop =k — (A1 + X3)/2, gy, =k — (A2 + X3)/2, (109)
qoo0 — k, )\3 + max{)\l,)\z, —)\3} S 2k S )\1 + )\2. (110)

3.10 Equation (77) has some nonnegative integral solutions if and only if

)\1 + )\2 S 0, )\3 Z Hla,X{)\]_,)\z}, (111)
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and the solutions are

di10 = _()‘1 + )‘2)/2 —k, qoio =k + ()‘1 + )‘3)/2: G0 =k + ()‘2 + )\3)/27
g1 =k, Az —min{A;, Ay, = A3} <2k < =X — A,

3.11 Equation (78) has some nonnegative integral solutions if and only if
)\1 + )\3 2 0, )\2 § min{)\l,)\g},
and the solutions are

G0 =k — ()‘1 + )\2)/27 do10 = ()‘1 + )‘3)/2 —k, qo1y =k — ()‘2 + )‘3)/27
Qooo = K, Az +max{A;, =g, Az} < 2k <Ay + As.

3.12 Equation (79) has some nonnegative integral solutions if and only if
)\1 + )\2 S 0, )\3 2 max{)\l,)\z},
and the solutions are

Qo1 = k + ()‘1 + )‘2)/2’ di01 = _()\1 + )\3)/2 —k, quoo =k + ()‘2 + )\3)/27
G111 =k, =X —min{A;, =Xy, A3} <2k < =X — A5,

3.13 Equation (80) has some nonnegative integral solutions if and only if
)\2 + )\3 2 0, )\1 § min{)\g,)\g},
and the solutions are

G0 =k — (A +A2)/2, qiop =k — (A1 + X3)/2, @uo0 = (A2 + A3)/2 — K,
Qooo = k, A1+ max{—A;, A2, A3} <2k < Ay + As.

3.14 Equation (81) has some nonnegative integral solutions if and only if
)\2 + )\3 S 0, )\1 Z ma,X{)\g,)\g},
and the solutions are

Qoor =k + (A1 +A2)/2, qoio = —(A1 +A3)/2 — k, o1 = k+ (X2 +X3)/2,
Gin =k, =X —min{—X;, A3, A3} <2k < =Xy — A5,

3.15 Equation (82) always has nonnegative integral solutions, but only if

)\1+)\2<0, )\2+)\3<0, )\1+)\3<0,
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equation (82) has nonnegative integral solution g which belongs to Q" and there is no
other ¢’ € Q(7') such that ¢’ <q. And the solution is

Q110 = —(AM1 +22)/2, @101 = —(A1 + A3)/2, @ory = —(A2+ A3)/2, oo =0, (127)
3.16 Equation (83) always has nonnegative integral solutions, but only if
)\1+)\2>0, )\2+)\3>0, )\1+)\3>0, (128)

equation (83) has nonnegative integral solution g which belongs to Q" and there is no
other ¢’ € Q(7') such that ¢’ <q. And the solution is

do01 = ()‘1 + )‘2)/27 do10 = ()\1 + )‘3)/2: 9100 = ()‘2 + )\3)/27 q:1; =0, (129)
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